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Preface

Introduction

The Korea Undergraduate / Graduate / High School Science Program (KUSP)

is a research-oriented summer physics program hosted by the Institute for Basic Science

(IBS). Selected students participated in the world-leading research at the IBS Center. The

KUSP 2015 is the first series of KUSP.

In 2015, KUSP was held from July 6th to Aug 14th, 2015, hosted by Center for Axion

and Precision Physics Research (CAPP). The total number of students was 25. While the

program was for 6 weeks, some of students selected 4-weeks program.

The KUSP students participated in the research activities and attended the topic re-

lated lectures. At the end of the program, KUSP students presented their research results

in a workshop and submitted a scientific report. This report is the collection of those

scientific reports written by KUSP students.
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Abstract:
Each cavity has its own resonant frequencies. But by putting dielectric material in 
the cylindrical cavity, resonant frequency changes as the dielectric material’s 
position varies. I and the co-worker, Tugce Sevinc Turkmen, had two simulations 
about cavity with dielectric rod attached. First simulation is the TM010 mode 
change for the rotation of dielectric rod. The result was that the TM010 mode 
frequency had continuous change ranging from 1.14GHz to 0.957GHz. The second 
simulation is the quality factor change as one varies dielectric rod’s permittivity, 
when the rod position is at the center of the cavity. The result was that quality 
factor behaved in a linear manner with the permittivity.

Introduction:
In 1983, Sikivie proposed the experiment to find axion, the cold dark matter 
candidate. The experiment’s key concept is that the axion would decayed into the 
photon, if one applies magnetic field, according to the theory. But the problem is 
the signal of the axion is too weak to detect. In this sense high Q-factor is 
essential. Also as the axion mass is not determined by the theory, there is no 
strict mass bound. There are mass bound conditions for the universe to be like 
these days, but the conditions are almost meaningless. No mass bound of the 
axion implies that the frequency of the photon decayed from axion is also 
undetermined. For this reason one should construct lots of cavities with different 
resonant frequencies to find out which frequency is the signal from the axion.
There are several ways to be more efficient finding signal frequency. One way is 
to put dielectric material in the cavity. As dielectric material changes its position 
inside of the cavity, the resonant frequency changes. In this way one can swipe 
certain frequency region using just one cavity.
This final project presents how resonant frequency changes if one rotates the 
dielectric rod is attached in the cavity. The data is obtained by computer 
simulations. Also, I and my co-worker, Tugce Sevinc Turkmen had one more 
simulation. We tried to find the relationship between the permittivity of the 
dielectric rod and the quality factor of the cavity. At the last stage of the project, 
we could run real experiment measuring quality factor of the cavity. The 
conditions are exactly same as the quality factor simulation. Those results are 
compared at the last stage of the report. All of the simulations are evaluated using 
simulation software package, COMSOL Multiphysics.

Background:
1. Form Factor
The detection power of the axion signal is proportional to the form factor. The 
form factor is the factor that describes how electric field in the cavity is well 
aligned with the external magnetic field applied. The definition of the form factor 
is given by:

       


⋅ 
⋅ 

                                                  (1)

 is the external field,  is the volume of the cavity,  is the electric field in 
the cylindrical cavity. Since TM010 mode is the frequency of highest form factor 
among resonant frequencies, we are only interested in TM010 mode.
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2. Cavity Model
For the cavity, we used cylindrical shaped cavity. The shape of the cavity is ideal. 
There is no holes, and no crack or gap. The shape is ideal cylinder.
We attached dielectric rod in the cavity, with the height of the rod same as the 
cavity. Figure 1 shows two example of the positions of the rod in the cavity.

Figure 1 When the rod is at position 0(left) and 
position (right)

The left side of the figure 1 is when the rod is at the most outside part, and the 
right side of the figure 1 is when the rod is at the center of the cavity. Rod has 
its rotational axis, which is located at the mid-point of the two rod positions in the 
figure 1. Rod starts with the most outside part measured by angle 1 and can be 
rotated in a counter clockwise direction, to the center. The center position is 
measured as . So the angle is measured in the unit of radian.

Simulations:
1. TM010 Mode VS. Position of The Dielectric Rod
In simulation 1 we changed the position of the dielectric rod, from position 0 to 
position . We divided the position angle into 11 parts. For each point, COMSOL 
measured corresponding TM010 mode frequency.
The dimensions of the cavity is given in the table 1.

Height Radius Radius (Rod) Cavity Material Rod Material
10 cm 1.0 cm 0.1 cm Copper Alumina

Table 1 Dimensions of the cavity (Simulation 1)

The relative permittivity of the alumina(Al2O3) is 10. The purity of the alumina is 
100%. Temperature was set to be at room temperature.

2. Quality factor VS. Permittivity of The Dielectric Rod
In simulation 2 we fixed the position of the dielectric rod at position , which 
means at the center of the cavity. We varied the permittivity of the dielectric rod, 
and studied how quality factor changes. The dimensions for the simulation is given 
in the table 2.
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Height Radius Radius (Rod) Cavity Material Rod Material
14 cm 2.5 cm 0.25 cm Copper Alumina

Table 2 Dimensions of the cavity (Simulation 2)

Also the alumina is ideal case, with its purity 100%. The relative permittivity of the 
alumina varies, from 9.1 to 10. Temperature was set to be at room temperature.

Result:
1. TM010 Mode VS. Position of The Dielectric Rod
COMSOL is set to find at most 20 resonant frequencies for each position of the 
rod, in the frequency range of 1.14GHz to 0.957GHz. These frequencies are 
obtained from the rod at position 0 and position , measured independently before 
parameter sweep. Resonant frequencies between those two should be between the 
frequencies of them, so it is reasonable to set frequency range like above. And for 
each position of the rod, we picked one resonant frequency with having the 
highest form factor, which is TM010 mode frequency.

Position [Rad] Freq. [Hz] G-Factor

0 1.14E+09 0.69587

0.31416 1.14E+09 0.69654

0.62832 1.14E+09 0.69867

0.94248 1.12E+09 0.70124

1.2566 1.10E+09 0.69925

1.5708 1.07E+09 0.68778

1.885 1.03E+09 0.67057

2.1991 1.00E+09 0.65532

2.5133 9.77E+08 0.64488

2.8274 9.62E+08 0.63903

3.1416 9.57E+08 0.63727

Table 3 Position of the rod and corresponding 
TM010 mode frequency

Figure 2 visualizes the change of TM010 mode frequency. TM010 mode goes down 
as the rod gets closer to the center. The frequency range of TM010 mode for this 
cavity model was 1.14GHz to 0.957GHz.
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Figure 2 TM010 modes with the rotation of the rod, starting from 
the position angle 0 to the position angle 

Three field configurations are given in the figure 3. The red arrows correspond to 
the electric field, and the white arrows correspond to the magnetic field.

Figure 3 Field configurations of TM010 modes when the rod is in the position 
angle 0(left), /2(center), and (right)

2. Quality factor VS. Permittivity of The Dielectric Rod
Only the relative permittivity varies, from 9.1 to 10. Quality factor has almost 
linear dependence of permittivity. Linear dependence is interesting behavior, but 
quality factor is not changed dramatically as the relative permittivity varied. If one 
uses sufficiently high permittivity this would effect to the quality factor much, but 
with the permittivity range scale of simulation 2 is not very effective. Alumina’s 
relative permittivity have almost similar range of simulation 2’s permittivity range, 
so it is not much important to be sensitive to the permittivity if one uses alumina 
as a dielectric rod.
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Figure 4 Quality factor change. Relative permittivity is varied from 
9.1 to 10

3. Real Experiment of Simulation 2
There was a real experiment with the same dimensions as in the simulation 2. I 
and co-worker Tugce measured quality factor when the dielectric rod is at the 
center position. Only difference was the purity of the dielectric rod, which was 
99.5% while in the simulation we used 100%.

Quality Factor
2229.5

Table 4 Real measurement of 
the quality factor

The temperature was at room temperature, as in the simulation 2.

Discussion:
Real measurement quality factor had huge difference between the result of 
simulation 2. Real measurement has about 10% value than the simulation 2. The 
reason can be several, but two main problem can be pointed. First reason one can 
think is the imperfect shape of real cavity. Real cavity’s shape is not ideal 
cylinder. And also there was a small hole for real cavity. The small gap between 
the cavity and the cap to close the cavity would also affected to the quality factor 
a lot. Another reason one can think is the purity of the alumina. The dielectric 
loss is related to the purity, since energy can be absorbed by impure alumina. 
There must be more realistic cavity model to execute new simulation, with 
considering real shape of the cavity, and using 99.5% purity alumina as rod. 
Finding purity dependence of the quality factor can be also done as new project.
All the simulations and the experiment is performed in the room temperature 
state. But in axion detection experiment the cavity will be kept in the cryogenic 
stat. This would cause quality factor changed. Simulations on cryogenic state must 
be also performed.

Conclusion:
ž It is checked again that dielectric rod can swipe out certain range of TM010 
mode frequency with just one cavity. TM010 mode frequency goes down as the rod 
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gets closer to the center.
ž For the dimensions used in the simulation 1, the TM010 mode frequency range 
was 1.14GHz to 0.957GHz.
ž Quality factor has a linear dependence when the permittivity of the dielectric rod 
varies. But the effect of the variation of permittivity itself is not much big for 
identical materials.
ž Real measurement of the quality factor was about 10% value of the value from 
simulation. The reason can be the imperfect cylindrical shape of real cavity, and 
impurity of the alumina used as a dielectric rod.
ž More accurate cavity model and setting the temperature value down to cryogenic 
state is required for further simulations and experiments.

Reference:
[1] Abbott, L., & Skivie, P.1983, Phys. Lett. B, 120, 133
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Thermal Friction 2
Towards the Equation of Motion of the Affleck-Dine Field

Duong Q. Dinh1,2

1Department of Physics, Korea Advanced Institute of Science and Technology
2Korea Undergraduate/Graduate/H.S. Science Program (KUSP)

Abstract

Continued from my collaborator’s, Erwin H. Tanin’s, report. In this report, I present
the calculation of self-energy, as well as list out the assumptions and chosen initial
conditions for for the mediator field. Then I discuss two alternative approaches to
achieve the equation of motion for the Affleck-Dine field: Hartree approximation, which
yields an equation of the averages, and Closed-time-path formalism, which yields a
Langevin-type equation.

1
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1 Introduction

During 1 month of KUSP, I have been researching on a damping mechanism named Thermal
Friction and its application in the context of the Affleck-Dine baryogenesis scenario after thermal
inflation. The motivation of the mechanism, as well as a rough idea on how it works, can be found
in the poster of the project ((1)); I will not repeat them in this report. However, a repeat of the
basic elements of the system considered and our approach would make a convenience for the readers
to see the relevance of what I report here.

Our system consists of three scalar fields. φ - a complex scalar, homogeneous, initially oscillating
in an elongated elliptic orbit around the origin in the phase space - represents the AD fields. It
interacts only with a real scalar field ψ representing the quark superfields and some other fields.
Besides the AD field, ψ also couples with a thermal bath field χ, assumed to be a real scalar field,
representing the gluon superfields and some other fields. The Lagrangian of the system is given by:

L = (∂φ)2 +
1

2
(∂ψ)2 +

1

2
(∂χ)2 −m2

φ|φ|2 −
1

2
m2
χχ

2 − g2|φ|2ψ2 − σ2ψ2χ2 (1)

We expect a damping effect induced by the thermal bath χ via the mediator field ψ on the
oscillation of the AD field φ, roughly explained, as following. Due to interaction with the thermal
bath, ψ will always tend to achieve its equilibrium state dictated by the Boltzmann equation:

ψ2 ∝ e
− mψ
kBT (2)

where T is the tempearature of the thermal bath. However, due to interaction with the oscillating
φ, this equilibrium state is in constant change. Since it takes a finite time for ψ to achieve thermal
equilibrium, ψ will always lags either "below" or "above" the thermal equilibrium, which time
evolution is symmetric as can be seen from the Boltzmann equation. This induces an asymmetric
potential between the incoming and outgoing motion of φ, which over time damps the oscillation.
The project’s objective is to assess the efficiency of this damping mechanism over a wide range of
parameters.

My research group decided to tackle this problem in two major steps: first, determine the
dynamics of ψ under thermalization effect from χ, and then solve for the dynamics of φ under
effects of the dynamic ψ. In other words, we plan to solve the problem ignoring all back-reaction.
Since both ψ and φ are out of thermal equilibrium, non-equilibrium QFT is the main framework
in our project. A review of non-equilibrium QFT is given in my project collaborator’s report. In
this report, I will assume background knowledge on non-equilibrium QFT and focus on the rest of
what we have done so far.

The detailed plan of this report is as following. Section 2, 3 and 4 are devoted to the step
of determining ψ dynamics. In section 2, the procedure to calculate the self-energy of ψ using

2
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real-time formalism is captured. Section 3 and section 4 will list out some extra assumptions in
our model, as well as the chosen initial conditions.

Section 5 and 6 are for the next step of determining how ψ would affect φ’s oscillation. In
section 5, the usage of Hartree approximation in QFT in literature is reviewed, and its application
to our system is discussed; this approximation will provide a simple way to obtain an equation of
motion of the Affleck-Dine (AD) field in terms of the given parameters only. In section 6, a possible
alternative approach to such equation of motion using non-quilibrium QFT is provided.

All the conclusions and guesses we have reached are discussed within the separate relevant
sections. The immediate plans are written in bold text.

2 Calculating the Retarted Self-energy of ψ in interaction

with χ

To write the effective action of ψ in the Closed-time-path formalism, we need to calculate its self-
energy due to interacting with χ. The real-time formalism can be used to derive propagators of a
quantum field in thermal equilibrium and calculate its self-energy in interaction with other fields
also in thermal equilibrium. Reference (2) is a self-sufficient and clear treatment on this problem. I
would recap the useful result from that reference. As explained below, using thermal quantum field
theory, we can calculate the retarted self-energy of ψ in interaction with χ up to one-loop order.

2.1 Finite temperature Feynman rules in Real-time Formalism

In the real-time formalism, the free propagator in k-space has the following four components:

DF
11(k) = (DF

22(k))∗ =
i

k2 −m2 + iη
+ n(k0)2πδ(k2 −m2) (3)

DF
12 = eσk0f(k0)ρF (k) (4)

DF
21 = e−σk0(1 + f(k0))ρF (k) (5)

where

• ρF (k) = 2πε(k0)δ(k2 −m2) is the free spectral function, and ε(k0) is the sign function,

• f(k0) = 1
eβk0−1

• the useful choices of σ are σ = β/2 (the symmetrical choice) and σ = 0. In the computation
of the one-loop diagram below, we would choose σ = β/2.

3

Dinh Quy Duong, Towards the Equation of Motion of the Affleck-Dine . . . 17



2.2 Self-energy in Real-time Formalism

The self-energy matrix Πab(k) is introduced in the relation between the full propagator Dab(k)

(propagators in the interacting theories) and the free propagator:

Dab(k) = DF
ab(k) +DF

ac(k)(−iΠcd(k))Ddb(k)

By diagonalizing the self-energy matrix, we can identify the quantity Π̄(k), which can be iden-
tified with the self-energy calculated via the imaginary-time formalism.

Π̄(q) = Π(q0 + iηq0,q) (6)

From the diagonalizating process, the following relations between the self-energy matrix ele-
ments Πab(k) and the quantity Π̄(k) can be obtained in a straightforward manner:

ReΠ̄(k) = ReΠ11(k) (7)
−i

sinh(β|k0|/2)
ImΠ̄(k) = Π12(k) (8)

From equations (4.33) and (4.38) in (2), we also obtain the relations between the retarded
self-energy and the real-time self-energy:

ReΠR(q) = ReΠ̄(q) (9)

ε(q0)ImΠR(q) = ImΠ̄(q) (10)

2.3 Calculating the One-loop Self-energy of ψ in interaction with χ

We attempt to calculate the self-energy of ψ to only one-loop order. The one-loop might be a
sufficient order, since for the interaction −σψχ2, the one-loop diagram is a non-local one which
contributes to the imaginary part of the self-energy. More importantly, the self-energy one-loop
diagram contains only the thermal bath’s propagators, which enables us to make use of the thermal
field theory treatment above.

We need to calculate Π11 and Π12 via the free (thermal) propagators:

Π11(q) = −iσ2

∫
d4k

(2π)4D
F
11(k,m2)DF

11(q − k,m2) (11)

Π12(q) = −iσ2

∫
d4k

(2π)4D
F
12(k,m2)DF

12(q − k,m2) (12)

and use equations (7) − (10) to obtain ΠR(q). The calculation procedure is of course straight
forward.

4
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2.4 Discussion and Plan

• By assuming a weak coupling between ψ and χ, in the diagram expansion series of the self-
energy of ψ up to higher order or for different interaction term (eg. −σψ2χ2), the diagram
that involves ψ will be suppressed by a diagram obtained by substituting the ψ propagator
with a χ one. This enables us to continue using the thermal field theory treatment above to
calculate the self-energy of ψ.

• For the interaction term −σψ2χ2, the non-local diagrams (which contribute to the imaginary
part of the self-energy) are the sun-set ones, which also contain ψ propagators. This disallows
us to make use of the thermal field theory treatment above. However, there are sources that
calculate these diagrams, such as (3). This will be useful when we turn to solve the problem
with the interaction term −σψ2χ2.

3 Assumptions

3.1 From Cosmology

• We neglect the finite equilibration time of χ.

3.2 Pole structure

For a fixed time t the pole structure (9) of

1

ω2 − ω2
q (t)− Π̃q

−
(t, ω)

(13)

is assumed to be dominated by the root

ω = Ω̂q(t) ≡ Ωq(t)−
i

2
Γq(t) (14)

where
Ωq(t) ≡

√
ω2
q (t) + ReΠ̃−

q (t,Ωq(t)) (15)

is the energy of ψ-resonance, and

Γq(t) = −
ImΠ̃−

q

(
t, Ω̂q(t)

)

Ωq(t)
(16)

is the damping rate of ψ-resonance. We assume that the damping of ψ-resonance is weak

Γq(t) << Ωq(t) (17)

5
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3.3 Separations of time scales

((9)) We assume that the duration of a single ψ scattering event τint is much shorter than the
average time between different collisions

Γq(t) << τ−1
int (18)

Furthermore, the we assume (9) that ψ does not significantly change its properties (due to the
evolution of φ) during a single collision.

Γ̇q(t)

Γq(t)
,
Ω̇q(t)

Ωq(t)
<< τ−1

int (19)

Additionally
mφ ∼ Γq(t) << ωψ(t) (20)

4 Initial Conditions

We assume that the initial density matrix of ψ and χ is given by the direct product of the density
matrices of the two sectors

ρ = ρφ ⊗ ρχ (21)

Where ρχ is a thermal equilibrium density matrix

ρχ = ρχ =
e−βHχ

Tr (e−βHχ)
(22)

From the definition of spectral function, microcausality, the canonical quantization condition for
a real scalar field, and the homogeneous and isotropic conditions, we obtain the following initial
conditions for the spectral function and its derivatives ((8)):

∆−
q |t1=t2 = 0 (23)

∂t1∆
−
q |t1=t2 = −∂t2∆−

q |t1=t2 = 1 (24)

∂t1∂t2∆
−
q |t1=t2 = 0 (25)

Note the initial conditions for the spectral function and its derivatives do not depend on the physical
initial conditions of the system as encoded in the initial density matrix. We assume that the initial
density operator can be written as a direct product ρψ ⊗ ρeqχ . Where ρψ characterizes the initial
state of ψ, and ρeqχ is the thermal equilibrium density matrix of the thermal bath χ. We assume

6
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that the ψ part ρψ is Gaussian. In this case, ρψ is fully characterized by five parameters for each
mode. The five parameters can be chosen to be chosen to be the following (8)

ψq,in =
〈
ψq(t)

〉
|t=0 (26)

ψ̇q,in = ∂t
〈
ψq(t)

〉
|t=0 (27)

∆+
q,in = ∆+

q (t1, t2)|t1=t2=0 (28)

∆̇+
q,in = ∂t1∆

+
q (t1, t2)|t1=t2=0 = ∂t2∆

+
q (t1, t2)|t1=t2=0 (29)

∆̈+
q,in = ∂t1∂t2∆

+
q (t1, t2)|t1=t2=0 (30)

If the initial statistical propagator and its first and second derivatives satisfy the following equation

∆̈+
q,in∆+

q,in −
(

∆̇+
q,in

)2

=
1

4
(31)

then the corresponding initial density matrix corresponds to a pure quantum mechanical state.

4.1 ψ is initially in thermal equilibrium with temperature T̃ , T̃ << T

The initial statistical propagator for ψ is given by

∆+
q (t1, t2) =

1

Ωq

[
1

2
+ fB(Ωq)

]
cos(Ωq(t1 − t2)) (32)

4.2 Tsunami initial conditions/ definite quasiparticle occupation num-

bers initial conditions

ψq,in = 0 (33)

ψ̇q,in = 0 (34)

∆+
q,in =

1

Ωq

(
1

2
+ nq

)
(35)

∆̇+
q,in = 0 (36)

∆̈+
q,in = Ωq

(
1

2
+ nq

)
(37)

5 Hartree Approximation

Hatree approximation is a non-perturbative method. In Hartree approximation, an interacting
many-particle system is considered as a set of independent particles, i.e. correlation between two
particles are neglected. Each particle would only feel the presence of the other particles through
the average field-potential they produce.
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5.1 The Procedure Applied to QFT in Literature

In literature, the Hartree approximation applied to QFT starts with writing the fields in terms of
their classical background and quantum fluctuation:

Φ→ 〈Φ〉+ δΦ (38)

We then get the following rules ((5)) (called Hartree factorization) of simplifying the high order
of δΦ to 〈δΦ2〉, δΦ, 〈δΦ〉:

δΦ3 → 3〈δΦ2〉δΦ− 2〈δΦ〉3 (39)

δΦ4 → 6〈δΦ2〉δΦ2 − 8〈δΦ〉3δΦ + 6〈δΦ〉4 − 3〈δΦ2〉2 (40)

... (41)

where the average sign can stand for any type of average (eg. quantum vacuum average, thermal
average, etc.). These substituting rules often simplify the form of many expression and equation.
Often, the average of the fluctuation term is given to be 0, which further does the simplifying job.

5.2 The Hartree Approximation Applied to Our System

The Lagrangian with the g2|φ|2ψ2 representing the φ− ψ interaction gives the equation of motion
of φ:

φ̈+m2φ+ g2ψ2φ = 0

Taking the thermal average gives:

〈φ̈〉+m2〈φ〉+ g2〈ψ2φ〉 = 0

The Hartree approximation corresponds to assuming no correlation between individual ψ-
particle and χ-particle, so 〈ψ2φ〉 = 〈ψ2〉〈φ〉. In our case, φ is a classical field, so 〈φ〉 = φ. Sub-
stituting 〈ψ2〉 = ∆+(t, ~x1, t, ~x2), we get an equation of motion for φ in terms of given parameters
only.

We will discuss about the Hartree approximation in the next section.

6 The Langevin-type Equation of Motion

A thermal environment usually induces both macroscopic dissipation and microscopic fluctuation on
the dynamics of a particle inside it. Such particle’s motion is described by the Langevin equation.
There exists a parallel phenomenon in QFT, where a field interacting with a thermal bath (in
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thermal equilibrium) is subjected to both dissipative and fluctuative effects encoded in a Langevin-
type equation. Here, we want to extend this analysis procedure to one that studies φ’s dynamics
as it is coupled to the non-equilibrium ψ. We would review the procedure in literature and discuss
some problems and plans of extension.

6.1 The Equation of Motion of a Quantum Field in a Thermal Bath

Reference (6) provides a direct non-equilibrium QFT approach to derive the Langevin-type equa-
tion of motion for φ. Adopting the Closed-time-path (CTP) formalism and using the Keldysh
representation, the effective action of ψ can be written in terms of two fields ψc and ψ∆:

Γ[ψc, φ∆] =

∫
d4x
[
− φ∆(x)c(x)−m2

φφ∆(x)ψc(x) + 4φ∆(x)φ3
c

]
+
∑

Lj(ψc, φ∆) (42)

where
∑
Lj(ψc, φ∆) is the contribution from the self-energy diagrams up to two-loop order. The

two fields ψc and ψ∆ can be interpreted as the response field and the physical field, respectively.
This interpretation is clear if one looks at the real effective action.

In literature, there is a common procedure of translating the above complex-valued effective
action to a real one by introducing auxiliary random Gaussian fields ξa(x), ξm(x), which dispersion
can be worked out from the imaginary part of the complex-valued effective action. A real effective
action Γreal[ψc, ψ∆, ξa, ξm], which can be proven to be physically equivalent to the complex-valued
effective action Γ[ψc, φ∆] by doing the path integral, can be defined:

Γreal[ψc, ψ∆, ξa, ξm] = ReΓ[ψc, φ∆] +

∫
d4x[ξa(x)φ∆(x) + ξm(x)φc(x)φ∆(x)] (43)

Applying the variational principle to the real effective action, we can obtain a Langevin-type
equation of motion for φ schematically like the following:

Free terms + Dissipative terms + Fluctuative terms = 0 (44)

where contribution to the dissipative terms come from ReΓ[ψc, φ∆], while contribution to the fluc-
tuative terms come from the auxiliary random Gaussian fields ξa(x) and ξm(x).

6.2 Discussion and Plan of Extension

• In reference (6), when calculating the effective action (complex and real) of φ as the field
interacts with a thermal equilibrium environment, the thermal propagators are used. It seems
that when applying this procedure to our case, no problem should arise for substituting the
thermal propagators with the statistical propagator and the spectral function of the non-
equilibrium ψ.
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• I have not checked the viability of defining a real effective action that is physically equivalent
to the complex-valued effective action. Also, the necessity of such procedure for our case,
where φ is not clear (in literature, the field considered is real scalar, so the given motivation
for such procedure is to have a sensible equation of motion). We have a guess that perhaps
such procedure is to have a Hermitian, therefore consistent, effective action, which yields one
unique equation of motion for φ. A more detailed study on this procedure is then
needed.

• In our system where the environment is in non-equilibrium, it is not clear that whether the
auxiliary random Gaussian fields ξa(x) and ξm(x) still represent only the noise (but not also
some (macroscopic) disspative terms).

• Hartree approximation completely ignores the fluctuation induced by the environment. Per-
haps we can implement the two approaches parallely and compare the results.
An agreement between the Hartree approximation and the solution from the
Langevin-type equation ignoring the noise terms might signify a positive answer
for the previous doubt.
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Thermal Friction 1
Introduction to Non-equilibrium QFT

Erwin H. Tanin1,2

1Department of Physics, Korea Advanced Institute of Science and Technology
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Abstract

The basics and common notations of non-equilibrium quantum field theory for real
scalar fields are compiled with the purpose of providing necessary background for un-
derstanding the second part of the Thermal Friction report prepared by my collaborator
Dinh Q. Duong.
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1 Introduction

Most introductory quantum field theory textbooks are focused towards developing methods for
calculating scattering amplitudes for processes with "nice" initial and final states. Where "nice"
can either mean free(non-interacting) or in-thermal-equilibrium. No matter how complicated the
process happening in between, if the initial and final states are "nice", then we can use Gell-Mann-
Low theorem, and the amplitudes should be calculable. In many scenarios in cosmology, particle
physics, or condensed matter physics, however, it is essential to understand what happens between
the transient regime, and, worse, the initial and final states are not always "nice". Hence, a more
general methodology is needed. A particularly useful one is the closed-time path(CTP) formalism.
Non-equilibrium problems are initial value problems–we want to see how a system prepared at an
initial state evolves to unknown states at later times. Which means, in general, the final state is
unknown. Consequently the "in-out" formulation used in the calculations of S-matrix does not
work, as the "out" states are unknown. In CTP formalism, such difficulty does not exist since CTP
is based on "in-in" formalism (method for calculating expectation values) which does not require
the specification of the "out" states.

Non-equilibrium quantum field theory is a relatively young subject, and because of that useful
resources are hard to find. This difficulty inspires me to create a clear summary of basic concepts
of non-equilibrium quantum field theory for real scalar fields as well as common notations used in
this area that I acquire from various resources. Most of the notation I use here are adopted from
[5].

2 Definitions, notations, and physical interpretations

Non-equilibrium states are not pure quantum states. Hence, in order to describe the fate of an
out-of-equilibrium field, we have to specify the time-evolution of its density matrix/operator ρ(t).
Another equivalent way to describe the field is to provide all the n-point correlation functions
(often shorten to simply "n-point functions") of the field. Luckily, in most cases of interest, only a
few correlation functions of the lowest n’s are needed to provide us with the physical richness we
require. In particular, when the initial density matrix is Gaussian, all the initial n-point functions
are determined by the initial conditions of the one- and two-point functions. In our Thermal Friction
project, we assume that this is the case. In such cases 1-point and two independent 2-point functions
should be sufficient to serve our purposes. However, higher order correlation functions build up at
later times[2] and will eventually become important if we consider long enough time period.
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2.1 Correlation functions

An out-of-equilibrium real scalar field ψ has at most two independent two-point correlation func-
tions. A commonly used pair are the following

∆+(x1, x2) ≡ 1

2

〈
{ψ(x1), ψ(x2)}

〉
(1)

∆−(x1, x2) ≡ i
〈

[ψ(x1), ψ(x2)]
〉

(2)

where
〈
...
〉

= Tr[ρ...] represents averaging over quantum fluctuation and the ensemble of statistical
initial conditions. This pair is often used because the constituents have clear physical interpreta-
tions. The one that is symmetric in x1 and x2, ∆+(x1, x2), is called statistical propagator/Jordan
propagator, while the asymmetric one, ∆−(x1, x2), is called spectral function/Hadamard propagator.
In interacting field theories, the number density or phase-space distribution function of particles
is not always well-defined. The statistical propagator ∆+(x1, x2) can be interpreted as a measure
of number density that remains well-defined even in interacting theories. Furthermore the one-
to-one correspondence between energy and the magnitude of momentum that applies for a freely
propagating particle does not apply for a general excitation in interacting theory. The spectral
function ∆−(x1, x2) has a clear physical interpretation in the Fourier space. There, it defines the
spectrum of possible energies for a resonance with a certain momentum. In short the spectral
function ∆−(x1, x2) specifies what states are available and the statistical propagator ∆+(x1, x2)

specifies how often they are occupied.
Alternatively, we can consider any linear combinations of these correlation functions. Another

useful choice for the correlation functions pair are the Wightman functions:

∆>(x1, x2) ≡ 1

i

〈
ψ(x1)ψ(x2)

〉
c

(3)

∆<(x1, x2) ≡ 1

i

〈
ψ(x1)ψ(x2)

〉
c

(4)

where the subscript "c" says "connected," meaning that only connected diagrams are considered.
The two pairs introduced above are related through

∆+(x1, x2) =
1

2
(∆>(x1, x2) + ∆<(x1, x2)) (5)

∆−(x1, x2) = i (∆>(x1, x2)−∆<(x1, x2)) (6)

Yet another useful choice are the retarded and advanced propagators

∆R(x1, x2) = θ(x0
1 − x0

2)∆−(x1, x2) (7)

∆A(x1, x2) = −θ(x0
2 − x0

1)∆−(x1, x2) (8)
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We will be mainly working with the statistical propagator and the spectral function. The time-
evolution of the statistical propagator and the spectral function is given exactly(without any ap-
proximation) by the integro-differential equations called Kadanoff-Baym equations(KBEs). The
KBEs require information about interactions, which is encoded by 2-point functions called self-
energies.

2.2 Self-energies

Information about the interactions is contained in the self-energies, denoted by Π. Analogous to
the correlation functions, we can define many linearly-independent pairs of self-energies. The most
commonly used ones are Π≶(x1, x2), Π±(x1, x2), and ΠR(x1, x2)&ΠA(x1, x2). The relations between
them are also analogous

Π+(x1, x2) = − i
2

[Π>(x1, x2) + Π<(x1, x2)] (9)

Π−(x1, x2) = Π>(x1, x2)− Π<(x1, x2) (10)

ΠR(x1, x2) = θ(t1 − t2)Π−(x1, x2) (11)

ΠA(x1, x2) = −θ(t2 − t1)Π−(x1, x2) (12)

We can think of the propagator diagrams as being made of two external lines and everything we
can insert in between those external lines. What we can insert in is called the self-energy. The self-
energies of ψ can be calculated using the 2PI(two particle irreducible) formalism. 2PI propagators
are self-energy skeleton diagrams that cannot be cut in two by cutting only two full propagator
lines. Only non-local self-energy diagrams[6][4] will give rise to imaginary part of the self-energy.
The imaginary part of the self-energy is crucial for thermalization to occur. The real and imaginary
part of the retarded self-energy are related by the dispersion relation

ReΠR
q (ω) = P

∫
dω′

2π

ImΠR
q (ω′)

ω − ω′ (13)

where P denotes principal value.

3 Ubiquitous special cases

We have a specific goal of applying the formalisms outlined here to a cosmological scenario. One
of the main assumptions of cosmology is that the universe is spatially homogeneous and isotropic.
Under such conditions, the correlation functions only depend on t1 = x0

1, t2 = x0
2, and the relative

spatial coordinates x1 − x2. We can then take the spatial Fourier transform in the relative spatial
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coordinates to get

∆±q (t1, t2) ≡
∫
d3(x1 − x2)e−iq.(x1−x2)∆±(x1, x2) (14)

It is important to note ∆−q (t1, t2) is proportional to a function called spectral density ρq(ω)

∆−q (t1, t2) = i

∫ ∞

−∞

dω

2π
e−iω(t1−t2)ρq(ω) (15)

The spectral density ρq(ω) defines the spectrum of possible energies ω for a ψ particle with mo-
mentum q. Another way to see it is that the values of ω for which ρq(ω) is non-vanishing are
the possible energy differences which result from adding a particle of momentum q to the system.
Sharp peaks in ρq(ω) represent coherent and long-lived excitations, i.e. quasiparticles.

In vacuum or thermal equilibrium, the correlation functions depend only on the relative coor-
dinates x1 − x2. If we then perform (4D) Fourier transformation on ∆≶(x1, x2), we obtain ∆≶

q (ω).
∆>

q (ω) is proportional to the averaged transition probability for processes where the energy of the
system increases by ω upon an addition of an extra particle with momentum q to the system. In
other words, ∆>

q (ω) is proportional to the density of states available for the addition of an extra
particle with momentum q and energy ω. ∆>

q (ω) has a similar physical interpretation. ∆>
q (ω) is

proportional to the averaged transition probability for processes where the energy of the system
decreases by ω upon the removal a particle with momentum q from the system. The transition
probability for the removal of a particle is also a measure of the density of particles with momentum
q and energy ω.

Thermal equilibrium corresponds to situations with density matrices of the form

ρ(eq)(t0) =
e−βH

Tr (e−βH)
(16)

where β = 1
kBT

is the inverse temperature and H is the Hamiltonian of the system. We can view
this form as the Hamiltonian operator H acting in imaginary time. As a consequence, boundary
conditions are imposed on the correlation functions in the complex time plane. Hence, thermal
equilibrium condition enters through the boundary conditions of the correlation functions. A
particularly useful one is called Kubo-Martin-Schwinger(KMS) relation. In the absence of chemical
potential it is given by

∆<
q,eq(ω) = eβω∆>

q,eq(ω) (17)

Notice that it has the form of the detailed balance equation, in agreement with the interpretation
of ∆≶

q (ω) explained in the previous paragraph.
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4 Non-perturbative methods

In time-dependent problems that involve more than one time-scale, ordinary perturbative ap-
proaches typically exhibit resonant behaviour that results in secular terms which, given enough
time, may grow without bound. Hence, perturbation theory is unreliable to describe the long-time
behaviour of such systems. To avoid these secular terms, and to make sure that the perturbative
error stays at a given order at all time, infinite summation(resummation) scheme to sum the whole
perturbative series in a controlled manner is required. We achieve this by using the n-particle irre-
ducible (nPI) formalism[2]. In our project we will use nPI formalism with n = 2, i.e. 2PI formalism,
since, for Gaussian initial density matrices, the non-equilibrium generating functionals can be given
by 2PI generating functionals. At later times, higher irreducible correlations, corresponding to a
non-Gaussian density matrices, can still build up. The use of 2PI effective action only restricts
the initial conditions for the correlation functions to correspond to Gaussian density matrices. To
account for non-Gaussian initial conditions nPI effective action with n > 2 is needed.

5 Kadanoff-Baym equations

Kadanoff-Baym equations(KBEs) are quantum kinetic equations, i.e. equations that govern the
evolution of correlation functions in a quantum many-body sytem that is driven out of equilibrium.
The kinetic approach is usually implemented by separating the physical variables, which time-
evolutions are of interest, into regular and random parts. The effective partition function[7][8] for
the regular part can then be obtained by averaging over the random part. This averaging procedure
is often called coarse grainning. The equations of motions for all the n-point correlation functions
are determined by the stationary conditions (functional derivatives of the effective action equals
to zero) of the effective action Γ, which also serves as the generating functional for all correlation
functions. From these equations of motion, we can derive KBEs. The Kadanoff-Baym equations
for Gaussian or equilibrium initial conditions are given by

(
∂2
t1

+ ω2
q (t1)

)
∆−q (t1, t2) = −

∫ t1

t2

dt′Π−q (t1, t
′)∆−q (t′, t2) (18)

(
∂2
t1

+ ω2
q (t1)

)
∆+
q (t1, t2) = −

∫ t1

0

dt′Π−q (t1, t
′)∆+

q (t′, t2) +

∫ t2

0

dt′Π+
q (t1, t

′)∆−q (t′, t2) (19)

where ωq(t) =
√
mψ(t)2 + q2. The first and second term on the right hand of the second KBE

represents the non-Markovian (memory) and the noise term.
For a real scalar field, the spectral density can be calculated exactly[3] from the first KBE using
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Laplace transformation

ρq(ω, t) =

[
i

ω2 − ω2
q (t)− ΠA

q (t, ω)− iωε −
i

ω2 − ω2
q (t)− ΠR

q (t, ω) + iωε

]
(20)

where ΠA
q and ΠR

q are advanced and retarded self-energy respectively.

6 Quasiparticle approximation

Although the notion of particle is often ill-defined in interacting field theories, under some circum-
stances, it is still a useful concept. In particular, if the interaction is weak enough, there can exist
excitations/resonances, called quasiparticles, with properties resembling that of a screened particle
seen from some distance. Quasiparticles[1] or dressed particles are elementary-particle-like exci-
tations with renormalized properties(mass, charge, etc). Quasiparticles may also have collective
origins but such cases are not of our interest. A quasiparticle excitation can have an approximately
constant energy Eq and momentum q for a long period of time t ∼ Γ−1

q before it starts to decay.
Γq is usually called the decay width/rate and here "a long period of time" means Γ−1

q << E−1
q .

By utilizing the identities obeyed by the self-energies, the spectral density obtained in equation()
can be rewritten as

ρq(ω) =
−2ImΠR

q (t, ω) + 2ωε

(ω2 − ω2
q (t)− ReΠR

q (t, ω))2 + (ImΠR
q (t, ω) + ωε)2

(21)

Let us now give a more precise requirement for the quasiparticle approximation to hold. The
frequency of a resonance is given by the pole Ω̂q of the spectral density above ρq. The pole will in
general be complex-valued, and hence justifies the hat notation. The real part of the pole Ω̂q can
be interpreted as the energy(dispersion relation) of the resonance

Eq = ReΩ̂q (22)

and the imaginary part gives the decay rate of the resonance

Γq = 2ImΩ̂q (23)

Therefore the quasiparticle approximation[3] is valid when the following holds

Γq << ReΩq (24)

The above reasoning assumes that the energies of all quasiparticles with the same quantum numbers
are sufficiently well-separated to be viewed as individual resonances, i.e. if

∆Ωq > Γq (25)
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In the quasiparticle regime, we can approximate the spectral density with the Breit-Wigner form

ρBWψ (ω, q) =
2ωΓq

(ω2 − ω2
q ) + (ωΓq)2

(26)

7 Solving Kadanoff-Baym equations

7.1 Solutions for time-independent frequencies within the quasiparticle

regime

The solutions to the Kadanoff-Baym equations for time-independent frequencies under the quasi-
particle approximation are given in the literature, e.g.[3]

∆−q (y) 'sin(Ωqy)

Ωq

e−Γq |y|/2 (27)

∆+(t; y) '
∆+
q,in

2
(cos(2Ωt) + cos(Ωqy)) e−Γqt +

∆̇+
q,in

Ωq

sin(2Ωqt)e
−Γqt (28)

∆̈+
q,in

2Ω2
q

(cos(2Ωqt)− cos(Ωqy)) e−Γqt +
coth

(
βΩq

2

)

2Ωq

cos(Ωqy)
(
e−Γq |y|/2 − e−Γqt

)
(29)

where

t =
t1 + t2

2
(30)

y = t1 − t2 (31)

Note that the solutions above show that the correlations functions are damped exponentially with
a rate Γq, approaching thermal-equilibrium values. Thus the inverse of the decay width Γ−1

q can
be interpreted as the relaxation time scale. Hence the decay rate is responsible for the return of a
system to thermal equilibrium after a disturbance.

7.2 Solutions for time-dependent frequencies within the quasiparticle

regime (on-going work)

The mechanism of Thermal Friction involves a real scalar field ψ with time-dependent mass that is
interacting with a thermal bath. Therefore, to understand the dynamics of the said field we need to
solve the Kadanoff-Baym equations with time-dependent frequencies. Unfortunately, such solutions
do not seem to be readily available in the literature and here is our attempt in generalizing the
result obtained in the previous section. Assuming that the rate of changing of the mass of ψ is slow
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compared to the mass itself, the solution to the first Kadanoff-Baym equation, i.e. the spectral
function, can be obtained by using the WKB approximation

∆−q (t1, t2) ≈
sin
(∫ t2

t1
dt′Ωq(t

′)
)
e−

1
2 |

∫ t2
t1
dt′Γ(t′)|

√
Ωq(t1)Ωq(t2)

(32)

The solution to the second Kadanoff-Baym equation is given by the sum of a homogeneus solution
∆̂+
q (t1, t2) and a particular solution ∆+

q,mem(t1, t2)

∆+
q (t1, t2) = ∆̂+

q (t1, t2) + ∆+
q,mem(t1, t2)

more specifically, ∆̂+
q (t1, t2) is a solution to the homogeneous equation

(
∂2
t1

+ ω2
q (t1)

)
∆+
q (t1, t2) +

∫ t1

0

dt′Π−q (t1, t
′)∆+

q (t′, t2) = 0 (33)

∆+
q,mem(t1, t2) is often referred to as memory integral and is given by

∆+
q,mem(t1, t2) =

∫ t1

0

dt′1

∫ t2

0

dt′2∆−q (t1, t
′
1)Π+

q (t′1, t
′
2)∆−q (t′2, t2) (34)

After plugging in the spectral function solution and performing some mathematical manipulation,
we get

∆+
q,mem(t1, t2) =

− cos
(∫ t1

t2
dt′Ωq(t

′)
)
e−

1
2 |

∫ t1
t2
dt′Γq(t′)|

√
Ωq(t1)Ωq(t2)

∫ tB

∞
dτ

ReΠ+
q (τ, Ω̂∗q)
Ωq(τ)

e−
∫ tB
τ dt′Γq(t′) (35)

=
− cos

(∫ t1
t2
dt′Ωq(t

′)
)
e−

1
2 |

∫ t1
t2
dt′Γq(t′)|

√
Ωq(t1)Ωq(t2)

∫ tB

∞
dτ

coth
(
βΩq(τ)

2

)
ImΠR

q (Ωq(τ))

Ωq(τ)
e−

∫ tB
τ dt′Γq(t′)

(36)

where tB is called Boltzmann time and is defined as

tB ≡ min(t1, t2) (37)

The remaining step is to find the general solution to the homogeneous equation (33).

To be continued...
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Introduction: 

The object of this research is to establish a communication between instruments and computer.  In order to do this, we 

designed Graphic Interface with Matlab to monitor the target instrument. By this method, we successfully control a 

system of several power supplies via Matlab programming. 

We found out the method to control a digital power supply via Matlab. By this method, we can extend our control of 

instruments that will be used in the experiment for axion search. 

In this project, we work with the digital device named E3631A (0-6V, 5A/0-±25V,1A)-Triple Output DC Power Supply. 

This means some steps in our procedure are unique for only this kind of device. 

Part 1: Getting interface between Matlab and power supply. 

Procedure: 

1. Connecting the power supply device with CPU via GPIB cable. 

2. Turning on computer. 

3. Running Matlab 

4. Opening the Test and Measurement Toolbox by the statement “tmtool”. 

5. Clicking on GPIB symbol to scan for instrument connected to the selected GPIB board (scanning returns each GPIB 

instrument connected to the selected board). Now, we already have GPIB object. (From now on, whenever we run the 

Matlab on the same computer, we do not need to scan again) 

6. Using the statement“g=gpib ('ni',0,5)”to name the GPIB object. GPIB cable is connected between device(primary 

address 5) and GPIB card(Board index 0 from National Instrument) which is connected with GPIB cable adaptor, meaning 

that we cannot use this statement for other computerswhichhas different settings. When we execute this comment, we 

can obtain the specific information about GPIB object and communication state as well. 

   GPIB Object Using NI Adaptor: GPIB0-5 

 

   Communication Address  

BoardIndex:         0 

PrimaryAddress:     5                                                       (Address of our device (already turned on)) 

SecondaryAddress:   0 

 

   Communication State  

      Status:             closed 

RecordStatus:       off                                                             (Our device is off now) 
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   Read/Write State   

TransferStatus:     idle                                                      (Device and computer are not connected yet) 

BytesAvailable:     0 

ValuesReceived:     0 

ValuesSent:         0 

7. Now, turning on the power supply by press the ON/OFF button. (This step can be done at first) 

8. Connecting the device with computer by the statement”fopen(g)”. 

9. From now on, we can give command to the device by several statements available in Test and Measurement Toolbox. 

The figures appeared now on the screen of device can be controlled via Matlab. (These statements can be replaced for 

pressing button on the device; this is very effective when we have to control a lot of devices at the same time). The 

syntax for command is fprintf (g,’statement’). In order to show the result, we use fscanf(g) 

For example: 

+Statement given to Power Supply (our device) to show the voltage and current on the screen: fprintf(g,'output:state on') 

+Statement given to Power Supply to set the voltage level and show the result: 

>>fprintf(g,'Source:Voltage:Level:Immediate:Amplitude 1'); (set Voltage Level=1V) 

>>fprintf(g,'Source:Voltage:Level:Immediate:Amplitude?'); (Ask for present voltage level) 

>>fscanf(g) 

+Statement given to Power Supply to show the present voltage value: 

>>fprintf(g,'Measure:Voltage:dc?') 

>>fscanf(g) 

Data 

Our data obtained according to several voltage level. 

+voltage level (immediate amplitude) = 0.1V 

Voltage measured on Matlab 
(V) 

Voltage measured by 
multimeter (V) 

Voltage appeared on the screen 
(V) 

9.80535100E-02 0.1003 0.098 

9.80766800E-02 0.1003 0.098 

9.80743800E-02 0.1003 0.098 

9.81054800E-02 0.1003 0.098 

9.80840800E-02 0.1003 0.098 

9.80809600E-02 0.1003 0.098 
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9.80616500E-02 0.1003 0.098 

Mean=M1=9.807667714E-02 Mean=M2=0.1003 Mean=0.098 

Error = 
�����

��
 = 2.20 % (between Matlab and multimeter) 

+voltage level (immediate amplitude) =0.4V 

Voltage measured on Matlab 
(V) 

Voltage measured by 
multimeter (V) 

Voltage appeared on the screen 
(V) 

3.98031700E-01 0.402 0.398 

3.98094400E-01 0.402 0.398 

3.98118000E-01 0.402 0.398 

3.98131300E-01 0.402 0.398 

3.98114100E-01 0.402 0.398 

3.98045000E-01 0.402 0.398 

3.98079300E-01 0.402 0.398 

Mean=M1=3.980876857E-01 Mean=M2=0.402 Mean=0.398 

Error=0.98% 

+voltage level (immediate amplitude) =0.7V 

Voltage measured on Matlab 
(V) 

Voltage measured by 
multimeter (V) 

Voltage appeared on the screen 
(V) 

6.97855400E-01 0.698 0.698 

6.97859300E-01 0.698 0698 

6.97838200E-01 0.698 0.698 

6.97821300E-01 0.698 0.698 

6.97790000E-01 0.698 0.698 

6.97875600E-01 0.698 0.698 

6.97782300E-01 0.698 0.698 

Mean=M1=6.978317286E-01 Mean=M2=0.698 Mean=0.698 

Error=0.02% 

+voltage level (immediate amplitude) =1V 

Voltage measured on Matlab 
(V) 

Voltage measured by 
multimeter (V) 

Voltage appeared on the screen 
(V) 

9.97673200E-01 0.998 0.998 

9.97670900E-01 0.998 0.998 

9.97612700E-01 0.998 0.998 

9.97647800E-01 0.998 0.998 

9.97611900E-01 0.998 0.998 

9.97634700E-01 0.998 0.998 

9.97611600E-01 0.998 0.998 

Mean=M1=9.976375429E-01 Mean=M2=0.998 Mean=0.998 

Error=0.04% 

Part 2: Designing Matlab GUI template for controlling a system of several power 

supplies. 

Procedure: 
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-Using the statement guide to open the original GUI template.

-Designing the suitable GUI template (system of buttons and screens).

-According to the general principles that we obtained from the interface between Matlab and power suppl

above, coding to assign the function for each button and screen.

-In order to control a system of several power supplies simultaneously, addressing the GPIB connection for 

each power supply via button “I/O Config”. As a result, we easily call the GPIB 

Results 

The Matlab GUI template: 

Example for code of ‘read voltage’ button’s function:

function read_voltage_Callback(hObject, eventdata, handles)

% hObject    handle to read_voltage (see GCBO)

% eventdata  reserved - to be defined in a future version of MATLAB

% handles    structure with handles and user data (see GUIDATA)

g=gpib('ni',0,5);                                                                        

5 

Using the statement guide to open the original GUI template. 

Designing the suitable GUI template (system of buttons and screens). 

According to the general principles that we obtained from the interface between Matlab and power suppl

above, coding to assign the function for each button and screen. 

to control a system of several power supplies simultaneously, addressing the GPIB connection for 

each power supply via button “I/O Config”. As a result, we easily call the GPIB object for each device.

Example for code of ‘read voltage’ button’s function: 

function read_voltage_Callback(hObject, eventdata, handles)(read_voltage is variable name which stands for 

‘read voltage’ button)

handle to read_voltage (see GCBO) 

to be defined in a future version of MATLAB 

% handles    structure with handles and user data (see GUIDATA) 

                                                                        (5 is the primary address of power supply 0)

According to the general principles that we obtained from the interface between Matlab and power supplies 

to control a system of several power supplies simultaneously, addressing the GPIB connection for 

object for each device. 

 

(read_voltage is variable name which stands for 

‘read voltage’ button) 

5 is the primary address of power supply 0) 
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fopen(g); 

fprintf(g,'Measure:Voltage:dc?'); 

ss=fscanf(g); 

fclose(g); 

set(handles.fact,'string',cellstr(ss));   (set the figures appeared on the screen of the template which name ‘fact’ 

and ‘volt’) 

set(handles.volt,'string','V'); 

delete(g); 

Discussion: 

Some of Matlab statements do not work for the reasons that we have not known yet. 

Matlab actually reads the figures shown on the screen of Power Supply with better precision as shown on the template 

screen and data table (The figures on the screen have only 4 digits, while figures shown by Matlab have 9 digits). 

According to the errors calculated, while the voltage level increases, the difference in voltage measurement between 

Matlab and multimeter decreases. 

The buttons designed on the template are even better than the buttons on the devices because we can control the 

voltage values by typing on the text cell rather than turning the knob on the devices. 

Conclusion: 

We successfully control a system of two power supplies. 

We obtain the general principles to manage the system of several instruments via Matlab. 

In the future, we will extend our system into a system of different equipments to fulfill the purpose of designing gas 

handling system. 
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Abstract

Axion signals of a form predicted by theory were generated in the time domain. These signals

were then transformed into the frequency domain using a fast Fourier transform algorithm, and

the results verified using a hardware spectral analyser. The basic code having been tested, it

was adapted for downsampling the signal, and the results used to explore the possibility of using

oversampling to reduce noise in the recorded signal. The response of the algorithm to a simulated

noise signal was also investigated.
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1 Introduction

The axion is a theoretical particle, whose existence was proposed as a solution to the CP violation

problem in quantum chromodynamics in 1978 [1]. A full theoretical explanation for this is beyond

the scope of this report, and we will instead take as read three main properties of the axion as

predicted by this theory; that it should be massive, abundant, and very weakly interacting with

ordinary matter. These properties make it an attractive dark matter candidate. Theory also

predicts axions can be converted into microwave photons by coupling to the electromagnetic field

[1, 2], which provides a potential means of detection. The predicted rate of such conversion is

very low, and in practice could only be detected within a very high Q resonant cavity in a strong

magnetic field. Once again, the considerable technological challenges of building such a cavity

are beyond the scope of this report, and only the conversion of the output of such a device into

frequency domain information, which could be used to confirm a signal as an axion, is considered

in detail.

2 The Axion as a Dark Matter Candidate

In modern cosmology, the certainty of the existence of dark matter is almost as great as the lack of

evidence of what composes it. The axion is a reasonably attractive dark matter candidate, because

its existence, if its mass is within a certain range, potentially neatly solves both the strong CP

violation and the dark matter problem. Once again, the evidence for dark matter is too large a

subject for this report, but in brief, the variation of the rotational speed of a star with the distance

from the galactic centre requires the presence of much larger amounts of mass than are visible

with our telescopes. This dark matter is also required in various theories of cosmological evolution

to describe the formation of the non-uniform universe we see today [3]. Astronomical theories of

dark matter describe the galaxy as being enveloped in a much larger ’halo’ of dark matter, which

is usually assumed, in the absence of any compelling evidence to the contrary, to be spherically

symmetric and at rest with respect to the galaxy [3, 1].

If the axions constitute the galactic dark matter, then we can make a prediction about the shape

of the axion signal. The axion is converted in a resonant cavity to a photon of the same energy, via

Eγ = mac
2 + 1

2
ma (v̄ + vE)2, where ma is the mass of the axion, v̄ the axion velocity distribution

in the galactic rest frame, and vE the velocity of the Earth relative to the galactic rest frame.

As the galactic halo can be assumed to be in thermal equilibrium due to gravitational interactions

between axions, the kinetic energy of the axions EK should be described by a Maxwellian probability

2
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distribution function

P (EK) dEK = 2

(
1

kT

) 3
2

√
EK
π
e

−EK
kT dEK (1)

where k is the Boltzmann constant and T the temperature of the dark matter. The familiar shape

of this distribution is shown in Fig.1 1. The expected axion signal is thus a Maxwellian shifted by

the constant energy contributions of the axion rest mass and the Earth’s motion. 2

Figure 1: The theoretical distribution of the axion kinetic energy in units of Hz for an axion mass

of 5.2 GHz, with the shape described by equation 1 [2, 7]

If a resonant microwave cavity is constructed at the axion mass, a signal with this frequency

distribution would be expected to be observed, with the zero of the distribution at the axion rest

mass shifted by the earth’s velocity.

1Note on the units- frequency and energy are treated as interchangeable throughout this report, since they are

related by E = hf so the difference is simply trivial question of unit conversion. By working in natural units of

c = h = kB = 1 we can eliminate the difference entirely.
2It has been suggested [2] that the relative changes in the Earth’s motion could, in principle, detectably modulate

the axion signal energy- this possibility is ignored for simplicity, as it does not in any case affect the broader points

of the analysis.

3
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3 The Fast Fourier Transform and the Axion Signal

The axion signal measured from a microwave cavity would not show this kind of shape without

analysis, however- the amplitude of the signal would be recorded as a function of time, but our

prediction details the shape as a function of frequency or energy. The Fourier transform can be used

to convert the time basis signal into the frequency domain, and the practicalities and limitations of

implementing this operation need to be understood in order to correctly identify an axion as such

if one is detected in the future.

The continuous Fourier transform G(f) of a function of a real variable g(x) is

G(f) =
1

2π

∫ ∞

−∞
g(x)e−i2πfx dx. (2)

where f is some kind of frequency and x usually either distance or time.3 In many practical

applications, the information to be transformed into the frequency domain is not continuous analytic

function, but an array of discrete time samples. For this case, the discrete Fourier transform of an

array of samples in domain x, with a separation ∆x

Gn =
1

N

N−1∑

k=0

gke
1
N
−i2πkn (3)

is used, where the nth output component Gn corresponds to the frequency n
N∆x

[4].The discrete

Fourier transform has the advantage of being well defined for a discrete sample set, and can also

be computed very efficiently using one of a number of algorithms, known as fast Fourier transforms

(FFT’s). In the code described in this report, the ’Fastest Fourier Transform in the West’ library

was used[5], which produces extremely efficient results by choosing the most appropriate algorithm

for the size of the input array. It should be noted that the FFT algorithm takes an input array of

N complex values and returns N complex outputs. In the case of purely real input data, however,

the output satisfies the ’Hermitian redundancy’; the kth element of the output is the complex

conjugate of the N − kth element, so only the first half of the output is meaningful, allowing a

saving in computation time to be made by not calculating the redundant half of the array[5]. In

addition, since the phase of our signal was not of interest, the modulus of the complex output was

taken, so the input and output of the code used in this project, though not the FFTW algorithm

itself, are purely real arrays, with an array of N input values and N
2

+ 1 outputs.

3Different definitions, using a normalisation factor distributed between the inverse and forward transforms differ-

ently, or that are expressed in terms of the angular frequency ω instead of the temporal frequency f are sometimes

used; provided one definition is followed consistently they are all acceptable mathematically, though the results are

slightly different.

4
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While efficient, the FFT has a number of limitations which this report will explore, most

obviously that its frequency range is limited by the number of input samples N , and its resolution

is limited by the sampling rate Rs = 1
∆x

(see Fig.2).

Figure 2: An example of an FFT on a generated signal composed of three sine waves at different

frequencies. Note the spikes are not perfect delta functions, due to the limited resolution of the

discrete transform compared to the continuous case. [5, 6].

The axion signal was simulated in a similar manner to the signal in figure 2, by adding together

a series of sine waves. An axion mass of 5.2 GHz was chosen, and downconverted to 10 MHz in order

to conserve computer time (downconversion is also part of the planned experimental signal chain

at CAPP). For simplicity, the frequency range was not continuous, but binned into 100 discrete

frequencies. The binned probability distribution function was created using 107 random numbers

distributed to a Maxwellian, as described in equation 1, and the amplitude of each sine wave was

set by the normalised height of each bin. The generated signal and histogram used to create the

amplitudes are shown in Fig.3.

4 Spectral Analysis of the Simulated Signal

The simulated signal was produced as a string of ASCII data, and the FFT program was written

separately, so the simulated data could be treated in a similar manner to a real signal. We found,

intuitively, that the longer the total sampling period, the better the transform, with at least one

beat of the time domain signal necessary for the transform to reproduce the basic Maxwellian shape

5
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Figure 3: The Maxwellian histogram used to set the amplitudes (left), and the generated axion

signal plotted in the time domain (right). Note the periodic ‘beats’ in the axion signal, resulting

from the superposition of waves with similar frequency. We found at least one complete ‘beat’ needed

to be sampled to get an accurate transform[6]

of the signal accurately.(see Fig.3). Examples of sampling periods of below and above this can be

seen in Fig.4. It is interesting to note that when the FFT is provided with more than is strictly

necessary to resolve the shape of the signal, it’s resolution becomes better than the of our simulated

signal, resolving the discrete-frequency approximation.

The parameters of the signal that can be varied to alter the frequency resolution and range of

the spectra are Rs and N , and these need to be chosen correctly in order to resolve the signal with

the highest possible accuracy. The highest frequency resolvable by a spectrum is called the Nyquist

Frequency 4. The Nyquist frequency is given by fN = 1
Rs

(
N
2

+ 1
)
.5 The frequency resolution is

given by ∆f = Rs
N

. From these two expressions we can see that, for a given N , increasing the

Rs will increase the resolution but decrease the highest observable frequency, and vice versa. In

a real axion experiment, we will in fact have two sampling rates- the sample rate of the analogue

to digital converter, represented in out simulation by the time resolution of our signal generation,

and the sampling rate of the spectral analyser. For the results discussed in this section, these were

simply set to be equal; this need not be the case, and the possibility of improving the results by

choosing different rates is discussed in section 5.

A transform of the simulated signal with a suitable sampling period is shown in Fig.5.

4In fact, the Nyquist frequency is used by different authors to refer to several definitions relating to the limit of

the frequency range[4], but here we refer to the highest resolvable frequency in a spectra only throughout
5This is simply the frequency corresponding to the last element of the output array- see the definition of the FFT

above
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Figure 4: A generated axion signal sampled for half the period of a beat (left) and ten times that

period (right). The half-sampled figure does not accurately reflect the shape of the frequency dis-

tribution, resembling a Lorentzian function instead. In contrast, the 10x sampling has a resolution

that is ’too high’ for this project- it correctly resolves our signal into the 100 distinct frequencies

that make it up. This effect would not be observed in a real signal, which would have a continuous

frequency distribution[5, 6].

5 Downsampling

As mentioned above, the sampling rate of the analog to digital converter and the spectral analyser

need not be the same. Clearly, for the FFT to produce accurate frequency information, the sampling

rate of the input must be known, as the frequency scale of the FFT output is a function of Rs. If the

sampling frequency of the digitizer and the spectral analyser are equal, there is no way to improve

our signal without buying new hardware- all we can do is raise the Nyquist frequency by increasing

N , but as long as the axion peak is well below Nyquist (as a 10 MHz peak is for 1.2 GS/s) this

is of little interest. We can increase the accuracy of the region of interest by using downsampling.

An array of N samples with a sampling rate R can be split into D arrays with of size N/D with

sampling rate R/D, covering the same time period, that can then be transformed as separate

spectra, and the output of these transforms averaged at each frequency. The basic principle is

illustrated in Fig.6. Provided this does not reduce the resolution below the rate needed to view

the peak, or bring the Nyquist frequency below the peak frequency, this allows a more accurate,

averaged sample to be produced in the same time interval. More importantly, it allows an estimate

of the error to be calculated from the variance of the frequency spectra, and the reduction of

uncertainty due to noise in the signal. Clearly, our computer generated signals contain no noise,

but real measurements invariably do. Downsampling is equivalent to making several measurements

of the same time interval sampling at different phase intervals- the spectrum of a periodic signal

should not be affected by this, but the false peaks from random noise should average out in the

7
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Figure 5: A ‘correctly’ sampled transform, with a sampling rate of 1.2 GS/s[5, 6].

downsampling. An example of this can be seen in Fig.7.

6 Discussion and Conclusion

The properties of the fast Fourier transform as related to axion signal detection were explored. The

validity of the computer based results were verified by sending the generated signal to a hardware

spectral analyser and checking the two spectra were in agreement- see Fig.8. Downsampling was

found to be highly desirable for reducing noise and evaluating the error on the Fourier transform,

which is especially relevant to axion research since the base signal to noise ratio is not estimated to

be very great, even with the use of ultra-low noise electronics, due to the very low axion to photon

conversion rate[2, 1]. This has implications for the design of the signal chain- it is desirable for the

sampling rate of the digitizer to be as high as is affordable, while the sampling rate of the spectral

analyser need only be high enough to keep the expected signal within the resolvable range, allowing

for as much downsampling as possible to mitigate noise.

Clearly, this report is incomplete as an investigation into axion signal analysis- this project could

have been extended by exploring the specifics of the hardware signal chain. Downconversion and

filtering, in particular, are areas of the signal processing that are relevant to the spectral analysis

but that were discounted, and that could have been investigated if the project was extended.

8

Lewis Smith, Fourier Transforms on Simulated Axion Signals 49



Figure 6: The basic principle of downsampling- the top signal can be split into the two bottom

signals, covering the same time interval with half the sample rate. Note the two resultant signals

have the same sample rate, but with a phase offset relative to each other.
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Figure 7: Simulated noise with (left to right) no downsampling, a downsampling factor of 10, and

a factor of 100. The resolution of the busy initial spectrum into a constant, uniform noise floor

with increased downsampling is clear.

Figure 8: Our simulated axion signal was fed into a hardware spectral analyser as a check that our

algorithm’s results were reliable. The Maxwellian shape is clearly reproduced.
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Abstract:

We present our work on improving a particle tracking program. A quadrupole beamline element

has been added as well as a full lattice including quadrupole elements. Simulation results show

good agreement with expectations. We are currently implementing a new integration algorithm, the

Nordsieck Method. The initial results look promising however we still need to implement the proper

starting algorithm. Adaptive step-size control has been successfully implemented in a standalone

C++ version of the algorithm.
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1 Introduction

We have been working on an under-development version of a precision particle tracking program

written in C++ at CAPP, IBS. The program is modular and is explained in a presentation by the

author of the code, Dr Martin Gaisser [2].

A magnetic quadrupole element is generally used for particle beam focusing in accelerators. It

has successfully been implemented as a beamline element in a newly constructed lattice as shown

in Fig. 2. The aim was to run tests and understand the particle motion in such a lattice, and to

increase the scope of the program.

For precision physics experiments, such as muon g − 2 and proton EDM experiments we need

to track the spins of particles to very precisely. To track the position and spin of each particle as

it travels around the constructed lattice, we need to solve the equation of motion of the particle

and the T-BMT equation for spin-evolution. Standard algorithms such as the 4th order Runge-

Kutta, Bulirsch-Stoer and 8th order Runge-Kutta have already been implemented to solve the

above differential equations. We are working on introducing the Nordsieck algorithm, and will

compare the result with the other algorithms with regard to speed and accuracy.

2 Quadrupole Beam Line Element and Lattice

2.1 Implementation

Magnetic Quadrupoles are used for shaping the beam and focusing and were needed to be added to

the program as an option use in lattices. Using the code for other beam line elements as a template

we developed the code for a straight quadrupole section taking the field gradient from an input file.

We then developed the code for a full lattice including the quadrupole. The lattice is shown

in Fig. 1; it consists of a focusing quadrupole followed by a 180◦ bend. The length of the straight

quadrupoles and the radius of the bends are able to be read from an input file.

Figure 1: Diagram of example lattice implemented in code.
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2.2 Results

The results of running the program tracking a particle with a small initial offset from the ideal

orbit as it travels around the lattice are shown in Fig. 2. The graphs show the offsets of the particle

from the ideal orbit in accelerator coordinates. These graphs exhibit the behaviour we expect with

the y-offset with exponential growth in the defocusing quadrupole, drift in the curves and then

sinusoidal behaviour in the focusing quadrupole. The x-offset is the same but with the additional

complication of weak focusing in the magnetic ring sections.

Figure 2: Graphs showing a particle’s offsets as it travels around the ring, integrated using 4th order

Runge-Kutta algorithm

3 Nordsieck Algorithm

We are looking to add more algorithms to the program such that we can find a very fast and very

accurate algorithm. The previous integration algorithms included in the program were:4th order

Runge-Kutta, 8th order Runge-Kutta and Bulirsch-Stoer. The Nordsieck Method is a predictor

corrector algorithm with an adaptive step-size explained in [1]. We have implemented a 6th order

version of the algorithm although modification to other orders is straightforward and will be tested

once the 6th order version is working.

3.1 Mathematica

We initially programmed a standalone version of the Nordsieck Algorithm in a high level program-

ming language − Mathematica.

We made the program solve equations of the form: dy
dx

= f(x, y) with no step size control.

We then made the program more accurate and more efficient by introducing the step-size control

explained in §3.
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Fig. 3 shows the results of integration of a function using the Mathematica code. It illustrates

the feature of the adaptive step size well, with a higher density of data points at turning points

and a lower density of straighter sections of the curve.

Figure 3: Result of integration of Sin(2x)+Cos(x) showing the adaptive step-size control using the

stand-alone Nordsieck method in Mathematica overlaid on the analytical solution.

3.2 C++

Since the Mathematica code was working well, we moved on to programming a standalone version in

C++ − the language of the particle tracking program. We successfully recreated the Mathematica

program in C++ and then added to the functionality by adapting the code to solve equations of

the form d~y
dx

= f(x, ~y) where ~y is a vector of any length.

Using this code we integrated the Lorenz system of differential equations:

dx

dt
= σ(y − x)

dy

dt
= x(ρ− z)− y

dz

dt
= xy − βz

with σ = 10, ρ = 28 and β = 8
3
.

The results are shown in Fig. 4 and the famous “butterfly wing” shape is found.
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Figure 4: Lorenz Attractor produced using C++ implementation of Nordsieck Algorithm.

4 Integrating Nordsieck with Particle Tracking Program

After making successful standalone versions of the Nordsieck method, we attempted to integrate

the algorithm with the full particle tracking program. This was partly successful. Fig.5 shows the

short term results for the same initial conditions as Fig.2, and the algorithm is clearly producing

similar results.

Figure 5: Graphs showing a particle’s offsets as it travels around the ring, integrated using 6th order

Nordsieck algorithm.
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Figure 6: Long term instability of current algorithm.

However once we look at the long term results in Fig.6 we see a problem. Despite good agreement

with expectations at early times, the algorithm is not stable over long times and diverges from the

real solution.

We postulate that the instability is due to improper initialisation of the algorithm. Since the

algorithm stores information about higher derivatives of the function at each point we need to

supply the initial values of the higher derivatives. Thus far we have been relying on the stability

of the algorithm and have been näıvely setting all of the parameters to zero initially. Tests on the

standalone versions of the code suggest that the long term instability disappears when the correct

initial values for these parameters are set. A starting algorithm has been developed in C++

which adequately determines the initial values for these parameters. This will be integrated with

the standalone C++ code before implementing the complete algorithm with the particle tracking

program. Additionally we need to integrate the adaptive step size feature into the particle tracking

program successfully.

5 Future Work

• Implement starting procedure and adaptive step size features of the Nordsieck Algorithm into

the full particle tracking program, these features should lead to greater long term stability

and higher speed respectively.

6

Metthew Wilson, Precision Particle Tracking 58



• Add more beamline elements and lattices to give the program greater utility.

• Benchmarking tests to be performed on the Nordsieck Algorithm to check accuracy as outlined

in [3].

• Add the ability to choose the order of the Nordsieck algorithm implemented from an input

file.
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Abstract:

The axion energies in the galactic halo are assumed to follow a Maxwell-Boltzmann distribution.

Using this information, and an axion mass of 5.2 GHz, 107 random axions were sampled and their

signals combined to simulate the kind of signal that a resonant cavity would observe if it had the

required sensitivity. The FFTW algorithm can be used to convert this time basis signal to the

frequency domain by a discrete Fourier transform, where a Maxwellian distribution is recovered.

Alternatively, a spectral analyser can be used to generate a frequency spectrum. Downsampling

the signal and averaging over N spectra, whilst staying above the Nyquist frequency, reduced noise

by a factor of 1√
N
.
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1 Introduction

In the search for an explanation of dark matter, axions, alongside WIMPs, are currently one of

the best candidates. In this investigation, axions are observed by their conversion to microwave

photons in a strong magnetic field resonant cavity (Q > 105) [1]. The axions are assumed to be

non-relativistic, and therefore their kinetic energy is much less than their rest mass. They are also

assumed to be in a thermal equilibrium with each other, due to gravitational interactions with

each other [2], and hence their kinetic energies are distributed by a Maxwell-Boltzmann probability

density function (Eq. 1). It is centred on the rms axion velocity in the laboratory frame (355

kms−1), which takes in to account the motion of the solar system with respect to the galactic halo.

P (EK)dEK = 2

(
1

kT

) 3
2

√
EK
π
e−

EK
kT dEK (1)

The value for kT is the galactic halo temperature, which is found from its relation with the rms

velocity of the axions in Eq. 2.

3

2
kT =

1

2
mava

2 , (2)

Figure 1: Maxwell-Boltzmann probability density function for an axion mass of 5.2 GHz

The axion mass is unknown as axions have never been observed. The mass chosen (5.2 GHz)

relates to the resonance of the cavity that is being constructed at CAPP/IBS. If the axion happens

2
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to exist at this mass then the energy distribution should be as in Fig. 1 and the simulated signal

subsequently created should be what would be seen by the cavity.

2 Generating a Signal

To generate a simulated axion signal, the Maxwell-Boltzmann distribution (Eq. 1) was sampled

randomly 107 times, and the energies of these axions were binned in to a histogram, seen in Fig. 2,

of 100 frequencies with a frequency interval ∆f of 1 kHz (see Fig. 2). Each axion was weighted by

a factor of 1
107

in order for the histogram to be normalised.

Figure 2: Histogram of kinetic energy of 107 random axions

The signal is constructed by a superposition of sine waves of 100 frequencies, each with an

amplitude corresponding to the normalised size of the bin corresponding to it. For the frequency,

the total energy is used in this case, as when the axion is converted to a photon, its mass energy as

well as its kinetic energy is used. Due to the limitations of the arbitrary signal generator which can

only produce signals at 1.2 GS/s, and to save computing time, the mass must be down-converted.

Nyquist’s theorem [3] states that to include all the information, a signal must be sampled at

twice the maximum frequency component. This means the maximum frequency that the signal

generator can produce is 600 MHz. A 10 MHz mass leaves more than enough space for the tail of

the distribution and ensures that no information is lost. The simulated signal is seen in Fig. 3.
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Figure 3: Simulated time signal sampled at 1.2 GHz for 3 periods of the envelope

3 Fast Fourier Transform

A Fourier transform is required to take a time basis signal and convert it to a frequency spectrum.

The FFTW algorithm generates discrete Fourier transforms very quickly by analysing the input

data to decide the best method before doing the transform. It outputs a frequency spectrum up

to the Nyquist frequency, that is half the sampling rate of the input data. For the simulated axion

signal this should be the Maxwell-Boltzmann probability density function from which the axions

were randomly taken. The resulting frequency spectrum for an FFT of a signal that lasts 1 ms is

seen in Fig. 4.

Figure 4: FFT of a 1 ms simulated axion signal (N samples)
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3.1 Number of Samples

The signal has an envelope (a slow oscillation in amplitude of the signal) that varies with the

frequency interval ∆f . The period of the envelope is 1
∆f

= 0.001s. Therefore for a time-step

between samples of ∆t, the number of samples needed for one complete envelope is 1
∆f∆t

. The

signal just repeats after one envelope so 1
∆f∆t

is the number of samples needed. For ∆f = 1 kHz

and ∆t = 1
1.2GS/s

= 8.33 × 10−10 s, the number of samples needed is N = 1.2 × 106 samples.

If the number of samples is below N then the Maxwellian shape cannot be fully resolved as

there is missing information. If the number of samples is much greater than N, then the FFT can

resolve the discrete frequency components of the simulated signal. In the simulated signal there

are 100 individual frequencies, whereas as a real axion signal would have a continuous spectrum of

frequencies.

Figure 5: Fourier transform of the axion signal with N/2 samples (left) and 10N samples (right)

4 Signal Analyser

In a laboratory, instead of using an FFT, an analogue signal can be fed to a spectral analyser which

will output a frequency spectrum to its display in real time. To make use of this, an arbitrary signal

generator was used to convert the simulated time basis data which is in the form of discrete samples

to a continuous analogue signal. The signal generator was limited to 1.2 GS/s, and this limit was

the motivation for choosing this sampling rate for the signal and therefore having to downshift

the axion mass to 10 MHz. The output from the spectral analyser can be seen in Fig. 6. This

method introduced noise to our signal for the first time, mostly due to the cable connection between

the arbitrary signal generator and the spectral analyser, so the averaging function on the spectral

analyser was used, which takes an average over a number of spectra, in this case 100.
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Figure 6: Frequency spectrum of a simulated axion signal produced by an arbitrary signal generator

and a spectral analyser

5 Downsampling of Random Noise

By a similar method to the averaging that the spectral analyser, downsampling allows the errors

to be reduced in an FFT and therefore diminishes random noise. Downsampling involves creating

D separate spectra from an input signal, by lowering the sampling rate of each spectra by a factor

of 1
D

. This can only be done as long as the highest frequency in the signal is still less than the

Nyquist frequency (fNyquist = Sampling rate
2×D for D spectra).

When truly random noise is Fourier transformed, it produces a roughly constant spectrum

across all frequencies up to fNyquist. If the same random noise is downsampled and averaged over

D spectra, the size of the error is reduced by a factor of 1√
D

, as seen in Fig. 7.

In reality, the signal from a resonant cavity will not be a perfect signal like the simulated axion

signal. There will be a certain amount of unavoidable noise too, which is very significant due

to the tiny amplitude of the axion signal that is expected. Cryogenics will be used to reduce the

thermal noise, and strong magnetic fields will be used to increase the size of the signal, but it is still

important to improve the signal to noise ratio further in order to see the axion signal. Therefore

downsampling could be a very useful tool when analysing an axion signal.
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Figure 7: FFTs of random noise originally sampled at 4 GS/s with no downsampling (left top),

D = 100 (right top), D = 10000 (bottom)

6 Conclusions and Outlook

The simulated signal was successfully Fourier transformed to a frequency spectrum by both FFT

and by spectral analyser. The frequency spectra matched the Maxwell-Boltzmann distribution

that was expected. Through variations in the sampling rate, Nyquist’s Theorem 1 was verified, and

through variations in the length of the signal, it was confirmed that a signal length of 1
∆f

seconds

was the minimum needed to include all the information of the axion energy distribution, whilst a

longer signal than this started to produced FFTs distorted by the fact that the signal is simulated

by a finite number of discrete frequencies rather than a continuous range of frequencies.

Downsampling was found to be an effective technique in reducing the error in a signal of some

random noise by averaging over many spectra, in a way similar to the spectral analyser, and it

should be a useful tool in the analysis of any real axion signals. Future investigations in to how

downsampling of a signal which includes noise would be beneficial to further understanding the

1that sampling rate must be at least twice the maximum frequency component
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relationships between signal and noise in the resonant cavity experiment at CAPP/IBS.
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Modelling	  a	  Tuneable	  RF	  Cavity	  for	  Axion	  Detection	  
	  

J.	  Paton	  
University	  of	  Oxford	  

Lino	  Miceli	  
KUSP	  

	  
1.	   Abstract	  
	  
Models	   of	   a	   tuneable	  Radio	   Frequency	   (RF)	   cavity	  were	   created	   and	   simulations	  were	   run	   in	  
COMSOL	   to	   calculate	   the	   properties.	   Both	   dielectric	  material	   and	   copper	  were	   used	   to	   create	  
models	  of	   tuning	  bars	   that	  will	   change	   the	  resonant	   frequency	  of	   the	   cavity	  during	  a	  physical	  
experiment.	  The	  range	  of	  frequencies	  for	  one	  dielectric	  and	  one	  metal	  tuning	  bar	  moving	  from	  
1mm	  to	  8mm	  away	  from	  the	  edges	  was	  5.83	  –	  4.02	  GHz.	  The	  range	  of	  frequencies	  for	  the	  same	  
movement	  of	  two	  copper	  bars	  was	  5.99	  –	  3.88	  GHz.	  A	  hinging	  effect	  for	  two	  dielectric	  bars	  was	  
also	   simulated,	   giving	   a	   frequency	   range	  of	   5.82	   –	  4.57	  GHz.	   Simulations	  of	   a	   stimulating	   and	  
detecting	  antenna	  were	  also	  looked	  into.	  The	  transmitted	  S-‐parameter	  for	  an	  empty	  cavity	  was	  -‐
1.70	  x	  106.	  
	  
	  
2.	   Introduction	  
	  

The	  reason	  for	  modelling	  these	  cavities	   is	  the	  search	  for	  the	  axion.	  The	  method	  to	  be	  used	  for	  
this	  search	  relies	  on	  the	  interaction	  of	  an	  axion	  and	  a	  strong	  magnetic	  field	  to	  produce	  a	  photon.	  
If	  this	  happens	  inside	  a	  cavity	  which	  resonates	  at	  the	  frequency	  of	  this	  photon,	  detection	  will	  be	  
possible	  through	  an	  antenna	  placed	  inside	  the	  cavity.	  This	  will	  require	  a	  tuneable	  cavity	  in	  order	  
to	  search	  through	  a	  range	  of	  frequencies.	  
	   	  

The	  equation	  for	  the	  axion	  conversion	  power	  can	  be	  seen	  below	  in	  Equation	  1:	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (1)	  
	   From	  this	  we	  can	  determine	  that	  we	  want	  a	  high	  B-‐field	  (B),	  set	  by	  the	  magnet	  design,	  
and	   quality	   factor	   (Q)	   in	   order	   to	   do	   the	   experiment.	   It	   would	   also	   be	   desirable	   to	   have	   the	  
product	  of	  the	  quality	  factor	  and	  the	  filling	  factor	  (C,	  later	  referred	  to	  as	  G)	  to	  remain	  as	  steady	  
as	  possible	  through	  different	  tuning	  settings	  so	  that	  P	  doesn’t	  vary	  drastically,	  but	  can	  be	  kept	  
above	  a	  useable	  level.	  These	  things	  will	  be	  calculated	  when	  modelling	  the	  cavities.	  	  
	  

The	   fundamental	   frequency	   of	   a	   rectangular	   cavity	   can	  be	   calculated	   as	   in	  Equation	  2	  
below:	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (2)	  
	   However,	   for	   this	   project	   I	   used	  COMSOL	   to	   calculate	   eigenfrequencies	   of	   a	   particular	  
cavity,	  then	  picked	  out	  the	  fundamental	  frequency	  analytically.	  This	  method	  is	  a	  lot	  quicker,	  and	  
allows	  for	  tuning	  mechanisms	  or	  antennae	  to	  be	  placed	  inside	  the	  cavity.	  
	  
	   The	   tuning	   of	   the	   cavity	  will	   be	   done	   by	   inserting	   tuning	   bars.	   These	   can	   be	  made	   of	  
either	  metal	   or	   dielectric	  material,	   and	   can	   be	  moved	   laterally	   along	   the	   cavity	   by	   a	   hinging	  
system.	  As	  this	  changes	  the	  field	  inside	  the	  cavity,	  it	  will	  also	  change	  the	  fundamental	  frequency.	  
If	  the	  fundamental	  frequency	  of	  the	  cavity	  is	  the	  same	  as	  the	  frequency	  of	  the	  photon	  produced	  
by	  the	  axion,	  the	  conversion	  probability	  increases,	  so	  a	  precise	  range	  is	  important.	  	  
	  

The	   work	   I	   have	   done	   in	   modelling	   various	   configurations	   will	   be	   considered	   when	  
designing	  the	  final	  cavity	  that	  will	  be	  used	  in	  the	  axion	  experiment.	  	  
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3.	   Simulation	  Set-up	  
	  

The	   program	   I	   used	   to	   run	   my	   simulations	   was	   COMSOL.	   The	   main	   cavity	   I	   worked	   with	   is	  
pictured	  below.	  

	  
Figure	  1:	  Diagram	  of	  the	  base	  cavity	  

	  

The	   dimension	   of	   the	   cavity	   are	   25x24x500	   mm	   and	   the	   tuning	   bars	   inside	   are	  
15x2.5x450	   mm.	   I	   also	   used	   other	   cavities	   but	   their	   dimensions	   will	   be	   specified.	   The	   gap	  
between	  the	  wall	  of	  the	  cavity	  and	  the	  bar	  was	  varied	  to	  change	  the	  fundamental	  frequencies.	  	  

	  
The	  metal	   (copper)	   used	   had	   a	   conductivity	   of	   5.7	   S/m.	   The	   dielectric	   had	   a	   relative	  

permittivity	  of	  9.	  The	  cavity	  contained	  a	  perfect	  vacuum.	  
	  
	  
4.	   Procedure	  and	  Results	  
	  

A)	  One	  Dielectric,	  One	  Metal	  Tuning	  Bar	  
	  

The	  first	  simulation	  attempted	  used	  the	  base	  arrangement	  with	  one	  tuning	  bar	  made	  of	  metal	  
and	  one	  tuning	  bar	  made	  of	  dielectric.	  The	   fundamental	   frequency	  of	   the	  cavity	  changed	  as	   in	  
Figure	  2	  for	  different	  tuning	  gaps,	  creating	  a	  range	  of	  5.83	  –	  4.02	  GHz	  (2sf).	  The	  table	  of	  all	  the	  
data	  for	  this	  cavity	  can	  be	  found	  in	  Appendix	  A,	  Table	  3.	  
	  

	  
Figure	  2:	  Graph	  of	  Frequency	  against	  Tuning	  Bar	  Insertion	  for	  one	  dielectric	  and	  one	  metal	  tuning	  bar	  

	  

	   The	  Q	   factor	   for	   this	  cavity	  ranged	   from	  4200	  to	  10000	  (2sf).	  This	   is	  moderately	  high,	  
but	  lowered	  by	  the	  metal.	  The	  graph	  of	  the	  Q	  factor	  can	  be	  seen	  in	  Figure	  3.	  	  
	  

	  
Figure	  3:	  Graph	  of	  Quality	  Factor	  against	  Tuning	  Bar	  Insertion	  for	  one	  dielectric	  and	  one	  metal	  tuning	  bar	  
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The	   filling	   factor	   (G)	  had	  a	   range	  of	  0.47	  –	  0.26	   (2sf).	  The	  graph	  of	   the	   filling	   factor	   is	  
show	  in	  Figure	  4.	  	  

	  

	  
Figure	  4:	  Graph	  of	  Filling	  Factor	  against	  Tuning	  Bar	  Insertion	  for	  one	  dielectric	  and	  one	  metal	  tuning	  bar	  

	  
The	   product	   of	   Q	   and	  G	   is	   also	   of	   interest.	   The	   graph	   of	   this	   can	   be	   seen	   in	   Figure	   5,	  

showing	  a	  range	  of	  1900	  –	  2600	  F	  (2sf).	  
	  

	  
Figure	  5:	  Graph	  of	  the	  product	  of	  the	  Q	  factor	  and	  the	  Filling	  factor	  against	  Tuning	  Bar	  Insertion	  for	  one	  dielectric	  and	  one	  

metal	  tuning	  bar	  
	  

If	   this	   set	   up	  of	   cavity	  were	   to	   be	  used,	   these	   simulations	   could	  be	   rerun	  with	   a	   finer	  
mesh	  to	  produce	  more	  reliable	  data.	  The	  data	  would	  be	  used	  to	  calculate	  the	  axion	  conversion	  
power,	   and	   the	   frequencies	   found	   would	   be	   needed	   to	   calibrate	   the	   cavity	   	   while	   scanning	  
various	  frequencies.	  
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B)	  Two	  Metal	  Tuning	  Bars	  
	  
The	  second	  type	  of	  simulation	  run	  used	  the	  same	  dimensions,	  but	  with	  two	  copper	  tuning	  bars	  
with	  a	  normal	  sized	  mesh.	  The	  same	  parameter	  sweep	  was	  conducted,	  and	  a	  Frequency	  range	  of	  
5.99	  –	  3.88	  GHz	  was	   found,	   the	  trend	  of	  which	  can	  be	  seen	   in	  Figure	  6	   .	   	  The	  Q	  –	   factor	  had	  a	  
range	  of	  3500	  –	  9600,	  low	  compared	  to	  cavities	  with	  dielectrics	  in	  them.	  The	  full	  set	  of	  data	  for	  
this	  simulation	  can	  be	  found	  in	  Appendix	  B1,	  Table	  4.	  
	  

	  
Figure	  6:	  Graph	  of	  Frequency	  against	  Tuning	  Bar	  Insertion	  for	  two	  metal	  tuning	  bars	  

	  

	   This	  graph	  was	  a	  surprising	  result.	  As	  the	  bar	  insertion	  gets	  larger,	  the	  effective	  size	  of	  
the	   cavity	   decreases	   due	   to	   an	   decrease	   in	   total	   permittivity,	   so	   it	  would	   be	   expected	   for	   the	  
frequency	  to	  increase.	  To	  explore	  this	  effect	  I	  used	  variations	  on	  this	  model,	  keeping	  two	  metal	  
tuning	  bars.	  
	  
	   The	  first	  variation	  I	  tried	  was	  to	  use	  hollow	  bars.	  This	  involved	  setting	  the	  domain	  of	  the	  
bars	  to	  vacuum,	  but	  the	  boundaries	  of	  the	  bars	  to	  metal,	  with	  the	  mesh	  still	  set	  to	  normal.	  This	  
produced	  the	  graph	  in	  Figure	  7.	  The	  data	  for	  this	  can	  be	  found	  in	  Appendix	  B2,	  Table	  5.	  
	  

	  
Figure	  7:	  Graph	  of	  Frequency	  against	  Tuning	  Bar	  Insertion	  for	  two	  hollow	  metal	  tuning	  bars	  

	  
	   The	   slight	   variations	   in	   the	   trend	   could	  be	   attributed	   to	   a	   relatively	   coarse	  mesh,	   and	  
this	  simulation	  may	  be	  run	  again	  with	  a	  finer	  mesh	  to	  produce	  a	  smoother	  curve.	  However,	  from	  
this	   we	   can	   tell	   that	   there	   is	   a	   general	   upward	   trend	   once	   the	   bars	   get	   close	   together,	   even	  
though	  the	  range	  is	  too	  small	  for	  it	  to	  be	  useful.	  This	  is	  closer	  to	  what	  was	  expected	  to	  happen,	  
but	  does	  not	  explain	  why	  solid	  metal	  bars	  cause	  a	  downward	   trend.	  As	  hollow	  bars	  are	  not	  a	  
feasible	  tuning	  mechanism,	  I	  instead	  returned	  to	  solid	  bars.	  
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	   The	  next	  variation	  I	  tried	  was	  to	  make	  the	  bars	  thicker.	  The	  cavity	  size	  was	  the	  same,	  but	  
the	  tuning	  bar	  dimensions	  were	  now	  15x4x450	  mm.	  This	  gave	  a	  range	  of	  5.86	  –	  3.87	  GHz	  The	  
results	  of	  this	  can	  be	  seen	  in	  Figure	  8,	  and	  the	  full	  data	  can	  be	  found	  in	  Appendix	  B3,	  Table	  6.	  
	  

	  
Figure	  8:	  Graph	  of	  Frequency	  against	  Tuning	  Bar	  Insertion	  for	  two	  metal	  tuning	  bars,	  4mm	  thick	  

	  
	   As	   can	   bee	   seen	   in	   the	   graph,	   the	   frequency	   drops	   more	   quickly	   through	   the	   higher	  
frequencies	  than	  the	  thinner	  bars.	  The	  Q	  –	  factor	  of	  this	  cavity	  is	  slightly	  lower	  than	  the	  cavity	  
with	   the	   thin	   tuning	  bars,	   but	  not	   substantially.	  This	   is	   consistent	  with	   the	   first	   simulation	  of	  
two	  metal	  bars,	  as	  thicker	  bars	  would	  cause	  the	  frequency	  to	  change	  at	  a	  faster	  rate,	  although	  
there	  is	  still	  a	  question	  as	  to	  why	  it	  is	  going	  down.	  
	  
	   I	   then	  tried	  giving	   the	  bars	  a	   larger	   face.	   I	  used	  dimensions	  of	  20x2.5x490	  mm	  for	   the	  
tuning	  bars.	  The	  graph	  of	   the	   fundamental	   frequencies,	  ranging	  5.15	  –	  2.85	  GHz	   is	   in	  Figure	  9	  
and	  the	  table	  of	  date	  is	  in	  Appendix	  B4,	  Table	  7.	  
	  

	  
Figure	  9:	  Graph	  of	  Frequency	  against	  Tuning	  Bar	  Insertion	  for	  two	  metal	  tuning	  bars,	  20x490	  mm	  face	  

	  
	   I	  hoped	   this	  would	  be	  a	  closer	  simulation	  of	   the	  dimensions	  of	   the	  cavity	  changing,	  as	  
there	   would	   be	   fewer	   losses	   around	   the	   edges	   of	   the	   bars,	   but	   the	   frequency	   dropped	   even	  
faster.	  Both	  the	  Q	  –	  factor	  and	  filling	  factor	  were	  substantially	  lower	  for	  this	  configuration,	  so	  it	  
would	  not	  be	  useful	  to	  be	  used	  in	  the	  actual	  experiment.	  
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I	  next	  changed	  to	  longitudinal	  tuning,	  to	  see	  if	  this	  had	  any	  affect	  different	  from	  the	  one	  
currently	  being	  seen.	  I	  used	  a	  10cm	  long	  cavity	  for	  this	  rather	  than	  a	  50cm	  one	  as	  it	  would	  be	  
easier	  to	  see	  the	  change	  in	  frequency	  for	  a	  smaller	  range	  of	  insertion	  gaps.	  The	  tuning	  bars	  had	  
the	  dimensions	  24x23x4	  mm.	  This	  can	  be	  seen	   in	  Figure	  10,	  a	   frequency	  range	  of	  6.47	  –	  7.20	  
GHz.	   I	   also	   modelled	   lateral	   tuning	   for	   the	   same	   cavity	   to	   compare,	   tuning	   bar	   dimensions	  
15x2.5x90	  mm,	  and	  this	  is	  shown	  in	  Figure	  11	  with	  a	  range	  6.21	  –	  4.12	  GHz.	  The	  data	  for	  both	  of	  
these	  simulations	  can	  be	  found	  in	  Appendix	  B5,	  Tables	  8	  and	  9.	  
	  

	  
Figure	  10:	  Graph	  of	  Frequency	  against	  Tuning	  Bar	  Insertion	  for	  longitudinal	  metal	  tuning	  bars	  in	  a	  10cm	  cavity	  

	  

	  
Figure	  11:	  Graph	  of	  Frequency	  against	  Tuning	  Bar	  Insertion	  for	  lateral	  metal	  tuning	  bars	  in	  a	  10cm	  cavity	  

	  
	   While	   lateral	   tuning	   produces	   the	   same	   downward	   trend	   that	   it	   did	   with	   the	   longer	  
cavity,	   longitudinal	   tuning	   leads	   to	   the	   frequency	   increasing	   as	   the	   bars	   are	   brought	   closer	  
together,	  as	  expected.	  This	   implies	  that	  there	  is	  no	  problem	  in	  the	  actual	  material	  used,	  but	   in	  
the	   configuration	   of	   the	   model	   or	   the	   understanding	   of	   the	   simulation	   itself.	   This	   has	   been	  
passed	  on	  to	  be	  investigated	  further.	  	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  

Josephine Paton, Modelling a Tuneable RF Cavity for Axion Detection 73



	   7	  

C)	  Shifted	  Tuning	  Bars	  
	  
The	   physical	   version	   of	   the	   cavity	   will	   need	   a	  mechanism	   for	  moving	   the	   tuning	   bars	   closer	  
together.	  The	  chosen	  method	  is	  attaching	  the	  ends	  of	  the	  bars	  to	  a	  perpendicular	  rod	  that	  will	  
rotate	   around	  a	  pivot	   at	   the	   centre.	  This	  means	   the	   rods	  will	   not	   just	  move	   laterally,	   but	  will	  
follow	  a	  circular	  path	  which	  creates	  a	  longitudinal	  shift.	  This	  shift	  can	  be	  calculated	  according	  to	  
the	  gap	  using	  Equation	  3.	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (3)	  
Where	  a	  is	  the	  space	  between	  the	  bars	  at	  their	  widest	  point.	  I	  set	  this	  to	  23mm,	  as	  this	  

gave	  a	  starting	  gap	  of	  1mm.	  It	  was	  not	  possible	  to	  enter	  this	  function	  into	  COMSOL,	  so	  a	  model	  
was	  built	  for	  each	  setting	  and	  the	  simulations	  were	  run	  separately.	  
	  
	   	  Two	  dielectric	  tuning	  bars	  were	  used	  for	  this	  simulation,	  with	  dimensions	  as	  in	  the	  base	  
model.	  The	  graph	  of	  frequencies	  can	  be	  found	  in	  Figure	  12,	  and	  the	  table	  of	  data	  can	  be	  found	  in	  
Appendix	  C2,	  Table	  10.	  
	  

	  
Figure	  12:	  Graph	  of	  Frequency	  against	  Tuning	  Bar	  Insertion	  for	  two	  dielectric	  tuning	  bars	  with	  shifting	  

	  
	   This	  data	  was	  then	  compared	  with	  frequencies	  previously	  found	  for	  two	  dielectric	  bars	  
moving	  laterally	  with	  no	  shifting.	  The	  table	  of	  this	  data	  can	  be	  found	  in	  Table	  1	  below.	  
	  

Gap	  (mm)	   Frequency	  (GHz)	  
	  	   Hinged	   Unhinged	  

1	   	  5.820	  	   5.830	  
2	   	  5.577	  	   5.587	  
3	   	  5.336	  	   5.346	  
4	   	  5.114	  	   5.122	  
5	   	  4.926	  	   4.937	  
6	   	  4.769	  	   4.785	  
7	   	  4.650	  	   4.670	  
8	   	  4.567	  	   4.594	  

Table	  1:	  A	  table	  comparing	  the	  fundamental	  frequencies	  for	  two	  	  25x24x500	  mm	  cavities	  with	  15x2.5x450	  tuning	  bars,	  
both	  dielectric,	  one	  with	  shifted	  tuning	  and	  one	  without.	  

	  
At	  1mm	  gap,	  there	  is	  no	  shifting,	  so	  the	  frequencies	  should	  be	  the	  same.	  As	  can	  be	  seen	  

in	  the	  table,	  this	  is	  not	  the	  case.	  This	  is	  because	  a	  different	  mesh	  size	  was	  used,	  and	  from	  this	  we	  
have	  an	  estimate	  for	  the	  error	  between	  the	  two	  sets	  of	  data.	  Taking	  this	  difference	  into	  account,	  
it	   is	  possible	  to	  see	  that	  as	  the	  bars	  get	  closer	  together,	  meaning	  the	  shift	   increases,	  there	   is	  a	  
larger	  deviation	  from	  the	  original	  model.	  In	  order	  to	  get	  precise	  data	  for	  this	  close	  distances,	  the	  
shift	  must	  be	  taken	  into	  account.	  
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D)	  Antenna	  modelling	  
	  
The	  physical	   version	  of	   the	   cavity	   also	  needs	   a	   detection	   and	   calibration	   system.	  This	  will	   be	  
done	  by	  inserting	  two	  antennae	  into	  the	  cavity.	  One	  of	  these	  will	  be	  a	  receiving	  antenna	  that	  will	  
detect	   any	  electromagnetic	   field	   created	  by	  an	  axion	   conversion	  event.	  The	  other	  will	   be	   live,	  
and	  will	  be	  used	  to	  stimulate	  a	  field	  in	  order	  to	  calibrate	  detection	  mechanism.	  It	   is	   important	  
therefore	  that	  we	  have	  a	  model	  of	  these.	  	  
	  
	   This	  model	   could	   be	   created	   using	   the	   Port	   boundary	   condition	  within	   COMSOL.	   This	  
feature	   allows	   you	   to	   set	   areas	  where	   electromagnetic	   energy	   enters	   or	   exits	   the	   cavity.	   It	   is	  
possible	  to	  set	  whether	  wave	  excitation	  is	  active	  at	  each	  port,	  allowing	  differentiation	  between	  
the	  live	  antenna	  and	  the	  receiving	  antenna.	  I	  used	  coaxial	  ports	  for	  my	  simulations.	  
	  
	   The	  first	  simulation	  used	  cylindrical	  ports,	  height	  10mm	  and	  radius	  0.2mm,	  in	  an	  empty	  
25x24x500	   mm	   cavity.	   The	   fundamental	   frequency	   was	   found	   to	   be	   6.16GHz	   and	   the	  
transmitted	  S-‐parameter	  at	  this	  frequency	  was	  -‐1.70	  x	  10-‐6.	  
	  
	   With	   the	   next	   simulation,	   I	   decided	   to	   see	  what	   the	   effect	   of	   having	   shorter	   antennae	  
would	  be.	  As	  the	  antenna	  as	  made	  of	  metal,	  a	  longer	  antenna	  should	  lower	  the	  Q	  –	  factor.	  I	  did	  a	  
parametric	  sweep,	  increasing	  the	  lengths	  of	  both	  the	  antennae	  from	  1-‐10mm.	  The	  fundamental	  
frequencies	  were	  not	  clearly	  defined	  in	  the	  electric	  field	  diagram,	  leading	  to	  some	  uncertainty	  in	  
some	   of	   the	   data	   taken.	   A	   graph	   was	   made	   of	   the	   Q-‐factor,	   found	   in	   Figure	   13	   and	   the	  
transmitted	  S-‐parameters,	  found	  in	  Figure	  14,	  as	  they	  vary	  with	  antenna	  length.	  The	  full	  table	  of	  
this	  data	  can	  be	  found	  in	  Appendix	  D1,	  Table	  11.	  
	  

	  
Figure	  13:	  Graph	  of	  Q-factor	  against	  Antennae	  Height	  for	  an	  empty	  25x24x500	  mm	  cavity	  

	  

	  
Figure	  14:	  Graph	  of	  transmitted	  S-parameter	  against	  Antennae	  Height	  for	  an	  empty	  25x24x500	  mm	  cavity	  

	  

	   In	  these	  graphs,	  there	  is	  no	  obvious	  trend	  between	  the	  properties	  of	  the	  cavity	  and	  the	  
length	  of	   the	  antennae	   inside.	  This	  may	  be	  because	   the	   change	   is	  negligible	   and	   the	  variation	  
comes	   from	   random	  error	   due	   to	   an	  non-‐continuous	  mesh.	  However,	  more	   investigation	   into	  
this	  is	  suggested	  due	  to	  the	  inconclusive	  modes.	  
	  
	  

Josephine Paton, Modelling a Tuneable RF Cavity for Axion Detection 75



	   9	  

	   The	  last	  model	  attempted	  was	  using	  the	  antennae	  in	  a	  cavity	  with	  tuning	  bars.	  I	  used	  the	  
base	  model	  with	  dielectric	  tuning	  bars	  in	  order	  to	  achieve	  this.	  I	  used	  antennae	  of	  radius	  0.2mm	  
and	   height	   1mm.	  The	   graphs	   of	   the	   frequencies	   and	   transmitted	   S-‐parameters	   against	   tuning	  
bar	  insertion	  can	  be	  found	  in	  Figures	  15	  and	  16	  respectively.	  The	  full	  table	  of	  data	  can	  be	  found	  
in	  Appendix	  D2,	  Table	  12.	  
	  

	  
Figure	  15:	  Graph	  of	  Frequency	  against	  Tuning	  Bar	  Insertion	  for	  two	  dielectric	  tuning	  bars	  with	  antennae	  

	  

	  
Figure	  16:	  Graph	  of	  transmitted	  S-parameter	  against	  Tuning	  Bar	  Insertion	  for	  two	  dielectric	  tuning	  bars	  with	  antennae	  

	  

	   The	  S-‐parameters	  have	  a	  seemingly	  random	  distribution,	  showing	  that	  this	  does	  not	  rely	  
on	  the	  frequency.	  	  
	  
	   The	   frequency	   followed	   the	   trend	   expected	   and	   the	   diagram	   showed	   a	   much	   more	  
definitive	   modal	   pattern.	   These	   frequencies	   can	   be	   compared	   to	   those	   of	   a	   cavity	   without	  
antennae,	  as	  in	  Table	  2.	  	  
	  

	  
Table	  2:	  A	  table	  comparing	  the	  fundamental	  frequencies	  for	  two	  	  25x24x500	  mm	  cavities	  with	  15x2.5x450	  tuning	  bars,	  

both	  dielectric,	  one	  with	  antennae	  and	  one	  without	  
	  

	   These	  frequencies	  are	  very	  similar,	  but	  cannot	  be	  considered	  the	  same	  until	  runs	  have	  
been	  attempted	  with	  varying	  mesh	  sizes.	  It	  is	  possible	  that	  calibration	  of	  the	  cavity	  may	  need	  to	  
take	  this	  difference	  into	  consideration.	  
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5.	   Conclusions	  
	  

In	   this	   project	   I	   investigated	   tuneable	   RF	   cavities,	   using	   simulations	   to	   experiment	   with	  
materials,	  dimensions,	  methods	  of	  tuning	  and	  calibrating	  antennae.	  	  
	  

All	  the	  simulations	  that	  I	  created	  can	  be	  used	  and	  adapted	  for	  further	  investigation	  into	  
the	  best	  possible	  cavity	  to	  be	  used	  in	  the	  search	  for	  the	  axion.	  If	  the	  simple	  tuning	  models	  are	  to	  
be	  used,	  a	   finer	  mesh	  should	  be	  built	  before	  creating	  definitive	  data,	  as	   for	   time	  purposes	   the	  
majority	  of	  runs	  were	  performed	  with	  a	  coarse	  to	  normal	  mesh.	  However	  for	  the	  hinged	  tuning	  
and	  the	  antennae	  models,	  finer	  to	  extra	  fine	  meshes	  were	  needed	  to	  take	  the	  small	  differences	  in	  
configuration	  into	  account.	  	  
	  

The	   results	   for	   the	   dielectric-‐metal	   tuning	   were	   as	   expected.	   The	   QG	   value	   has	   a	  
moderate	   variation	   that	   may	   need	   to	   be	   improved	   upon,	   but	   the	   Q	   value	   itself	   is	   high.	   This	  
method	  may	  offer	  finer	  tuning	  than	  two	  dielectric	  bars,	  but	  this	  can	  be	  investigated	  further.	  
	  

The	   results	   for	   the	   metal	   only	   tuning	   need	   more	   investigation.	   There	   may	   be	   a	  
misunderstanding	  of	  the	  program	  which	  should	  be	  resolved.	  The	  use	  of	  metal	   in	  other	  models	  
may	  need	  to	  be	  restricted	  until	  there	  is	  either	  a	  solution	  or	  an	  explanation,	  as	  even	  a	  model	  with	  
one	  dielectric	  and	  one	  metal	  tuning	  bar	  may	  be	  affected	  by	  this.	  However,	  the	  Q	  value	  of	  a	  metal	  
tuned	  cavity	  will	  be	  too	  low	  for	  actual	  use.	  	  
	  

The	  results	  for	  the	  shifted	  tuning	  show	  that	  a	  shifted	  model	  is	  needed	  for	  the	  tuning	  at	  
lower	  frequencies.	  This	  model	  should	  be	  run	  again	  at	  varying	  mesh	  sizes	  to	  determine	  the	  exact	  
difference	   between	   this	   and	   a	   simpler,	   lateral	   only,	  model.	   At	   higher	   frequencies,	   5	   –	   6	   GHz,	  
there	  is	  little	  difference.	  
	  

The	  results	  for	  the	  antennae	  are	  a	  step	  towards	  a	  full	  model,	  but	  should	  give	  some	  idea	  
as	  to	  how	  this	  model	  may	  be	  achieved.	  The	  effect	  of	  the	  antenna	  on	  the	  resonance	  of	  the	  cavity	  is	  
an	   area	   that	   much	   be	   investigated	   further,	   although	   there	   seems	   to	   only	   be	   small	   random	  
variation	  in	  the	  models	  I	  ran.	  

	  
Overall	   this	   project	   completed	   several	   steps	   towards	   designing	   a	   physical	   cavity.	   The	  

results	   and	   models	   made	   can	   continue	   to	   be	   used	   when	   creating	   progressively	   more	  
complicated	   simulations.	   There	   are	   still	   issues	   to	   be	   addressed,	   but	   the	   project	   has	   helped	   in	  
identifying	  them	  and	  considering	  ways	  in	  which	  they	  may	  be	  resolved.	  
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Appendices	  	  
	  

Appendix	  A:	  One	  Metal	  and	  One	  Dielectric	  tuning	  bar	  
	  

Gap	  (mm)	   Frequency	  (Hz)	   Q	  -	  factor	   x	  filling-factor	   QG_x	  
1	   5.83E+09	   4172.7	   0.46695	   1948.4	  
2	   5.31E+09	   5409.3	   0.39561	   2140.0	  
3	   4.88E+09	   6520.9	   0.32283	   2105.0	  
4	   4.60E+09	   7442.1	   0.30962	   2304.2	  
5	   4.37E+09	   8257.0	   0.28484	   2351.9	  
6	   4.20E+09	   8984.8	   0.27928	   2509.3	  
7	   4.08E+09	   9582.2	   0.26824	   2570.3	  
8	   4.02E+09	   10181.0	   0.25590	   2605.4	  

Table	  3:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x500	  mm	  cavity	  with	  15x2.5x450	  mm	  tuning	  bars,	  one	  metal	  and	  one	  dielectric,	  coarse	  
mesh	  size	  
	  

Appendix	  B1:	  Metal	  tuning	  bars	  (50cm	  cavity,	  15x2.5x450	  bars)	  
	  

Gap	  (mm)	   Frequency	  (Hz)	   Q	  -	  factor	   x	  filling-factor	   QG_x	  
1	   5.99E+09	   3465.9	   0.41505	   1438.5	  
2	   5.32E+09	   4841.4	   0.34572	   1673.8	  
3	   4.86E+09	   5960.2	   0.31222	   1860.9	  
4	   4.51E+09	   6882.4	   0.28019	   1928.4	  
5	   4.26E+09	   7721.8	   0.27457	   2120.2	  
6	   4.06E+09	   8335.7	   0.25831	   2153.2	  
7	   3.93E+09	   8956.0	   0.24920	   2231.8	  
8	   3.88E+09	   9554.1	   0.24863	   2375.5	  

Table	  4:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x500	  mm	  cavity	  with	  15x2.5x450	  mm	  	  metal	  tuning	  bars,	  normal	  mesh	  size	  
	  

Appendix	  B1:	  Hollow	  Metal	  tuning	  bars	  (50cm	  cavity,	  15x2.5x450	  bars)	  
	  

Gap	  (mm)	   Frequency	  (Hz)	   Q	  -	  factor	   x	  filling-factor	   QG_x	  
1	   6.2521E+09	   9619.2	   0.65682	   6318.1	  
2	   6.2516E+09	   9622.5	   0.65625	   6314.8	  
3	   6.2517E+09	   9625.2	   0.65592	   6313.3	  
4	   6.2516E+09	   9625.9	   0.65531	   6307.9	  
5	   6.2522E+09	   9625.1	   0.65724	   6326.0	  
6	   6.2524E+09	   9622.8	   0.65655	   6317.8	  
7	   6.2536E+09	   9616.9	   0.65717	   6320.0	  
8	   6.2546E+09	   9608.8	   0.65758	   6318.6	  

Table	  5:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x500	  mm	  cavity	  with	  15x2.5x450	  mm	  	  hollow	  metal	  tuning	  bars,	  normal	  mesh	  size	  
	  

Appendix	  B3:	  Metal	  tuning	  bars	  (50cm	  cavity,	  15x4x450	  bars)	  
	  

Gap	  (mm)	   Frequency	  (Hz)	   Q	  -	  factor	   x	  filling-factor	   QG_x	  
1	   5.86E+09	   3261.7	   0.35151	   1146.5	  
2	   5.15E+09	   4712.7	   0.31531	   1486.0	  
3	   4.68E+09	   5825.7	   0.28510	   1660.9	  
4	   4.34E+09	   6732.8	   0.26628	   1792.8	  
5	   4.12E+09	   7526.5	   0.25717	   1935.6	  
6	   3.97E+09	   8242.4	   0.25097	   2068.6	  
7	   3.88E+09	   8892.0	   0.24524	   2180.7	  
8	   3.87E+09	   9532.6	   0.24622	   2347.1	  

Table	  6:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x500	  mm	  cavity	  with	  15x4x450	  mm	  metal	  tuning	  bars,	  normal	  mesh	  size	  
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Appendix	  B4:	  Metal	  tuning	  bars	  (50cm	  cavity,	  20x2.5x490	  bars)	  
	  

Gap	  (mm)	   Frequency	  (Hz)	   Q	  -	  factor	   x	  filling-factor	   QG_x	  
1	   5.15E+09	   2369.5	   0.21437	   507.94	  
2	   4.37E+09	   3841.1	   0.20163	   774.47	  
3	   3.86E+09	   4924.4	   0.17745	   873.84	  
4	   3.49E+09	   5761.7	   0.16752	   965.19	  
5	   3.25E+09	   6481.9	   0.16004	   1037.0	  
6	   3.04E+09	   7056.3	   0.14545	   1026.3	  
7	   2.92E+09	   7609.8	   0.13948	   1061.4	  
8	   2.85E+09	   8146.4	   0.13437	   1094.7	  

Table	  7:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x500	  mm	  cavity	  with	  20x2.5x490	  mm	  meta	  tuning	  bars,	  normal	  mesh	  size	  
	  

Appendix	  B5:	  Metal	  tuning	  bars	  (10cm	  cavity)	  
	  

Gap	  (mm)	   Frequency	  (Hz)	   Q	  -	  factor	   x	  filling-factor	   QG_x	  
1	   6.47E+09	   10175	   0.58473	   5949.5	  
5	   6.51E+09	   10299	   0.53131	   5471.8	  
10	   6.59E+09	   10498	   0.46377	   4868.7	  
15	   6.70E+09	   10787	   0.39571	   4268.4	  
20	   6.89E+09	   11217	   0.32710	   3669.0	  
25	   7.20E+09	   11872	   0.25674	   3048.2	  

Table	  8:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x100	  mm	  cavity	  with	  24x23x4	  mm	  metal	  tuning	  bars	  moving	  longitudinally,	  normal	  
mesh	  size	  
	  

Gap	  (mm)	   Frequency	  (Hz)	   Q	  -	  factor	   x	  filling-factor	   QG_x	  
1	   6.21E+09	   3699.8	   0.42818	   1584.2	  
3	   5.04E+09	   6270.7	   0.33158	   2079.2	  
5	   4.44E+09	   8072.2	   0.28836	   2327.7	  
7	   4.13E+09	   9367.8	   0.26316	   2465.3	  
9	   4.12E+09	   10556.0	   0.26021	   2746.7	  

Table	  9:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x100	  mm	  cavity	  with	  15x2.5x90	  mm	  metal	  tuning	  bars,	  moving	  laterally,	  normal	  mesh	  
size	  
	  

Appendix	  C2:	  Dielectric	  Hinged	  tuning	  bars	  
	  

Gap	  (mm)	   Frequency	  (Hz)	   Q	  -	  factor	   x	  filling-factor	   QG_x	  
1	   5.82E+09	   7518.4	   0.62444	   4694.8	  
2	   5.58E+09	   7750.8	   0.58683	   4548.0	  
3	   5.34E+09	   8144.6	   0.54544	   4442.4	  
4	   5.11E+09	   8592.9	   0.51044	   4386.2	  
5	   4.93E+09	   9054.6	   0.47993	   4345.6	  
6	   4.77E+09	   9494.5	   0.45300	   4301.0	  
7	   4.65E+09	   9913.0	   0.42694	   4232.2	  
8	   4.57E+09	   10300.0	   0.40404	   4161.8	  

Table	  10:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x500	  mm	  cavity	  with	  15x2.5x450	  mm	  dielectric	  shifted	  tuning	  bars,	  fine	  mesh	  size	  
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Appendix	  D1:	  Height-varying	  Antennae	  
	  

Height	  (mm)	   Frequency	  (Hz)	   x	  filling-factor	   S-parameter,	  21	   Q	  -	  factor	  
1	   6.16E+09	   0.60506	   6.56E-‐07	   9404.7	  
2	   6.09E+09	   0.39090	   -‐7.41E-‐07	   9217.5	  
3	   6.16E+09	   0.59973	   -‐8.26E-‐07	   9377.1	  
4	   6.13E+09	   0.46166	   -‐6.24E-‐07	   9417.8	  
5	   6.09E+09	   0.51700	   -‐7.41E-‐07	   9115.8	  
6	   6.09E+09	   0.51845	   6.09E-‐07	   9114.8	  
7	   6.09E+09	   0.51833	   1.13E-‐06	   9114.7	  
8	   6.15E+09	   0.60567	   1.63E-‐06	   9347.1	  
9	   6.17E+09	   0.49651	   -‐8.35E-‐06	   9201.5	  
10	   6.16E+09	   0.55254	   -‐1.70E-‐06	   9324.2	  

Table	  11:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x500	  mm	  cavity	  with	  antennae,	  radius	  0.2mm,	  finer	  mesh	  size	  
	  

Appendix	  D2:	  Dielectric	  Tuning	  with	  Antennae	  
	  

Gap	  (mm)	   Frequency	  (Hz)	   x	  filling-factor	   S-parameter,	  21	   Q	  -	  factor	  
1	   5.83E+09	   0.62519	   -‐1.04E-‐08	   7547.7	  
2	   5.58E+09	   0.58882	   4.67E-‐08	   7761.7	  
3	   5.34E+09	   0.55131	   9.27E-‐08	   8149.5	  
4	   5.12E+09	   0.51598	   3.71E-‐09	   8599.7	  
5	   4.93E+09	   0.48526	   7.72E-‐08	   9058.1	  
6	   4.78E+09	   0.45911	   5.93E-‐08	   9498.7	  
7	   4.66E+09	   0.43619	   3.24E-‐08	   9917.0	  
8	   4.59E+09	   0.41365	   9.31E-‐08	   10314.0	  

Table	  12:	  Data	  obtained	  from	  a	  simulation	  of	  a	  25x24x500	  mm	  cavity	  with	  15x2.5x450	  mm	  dielectric	  tuning	  bars,	  and	  antennae,	  radius	  
0.2mm	  and	  height	  1mm,	  finer	  mesh	  size	  
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Abstract 

The purpose of the project is to optimize a coils system to fulfill the magnetic field 

requirements at a specific location in the experimental area (EA). The coil system 

will be utilized as a part of magnetically shielded room (MSR). 

  Main tool used in this project  is Wolfram Mathematica[1] software with 

Radia[2] package to study  Helmholtz and Maxwell coils.  

Helmholtz Coils are a pair of circular coils with a radius R separated with 

the distance R from each other. Helmholtz coils are a successful way to cancel 

magnetic fields by creating opposite field near the origin. Magnetic field created by 

coils are not perfectly uniform but close to uniform around origin.  

A better way to obtain more uniform magnetic field around origin is to use 

Maxwell Coils. Maxwell Coil are a set of 3 circular coils set 

The geometry of the EA imposes some constraints on the coil geometry. Coil system 

have to be installed inside an EA of 6m x 7.5m x 3.4m. Coils should be bigger than 

the Magnetically Shielded Room (3.1m x 3.4m x 3.1m). It is not possible to install a 

Maxwell coils inside the EA without blocking paths for equipment.  

Magnetic field gradient is very sensitive to the changes in Helmholtz coil 

geometry. In contrast, magnetic field gradient is less sensitive for Maxwell coils 

setup due to the extra parameters for tuning. The field gradient changes by only 1.5 

times compared to the ideal Maxwell coils.  

 

 

 

 

1 Introduction 
Helmholtz coils and Maxwell coils are used to create uniform magnetic 

field to cancel Earth’s magnetic field.  

Maxwell coils have certain geometry which is the following 

according to Maxwell’s original design[3] 

  

Center coil’s radius is R 
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 Each of the outer coils’ radius is R��

�
 

 Outer coil’s distance from plane of central coil is R��

�
 

 The number ampere-turns of each of the side coils are ���
��
� of the middle 

coil. 

 

 

In the setups of Helmholtz and Maxwell coils, the coils are circular coils 

but in our setup we need to use rectangular coils. This reduces the uniformity of 

the magnetic field. Room geometry is not suitable for ideal distances between 

coils . 

                           
Fig 1: Experimental Area Geometry. It is not possible to set up the MSR at the origin of the room 

because the equipment that will be used in the experiment is 2.8m long and should be inserted to 

MSR from right side of the MSR. This means that the MSR needs to the left of the origin. 

Room geometry doesn’t allow coils to be set as required for the most 

uniform magnetic field. Field gradient will be measured by various simulations 

and compared with the best case scenario.   

 

 

2 Procedure and results 
 

Steps: 

 Helmholtz coil’s simulation for ideal case 

 Helmholtz coil’s simulation for values for experimental area constrained 

geometry 

 Maxwell coil’s simulations for ideal case 

 Modifying Maxwell coil’s for experimental area. 

 Modified Maxwell coil’s simulations for room constrained case. 

Simulating field gradient for lines parallel to the line  y=z=0 (x axis). 
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2.1 Helmholtz Coils (
  Setup: Rectangular coils

coil system is built as two circular coils separated 

radius of the coils. In the 

parameter to calculate the separation. 

 Algorithm 1 

1. Finding the area of 

2. Determining the radius of the cir

rectangular coil.

3. Using that radius as

Fig 2: Helmholtz coils set up for optimum values of radius and seperation

 

    

 
Fig 3:Magnetic Field for Helmholtz coils aro

2.1 Helmholtz Coils (Ideal) 

Setup: Rectangular coils need to be used in our setup. 

coil system is built as two circular coils separated by a distance equal to the

the rectangular case, we don’t have a radius. We need a 

parameter to calculate the separation.  

Finding the area of a rectangular coil 

Determining the radius of the circle which has the same area as the

rectangular coil. 

Using that radius as separation distance. 

 
Helmholtz coils set up for optimum values of radius and seperation 

tic Field for Helmholtz coils around origin with ideal width, height and 

setup. Helmholtz 

by a distance equal to the 

we don’t have a radius. We need a 

cle which has the same area as the 

 
and separation 
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Fig 4: Magnetic Field Gradient around origin on

than 50nT/m for ideal coil width,

  

2.2 Helmholtz Coils 
  It is not possible to use the ratio between sepa

the coil because of the room geometry

   X axis coils => 3.4m hei

   Y axis coils => 3.4m height 6m width 4m separation

   Z axis coils =>6

 

 
Fig 5: Magnetic Field on the axe

room geometry 

 
: Magnetic Field Gradient around origin on the axes directions. Field gradient values

coil width, height and separation. 

2.2 Helmholtz Coils for the Experimental Area
is not possible to use the ratio between separation and area of 

because of the room geometry. Coils have to be set as the following

X axis coils => 3.4m height 4m width 6m separation

Y axis coils => 3.4m height 6m width 4m separation

Z axis coils =>6.2m height 6.2m width 3.4m separation

the axes around the origin when Helmholtz coils are set up according to 

values are less 

for the Experimental Area 
ration and area of 

be set as the following 

ght 4m width 6m separation 

Y axis coils => 3.4m height 6m width 4m separation 

m width 3.4m separation 

 
origin when Helmholtz coils are set up according to 
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Fig 6: Field Gradient on axes around origin. Field gradient is more than 5000nT/m around 

which is 5 times higher than the

 2.3 Maxwell Coils 

 
In order to reduce the

field, Maxwell coils are used instead of Helmholtz coils.

these coils (see section 2.1). After a few

the setup for Maxwell coils should be slightly different in the case of rectangular 

coils. A correction factor 

magnetic field. This factor is around 1.14 .

 The set up after this correction is the following

 
Fig 7: Maxwell coils geometry. C

�� ∗ ��

�
 with a separation ratio 

s around origin. Field gradient is more than 5000nT/m around 

the worst case scenario of the ideal geometry of Helmholtz coils.

2.3 Maxwell Coils Ideal Case 

In order to reduce the Field gradient and have a more uniform magnetic 

used instead of Helmholtz coils. Algorithm 1 

(see section 2.1). After a few simulations it was noted that 

setup for Maxwell coils should be slightly different in the case of rectangular 

 for the separation ratio is needed for a more uniform 

This factor is around 1.14 . 

set up after this correction is the following 

 
: Maxwell coils geometry. Center coil is 4m wide and high. The side coils’ geometry is

with a separation ratio  � ∗ �. �� ∗ ��

�
  meters. R is the partial radius of the rectangular coil.

 
s around origin. Field gradient is more than 5000nT/m around -0.5m 

Helmholtz coils. 

more uniform magnetic 

Algorithm 1 is used in 

it was noted that the ratio of 

setup for Maxwell coils should be slightly different in the case of rectangular 

more uniform 

’ geometry is  W,H= 

the rectangular coil. 
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Fig 8: Magnetic Field between 2 side coils f

height and separation. 

Fig 9: Magnetic field gradient between the region x= 

less than 150nT/m around the 

A new concern arises at this point. 

parallel to the x axis? How

Fig 10: Magnetic Field Surface for lines parallel to the x axis

the magnetic field becomes less and less uniform.

 
ic Field between 2 side coils for Maxwell coils around the origin with ideal

 
: Magnetic field gradient between the region x= -0.5m and x=0.5m. Magnetic field gradient is 

the origin for ideal coil width, height and separation 

A new concern arises at this point. What is the field gradient on a line 

? How does magnetic field change with the radial distance?

 
for lines parallel to the x axis.  When moving away from  y=0 position, 

magnetic field becomes less and less uniform. 

ideal width, 

0.5m and x=0.5m. Magnetic field gradient is 

radient on a line 

the radial distance? 

When moving away from  y=0 position, 
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Fig 11: Magnetic Field gradient

2.4 Maxwell Coils Room Geometry
It is not possible to use the ratio between s

coil. Separation ratio between center and side coils

corrections on ratios for that specific room geometry are required.

It is not possible to construct 

of the room geometry. This problem is solved by changing turn ratios of center 

and side coils. Since center coil gets smaller

larger than before. Reducing the number of Ampere

smaller magnetic field. When these two effects combined it is possible to have a 

smaller coil in the center

It is not possible to have desired coil separation because coils should be 

on the same plane with the walls of 

Fig 12: Coils geometry setup according to room geometry

: Magnetic Field gradient compared between  y=0cm and  y=50 cm lines. 

2.4 Maxwell Coils Room Geometry 
t is not possible to use the ratio between separation and radius of the 

ratio between center and side coils must be changed. Some 

or that specific room geometry are required. 

sible to construct the center coil bigger than side coils

. This problem is solved by changing turn ratios of center 

s. Since center coil gets smaller magnetic field created by that coil is 

larger than before. Reducing the number of Ampere-turns of that coil causes a 

smaller magnetic field. When these two effects combined it is possible to have a 

er [4]. 

It is not possible to have desired coil separation because coils should be 

on the same plane with the walls of the room. 

 
: Coils geometry setup according to room geometry 

 

eparation and radius of the 

be changed. Some 

 

the center coil bigger than side coils because 

. This problem is solved by changing turn ratios of center 

magnetic field created by that coil is 

turns of that coil causes a 

smaller magnetic field. When these two effects combined it is possible to have a 

It is not possible to have desired coil separation because coils should be 
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Fig 13: Magnetic field Maxwell coils setup according to room geometry. It changes around 1.5 μT  for 

1500 mm, while ideal setup coil changes around 0.5μT.

Fig 14: Field gradient between the region x= 

300nT/m around the origin for coil width, height and separation according to room geometry

Gradient field affected by radial distance of the lines from origin line.

 
Magnetic field Maxwell coils setup according to room geometry. It changes around 1.5 μT  for 

setup coil changes around 0.5μT. 

 
ield gradient between the region x= -0.5m and x=0.5m. Magnetic field gradien

origin for coil width, height and separation according to room geometry

ffected by radial distance of the lines from origin line.

Magnetic field Maxwell coils setup according to room geometry. It changes around 1.5 μT  for 

0.5m and x=0.5m. Magnetic field gradient is less than 

origin for coil width, height and separation according to room geometry 

ffected by radial distance of the lines from origin line. 
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Fig 15: Magnetic field surface graph at x=

distance causes the position of the

for minima. This impacts the field gradient

Fig 16: Radial distance has an impact

field gradient’s maximum value is less than the x

expect the magnetic field gradient to be better along the axis. This effect comes from the sh

of the graph. This makes the off

the effects on other dimensions. 

3 Discussion 

 

Coil geometry is an important factor for

field. As it is seen in the Helmholtz coils

to coil geometry. It changes

case of Helmholtz coils there are not many parameters

coils allow many parameters

Field gradient of ideal 

gradient of the room geometry Maxwell coils is around 300nT/m. 

Radius ratio, separation ratio

: Magnetic field surface graph at x=-2m , +2m ;  y=-0.5m , +0.5m. The increase of radial 

the position of the magnetic field ‘s critical points to be higher for maxima

field gradient. 

Radial distance has an impact on magnetic field gradient. At 50 cm radial distance magnetic 

field gradient’s maximum value is less than the x-axis itself. This is surprising because one would 

expect the magnetic field gradient to be better along the axis. This effect comes from the sh

of the graph. This makes the off-axis locations more favorable. But this requires 3-D simulations to see 

the effects on other dimensions.  

Coil geometry is an important factor for obtaining a uniform magnetic 

een in the Helmholtz coils case, the field gradient is highly sensitive 

to coil geometry. It changes from around 500nT/m to around 5000nT/m. In the 

Helmholtz coils there are not many parameters to change,

parameters to change and make it closer to the

 Maxwell coils is around 200nT/m where

room geometry Maxwell coils is around 300nT/m.  

Radius ratio, separation ratio, Ampere-turns of coils ratios are

 
0.5m , +0.5m. The increase of radial 

for maxima and lower 

 
on magnetic field gradient. At 50 cm radial distance magnetic 

because one would 

expect the magnetic field gradient to be better along the axis. This effect comes from the shift in the tail 

D simulations to see 

uniform magnetic 

is highly sensitive 

from around 500nT/m to around 5000nT/m. In the 

to change, but Maxwell 

to the ideal set up. 

Maxwell coils is around 200nT/m whereas the field 

 

turns of coils ratios are studied.  
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When changing coil geometry, Helmholtz coils are behaving very differently. This 

results in 100 times different field gradient. However, in the case of Maxwell 

coils with so many parameters; it is possible to have a coil system which does not 

differ so much from the ideal system, only by a factor of 1.5 from x=-0.5m to 

x=0.5m. 

 

4 Conclusions and outlook 
 

Simulations are performed for Helmholtz coils with ideal values. Behavior 

of Helmholtz coils is studied for different room geometries and different coil 

geometries.  

Simulations are performed for Maxwell coils with optimum values. 

Alternative set ups are studied for MSR and room geometry. Moving the MSR 

around the room gives different results. Different variations of MSR positions are 

taken into account. 

Simulations are performed for Maxwell coils without optimum values. 

Same geometry is used for center and side coils. With help of Mathematica, 

different separation ratios and different Ampere-turn ratios are studied. The 

results are compared with the ideal case.  

Magnetic field gradient is very sensitive to changes in Helmholtz coil: 

from around 400nT/m to around 5000nT/m. On the other hand, the magnetic 

field gradient is less sensitive to Maxwell coils: from 300nT/m to 400nT/m . 
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Resonant Frequency Measurements in
Microwave Cavities

Ekin Nur CANGIR
Adana Fen Lisesi
Mersin, Turkey

Cavity Process: Building, simulating and measuring microwave cavities, finding TM
and TE modes, Q-Factor and cavity parameters.

Abstract: We are looking for axions, but we don't know much about them.
We only know from theory that axions create a tiny oscillation in a magnetic
field.  And we can store this  electical  field  with  microwave cavities.  We're
looking for ways to make better cavities. Axions could possibly be a cold dark
matter component. In this report, we will be discussing about some theoretical
facts and our experimental results of cavities.

1. Preface
We want to see how our cavities work. First, we studied some ideas about
waves and modes. Then, we built our cavities from the very beginning. This
step  took  us  a  little  bit  long  time.  While  other  members  of  group  were
building  cavities,  I  made  simulations.  After  our  cavities'  building  and
simulations were done, we measured properties  with network analyzer.  We
compared  real  and  simulation  datas  to  make  sure  that  we  can  use  these
cavities in experiments. 

2. Procedure and Results
Firstly,  we  should  know more  about  our  theoretical  background:  What  is
axion, Q-Factor, TM and TE modes, S matrix etc.

Axion is a theoretical elementary particle postulated to resolve the strong CP
problem in QCD. If axions exist and have low mass within a specific range,
they are probably a component of cold dark matter. If we talk about axions
shortly, we know that they have a really low mass which is about 10 -6 to 1
eV/c2. Their charge and spin equal to zero[1]. They only oscillate in a magnetic
field and create really tiny electric field oscillations. The most difficult thing
about  searching  for  axions  is  time.  It  takes  a  long  time  to  make  better
properties. For example, you need a data as clear as possible (as noiseless as
possible), so you have to cool your cavity as much as possible. And it takes a
long time about days or weeks.
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Q-Factor,  also  known  as  Quality  Factor,  is  a term  used  to denote  the
oscillation  storage  ability  of  a  resonator. If  we  analyze  an  output  of  an
oscillating system(e.g. an oscillator) in frequency axis, it is possible to see that
this  power  starts  to  increase  from  the  0-point,  reaches  maximum  at  a
frequency called critical frequency, and decreases again. A F.O.M.(Figure of
Merit)  of  a  frequency peak is  called “full  width half-maximum” frequency
range. This is the distance between two points at the |-3dB| (1.1) points. That
distance divided in the peak frequency gives us Q value.

P1/2(dB)= 10.log(1/2) = -3dB

So, half-maximum points are generally called as -3dB points. Also, one thing
you can do with network analyzer is to find this -3 dB point. There are so
many ways to calculate Q-Factor. In a RLC circuit;

where R is resistance, L is inductance and C is capacitance. On the other
hand, you can easily calculate Q-Factor by using this formula:

And if  we talk about TE and TM modes; in electromagnetic wave theory,
TM(Transverse Magnetic) mode is used to specify the type of a guided wave
that magnetic field vector component in z-axis is zero. And TE(Transverse
Electric) mode is used to specify the type of a guided wave that electric field
vector component in z-axis is zero.  In TM010 mode, electric field goes along
cavity. And we are looking for TM010 mode because if we analyze the formulae
for axions, wee see that C is largest for TM010 mode.

Figure 1. TM and TE modes.

(1.1)

(1.2)

(1.3)
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S-matrix, also known as scattering matrix, relates the initial state and the
final  state  of  a  physical  system  undergoing  a  scattering  process.  And  S-
parameters are parameters which describes the behaviors of a linear electric
circuit that is alerted with electric signals. 

Formul above(1.4) is a S-matrix where;
S11 is the input port voltage reflection coefficient,
S12 is the reverse voltage response,
S21 is the forward voltage response,
S22 is the output port voltage reflection coefficient. 

Now, it's time to simulate and get some results. We use CST Studio Suite for
our  simulations.  There  are  4  cavities  with  different  lengths,  but  we  only
simulated 3 cavities: Cavity1 with 60mm length, Cavity2 with 85mm length
and Cavity3 with 123mm length.

Figure 2. A view of Cavity2 in simulation programme

There are three solver modes in the programme: Eigenmode Solver, Frequency
Domain Solver and Time Domain Solver. We generally use Eigenmode Solver
and Frequency Domain Solver modes for our simulations. Eigenmode Solver is
used to calculate Q-Factor, to see modes in different frequencies and to choose
TM010 mode (Fig.3).

Figure 3. A view from CST Studio Suite of Cavity2. Here,
Q-Factor calculation and TM010 mode can be seen.

(1.4)
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And we use Frequency Domain Solver to see S-parameters (Fig.4).

Figure 4. S21 in Frequency Domain Solver Mode. Here, we can see that our TM010 mode's
frequency should be about 1.852 GHz.

But,  before  we follow these  steps,  we have  to  make  sure  that  our  cavity
parameters and anything else is okay. Otherwise, we can get a faulty data
(Fig.5). In this data, we can see results of a “cavity” with no space, just like a
“block of copper”. This fault is related with not giving just one number. And
we couldn't see where is the problem for a time. It's because it became a habit
to do it correctly. We don't expect any mistake. But we are scientists and we
have to make sure everything is  okay.  Because one day,  we will  not have
another chance.

Figure 5. S21 view of a meaningless data made by not giving an inner radius.

Now, after we checked our parameters, we can get our real datas with network
analyzer. To use network analyzer efficiently and to get more reliable datas,
we always do calibration before we start measuring. Calibration provides us to
see critical coupling and to find 3dB points easily. After calibration is done,
you should check if your calibration is done right. If not, you should do it all
over again. Because if our datas are not reliable, we cannot talk about their
truthness (e.g. Fig.5).

Ekin Nur Cangir, Resonant Frequency Measurements in Microwave . . . 94



Figure 6. Network Analyzer result of Cavity3. Orange line is S11, blue is S22, purple is S21.
And a Smith Chart view which we can see 3dB point.

Here  are  the  compared  results  of  out  theoretical  expectation and network
analyzer datas in Cavity3:

Figure 7. Compared datas made by Juheun Lee. First peak belongs to TM010 mode.
We can see that nearly every mode has its peak here.

3. Discussion
In  this  compared  data  we  can  see  that  our  theoretical  and  experimental
results give us what we expected to see. We can't see all of the modes but we
found what we wanted to know: There's  nothing wrong with our cavities,
network analyzer and simulations.

4. Conclusions and Outlook
In this process, we always checked our steps. If there's something wrong, we
examined the error.  We first  started with learning theoretical  background.
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And we had  many hands-on  work  like  cleaning  cavities  with  vinegar  and
building  them.  While  I'm  doing  simulations,  they  measured  cavities.
Sometimes, we've done seperate things from each other but we were really a
team...
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most important thing about science is to learn from our mistakes and to enjoy
what  you  do.  We  made  a  lot  of  mistakes.  Some  of  them  was  really
unbelievable.  But we said to ourselves,  “Well,  we found another  way that
doesn't work. Now, we have more chance to find the right way to make it
work”. I want to thank our lecturers and all KUSP group to give us such a
chance. And I'm really greatful for our supervisor Dr. Harry Themann. He
always encouraged us not to give up. We learnt many things from him...
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Abstract	  
	  

In	  our	  experiments,	  we	  measured	   resonant	   frequency	  of	   cylindrical	   cavity	   for	  
several	  TM	  modes	   through	  VNA	  (Vector	  Network	  Analyzer).	  And	  we	  calculated	  
resonant	   frequency	  with	   theoretical	  equation	   induced	   from	  Maxwell’s	  equation	  
and	  boundary	  condition	  in	  cavity.	  Additionally,	  we	  also	  did	  simulation	  for	  cavity	  
to	   find	   S	   parameter	   to	   determine	  TM	  mode	   resonant	   frequency.	   In	   results,	  we	  
saw	   that	   resonant	   frequency	   from	   3	   kinds	   of	   method	   is	   well-‐aligned	   and	   we	  
calculated	  Q	  factor	  for	  TM010	  mode.	  

	  
Keyword:	  Axion,	  Microwave	  Cavity,	  TM	  mode,	  VNA,	  Resonant	  Frequency,	  Q	  factor	  
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Ⅰ.	  	  Introduction	  

	  
	  In	  particle	  physics,	  axion	  is	  very	  important	  particle	  for	  solving	  cold	  dark	  matter	  
problem.	  In	  1977,	  Roberto	  Peccei	  and	  Helen	  Quinn	  make	  Peccei-‐Quinn	  theory	  to	  
solve	  CP	  violation	  problem	  in	  QCD	  theory.	  However,	  Peccei-‐Quinn-‐Weinberg-‐ 
Wilczek	  axion’s	  lifetime	  became	  to	  10-‐8,	  so	  it	  discovered	  that	  this	  particle	  does	  
not	  exist.	  But	  Kim	  Jihn-‐eui	  suggests	  another	  model	  for	  axion	  which	  can	  explain	  
about	  dark	  matter	  problem	  in	  universe.	  So,	  today,	  that	  particle	  called	  KSVZ	  
axion(Kim-‐Shifman-‐Vainshtein-‐Zakharov	  Axion)	  and	  this	  particle	  is	  considered	  
the	  key	  of	  solving	  cold	  dark	  matter	  problem.	  
	  It	  is	  very	  difficult	  to	  detect	  axion.	  If	  axion	  interacted	  with	  strong	  magnetic	  field,	  
then	  axion	  becomes	  two	  photons.	  However,	  photon’s	  energy	  is	  very	  low	  so	  that	  
we	  can’t	  detect	  directly.	  So	  we	  need	  amplify	  the	  signal	  in	  cavity	  in	  the	  resonant	  
frequency.	  Additionally,	  we	  need	  also	  amplify	  the	  signal	  of	  resonant	  frequency	  
through	  amplifier.	  Another	  problem	  is	  the	  mass	  range.	  According	  to	  the	  theory,	  
we	  could	  predict	  mass	  of	  axion	  is	  between	  10-‐6~10-‐3	  eV/c2	  so	  that	  we	  should	  test	  
whole	  range	  frequency	  of	  that	  range.	  
	  To	  solve	  several	  problems,	  CAPP	  research	  about	  lots	  of	  thing.	  To	  have	  better	  
signal,	  we	  need	  very	  strong	  magnetic	  field	  and	  high	  Q	  value,	  so	  we	  research	  
about	  superconductor	  to	  get	  strong	  B	  field.	  And	  to	  cover	  range	  of	  frequency,	  put	  
the	  rod	  in	  the	  cavity	  to	  change	  resonant	  frequency.	  	  
	  In	  our	  research,	  we	  tested	  resonant	  frequency	  for	  four	  kinds	  of	  cavity.	  To	  get	  the	  
better	  signal	  of	  axion,	  we	  need	  better	  Q	  value.	  So	  in	  our	  experiment,	  we	  
measured	  Q	  factor	  for	  each	  cavity.	  And	  we	  tested	  weather	  calculation	  value	  and	  
simulation	  value	  is	  agreed	  with	  experiment	  data	  for	  every	  cavities.	  
	  

Ⅱ.	  Experiments	  
1.	  Cavity	  Condition	  

For	   making	   the	   microwave	   cavity,	   Dr.	   Harry	  
Themann	   draw	   blueprint	   of	   cavity	   and	   we	  
assemble	  the	  cavity.	  In	  the	  assembly,	  we	  use	  two	  
port	   plate	   for	   each	   side	   and	   we	   tightened	   16	  	  
screws	   for	   same	   torque	   with	   instrument,	   with	  
5.0N.m.	  	  
	  
ß	   Figure1.	   Blueprint	   of	   cavity	   (top)	   and	  
components	  of	  cavity	  (bottom)	  
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We	  use	  same	  radius	  and	  different	  length	  cavities.	  Our	  cavities	  condition	  is:	  

	  
Figure	  2.	  Picture	  of	  Cavity	  1~4	  (left	  to	  right)	  

	  
	   Cavity1	   Cavity2	   Cavity3	   Cavity4	  
Diameter(m)	   0.1244	   0.1244	   0.1244	   0.1244	  
Length(m)	   0.06	   0.085	   0.1229	   0.25	  

Table	  1.	  Condition	  of	  cavity	  1~4	  
	  
2.	  Calculation	  from	  theory	  
	  2-‐1)	  Resonance	  frequency	  of	  microwave	  cylindrical	  cavity	  

	  
Figure	  3.	  Cylindrical	  Cavity	  

	  
Since	  we	  need	  very	  strong	  and	  uniform	  magnetic	  field,	  we	  use	  solenoid	  coil	  to	  
produce	   strong	   B	   field.	   So	   we	   use	   cylindrical	   microwave	   cavity.	   In	   cylindrical	  
cavity,	   we	   can	   get	   resonance	   frequency	   condition	   from	  Maxwell	   equation	   and	  
boundary	  condition.	  The	  resonance	  frequency	  condition	  for	  TMnpj	  or	  TEnpj	  mode	  
is	  following	  equation:	  
	  

ω = !
!"

(!!"
!/!
)! + (!!

!
)!  	  ..(1)	  	  	    	  

	  
where	  D	  is	  diameter,	  L	  is	  length	  of	  cavity,	  and	  in	  TM	  mode,	  z!"	  is	  p-‐th	  zero	  of	  n-‐
th	  Bessel	   function.	   (in	  TE	  mode,	   	  z!"	  is	   p-‐th	   zero	   of	   n-‐th	   first	   derivative	  Bessel	  
function)	  
	  
	  
	  2-‐2)	  Q	  factor	  
	  Q	   factor	   means	   “Quality	   factor”,	   which	   presented	   how	   quality	   is	   high	   about	  
cavity	  on	  certain	  frequency.	  Q	  factor	  can	  be	  represented	  by	  many	  ways.	  
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Q = 2π× !"#$%&  !"#$%&
!"##$%$&'(  !"!#$%  !"#  !"!#$

= !!
∆!
	  	  ..(2)	  

	  
	  Where	  f!	  is	  center	  frequency	  of	  peak	  and	  ∆f	  is	  FWHM(Full-‐width	  half	  maximum).	  
	  
	  To	   get	   better	   signal,	   we	   should	   improve	   Q	   factor.	   In	   our	   experiment,	   we	   use	  
smith	   chart	   to	   calculate	   Q	   factor	   for	   TM010	   mode.	   (The	   reason	   why	   we	   use	  
TM010	  mode	  is	  in	  TM010	  mode,	  we	  can	  get	  largest	  signal.)	  
	  
3.	  Simulation	  
	  
We	  use	  CST	  Studio	  Suite	   to	  simulate	  S-‐parameter	  and	   find	  TM	  mode	  diagram.	  
Simulation	  condition	  is	  following	  figure.	  

	  
Figure	  4.	  Simulation	  Condition	  –	  Eigenmode,	  F	  mode,	  Mesh	  of	  cavity	  (left	  to	  right)	  
	  
	  
4.	  VNA	  for	  measurement	  
	  

	  
Figure	  5.	  Two	  ports	  VNA	  (left)	  and	  Experimental	  setup	  (Right)	  

	  
	  VNA,	  Vector	  network	  analyzer,	  is	  the	  analyzer	  to	  see	  the	  s-‐parameter.	  With	  two	  
open	  antennas,	  we	  connected	  to	  VNA	  and	  put	  in	  our	  cavity.	  Before	  we	  connected	  
antenna	  to	  VNA,	  we	  calibrate	  port1	  and	  port2.	  
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	  4-‐1)	  S-‐parameter	  and	  coupling	  

	  

	  
Figure	  6.	  S-‐parameter	  

	  
	  S-‐parameter	  means	   ratio	  between	  output	   signal	   to	   input	   signal.	   In	   figure6,	  we	  
can	   see	   Sab	   is	   ratio	   between	   Va	   (output)	   and	   Vb(input).	   Therefore,	   S11	   and	   S22	  
imply	   reflection	   coefficients.	   With	   S11	   and	   S22	   parameters	   graph,	   we	   can	  
determine	   critical	   coupling	   since	   there	   are	   almost	   no	   reflection	   on	   resonant	  
frequency(critical	  coupling).	  And	  S12	  and	  S21	  imply	  transmission	  coefficient.	  With	  
these	   graphs,	   we	   can	   determine	   resonant	   frequencies	   for	   various	   TM	   modes.	  
However,	  S12	  and	  S21	  are	  almost	  same,	  so	  we	  use	  only	  S12	  parameter.	  
	  

	  
Figure	  7.	  S11,	  S22,	  S21	  graph	  for	  1	  to	  5	  GHz	  

	  
	  To	   make	   a	   critical	   coupling,	   we	   adjust	   antenna.	   Then,	   we	   see	   the	   how	   much	  
coupling	  did	  in	  network	  analyzer.	  In	  log	  magnitude	  chart,	  if	  peak	  arrive	  about	  	  
-‐40dB,	   it	  reaches	  enough	  coupling.	  For	  precise	  adjustment	  and	  get	  Q	   factor,	  we	  
use	  smith	  chart.	  
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	  4-‐2)	  Smith	  chart	  

	  
Figure	  8.	  Smith	  Chart	  

	  

	  
Figure	  9.	  Smith	  Chart	  in	  VNA	  

	  
	  We	   use	   smith	   chart	   to	   calculate	   unloaded	   and	   loaded	   Q	   factor.	   To	   setup	   the	  
smith	  chart	  aligned,	  first	  we	  adjust	  antenna	  to	  make	  a	  critical	  coupling.	  When	  the	  
point1	  in	  the	  figure9	  meet	  with	  the	  center	  of	  smith	  chart,	  it	  means	  we	  arrive	  at	  
critical	  coupling.	  Then	  we	  adjust	  electrical	  delay	  to	  make	  a	  phase	  set	  symmetry.	  
Next,	  with	  the	  phase	  offset	  to	  180	  degree,	  flip	  the	  circle	  to	  opposite	  side.	  Finally,	  
mark	   the	   points	   that	   have	   same	   real	   and	   imaginary	   part	   of	   impedence	   for	  
marker2,3	  and	  mark	  the	  points	  that	  have	  -‐3dB	  in	  log	  magnitude.	  Then	  we	  can	  get	  
unloaded	   Q	   value	   with	   frequency	   of	   point	   1(center	   frequency)	   divide	   by	  
difference	  of	   frequency	  of	  point	  2	  and	  3,	  and	   loaded	  Q	  value	  with	   frequency	  of	  
point	  1	  divide	  by	  difference	  of	  frequency	  of	  point	  4	  and	  5.	  
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Ⅲ.	  	  Results	  
1.	  Resonance	  frequency	  for	  cavity	  

	  
Figure	  10.	  Resonant	  frequency(TM,	  TE	  mode)	  matching	  with	  Expected	  value	  

from	  theory	  and	  Experimental	  data	  for	  cavity3	  [1~5GHz]	  
	  

	  
Figure	  11.	  S21	  graph	  matching	  with	  Experimental	  result	  (top)	  and	  Simulation	  

result	  (bottom)	  for	  cavity2	  [1~4GHz]	  
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Figure	  12.	  Resonant	  frequency	  in	  TM	  mode	  

	  (a)	  Cavity1,	  (b)	  Cavity2,	  (c)	  Cavity3,	  (d)	  Cavity	  4.	  
	  
	  In	  the	  figure	  10,	  we	  can	  see	  the	  expected	  value	  from	  equation	  and	  experimental	  
data	   is	   well-‐aligned	   in	   TM	   mode.	   But	   there	   is	   no	   matched	   line	   in	   TE	   mode	  
because	   we	   use	   open	   antenna	   in	   the	   measurement	   of	   resonant	   frequency	   of	  
cavity.	   In	  the	  figure	  11,	  we	  also	  see	  the	  simulation	  data	  and	  experiment	  data	   is	  
well-‐aligned.	   However,	   we	   tested	   for	   cavity	   1~4	   (figure	   12(a)~(d)),	   there	   are	  
some	  not	  well-‐matched	   line.	  Especially	  cavity	  1	  has	  some	  problems.	   I	   think	   it’s	  
because	   cavity	   1	   has	   shortest	   length,	   so	   resonant	   mode	   is	   not	   similar	   to	  
theoretical	   results.	   Among	   these	   figures,	   TM010	   mode’s	   frequency	   is	  
independent	  of	  geometry	  of	  cavity	  and	  there	  are	  more	  resonant	  mode	  when	  the	  
length	  of	  cavity	  is	  longer.	  
	  
	  

Juheun Lee, Resonant Frequency Measurements in Microwave . . . 104



	  
2.	  Q	  factor	  for	  TM010	  mode	  
	  
TM010	   Cavity1	   Cavity2	   Cavity3	   Cavity4	  
Unloaded	  Q	   3061.9	   7071.2	   10518.7	   14172.7	  
Loaded	  Q	   1543.8	   3535.6	   5185.3	   6952.6	  

Table	  2.	  Q	  factor	  in	  TM010	  for	  Cavity1~4	  
	  
	  We	  measured	   Q	   factor	   for	   each	   cavity’s	   TM010	  mode.	   Unloaded	   Q	   is	   for	   only	  
cavity	   and	   Loaded	   Q	   is	   for	   cavity	   interacting	  with	   VNA.	   In	   results,	   we	   get	   the	  
largest	  Q	  value	  for	  cavity	  4,	  whose	  length	  is	  the	  longest	  one,	  and	  smallest	  Q	  value	  
for	  cavity	  1,	  whose	  length	  is	  the	  shortest	  one.	  So	  we	  can	  get	  better	  signal	  when	  
we	  use	  the	  longer	  cavity.	  
	  

	  
Figure	  12.	  Unloaded	  Q	  value	  according	  to	  hole’s	  position	  

	  
	  Figure	  12	   is	  about	  extra	  experiment	  about	  effect	  of	  hole’s	  position	   to	  Q	   factor.	  
We	  get	  largest	  Q	  factor	  for	  the	  center	  of	  cavity	  and	  smallest	  Q	  factor	  for	  edge	  of	  
cavity.	   Therefore	  we	   should	   put	   the	   antenna	   to	   center	   of	   the	   cavity	   to	   get	   the	  
better	  Q	  value.	  
	  

Ⅳ.	  Conclusion	  
	  In	  our	  research,	  we	  did	  matching	  of	  resonant	  frequency	  of	  various	  TM	  mode	  in	  
cavity1~4.	   We	   confirmed	   that	   theoretical	   value,	   experimental	   value,	   and	  
simulation	  value	   is	  almost	  aligned.	  And	  we	  calculated	  Q	   factor	   in	  TM010	  mode	  
for	  each	  cavity.	  In	  Q	  factor,	  longest	  one	  has	  the	  highest	  Q	  value	  and	  hole	  4(center	  
of	   the	   plate)	   has	   the	   highest	   Q	   value.	   Next	   time,	  we	  will	   justify	   TE	  mode	  with	  
circular	  antenna	  and	  find	  the	  optimized	  condition	  to	  get	  the	  highest	  Q	  value.	  
	  
	  
	  

Juheun Lee, Resonant Frequency Measurements in Microwave . . . 105



	  
References	  
[1]	  	  Wkipedia.	  Wikipedia,	  n.d.	  Web.	  27	  July	  2015.	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  <https://en.wikipedia.org/wiki/Axion>.	  	  
	  [2]	  "Detecting	  Dark	  Matter	  Axions	  with	  a	  Microwave	  Cavity."	  Comsol.	  N.p.,	  n.d.	  	  	  	  
	  	  	  	  	  	  	  	  	  Web.	  27	  July	  2015.	  	  	  <https://www.comsol.kr/blogs/	  
	  	  	  	  	  	  	  	  	  detecting-‐dark-‐matter-‐axions-‐with-‐a-‐microwave-‐cavity/>.	  
[3]	  RF	   	   :	  http://www.rfdh.com/bas_rf/beginer.htm	  
	  
	  
	  
	  
Special	  thanks	  to	  1st	  KUSP	  director,	  Miran	  Kim	  of	  CAPP	  of	  IBS.	  
This	  experiment	  was	  performed	  during	  July	  6th	  to	  July	  31th	  in	  2015.	  

Juheun Lee, Resonant Frequency Measurements in Microwave . . . 106



 
Schwartz 1 

Michael Li Schwartz 
Supervisors: Dr. Yannis Semertzidis and Dr. Harry Themann  
Collaborators: Harris Semertzidis, Ekin Cangir, Daniel Schwartz, and Juheun Lee 
KUSP~ Korea Graduate/Undergraduate/HS Science Program at KAIST 
31 July 2015 
Ward Melville High School 
Long Island, New York 
 

Resonant Frequency Measurements in Microwave Cavities 
 

Abstract: 
The KUSP high school group was able to be incorporated with the making of microwave 

cavities to test both TM and TE modes and quality factor. We were successful in locating the 
first five generated peaks that corresponded to TM and TE modes. This was done in all four of 
our cavities as the first part of our experiment. We are currently determining quality factor and 
trying to find more modes with alternate variables.  
 
Main Topic: 

You may ask, why are we using microwave cavities? Well, we are using microwave 
cavities because we believe that we can find axions through diligent research with these cavities. 
Through studies of the universe as a whole, humans have discovered that a certain mysterious 
matter contains almost 26.8% of the energy density in our universe. This matter is what we call 
dark matter because we simply don’t know what it contains. The surprising fact is, that we do 
have a few ideas about what this matter is made of, and one of these ideas is a particle called the 
axion.  First proposed in 1977, the axion is an elementary particle of physics that was used to 
help try to fix the strong CP (charge parity) problem. Peccei and Quinn, Weinberg, Wilczek, Jihn 
E. Kim can all be credited for proposing this theory in physics. Our mission is to try to make 
more effective cavities for future projects for the axion.  

There are three main ways we measured to see if our data was correct. The first type was 
arithmetically with Maxwell’s equations finding the modes of Transverse Magnetic (TM) and 
Transverse Electric (TE). TM is where the E field or electric field is perpendicular to the 
waveguide. TE is where the H field or magnetic field is perpendicular to the waveguide. A 
waveguide is a linear structure that conveys electromagnetic waves between the endpoints. The 
waveguide that we made needed to be circular because it was easier to make a stronger B field. 
Our microwave cavity is a solenoidal which is a long straight coil of wire that generated a nearly 
uniform magnetic field.  

 
 
The magnetic field is extremely concentrated to form a uniform 
field in the center of the long solenoid. The field outside is not so 
strong but instead weak and divergent. 
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We used the Bessel's functions below as an application to electromagnetic waves in the 
cylindrical waveguide. The electromagnetic wave is where the oscillations’ electric and magnetic 
fields are synchronized and propagate the speed of light.   

 

 
 
 
To create our arithmetical data we made an  Excel Spreadsheet file that created a mode 

diagram. We used the variables of F (frequency), D (diameter) and L (length.) Our four cavities 
each had different lengths and this was in order to see if the frequency and quality factor changed 
with length. This was done by plugging in (FD)2  and (D/L)2 into our spreadsheet from the 
resonant frequency equation. 

  

 
In this equation the znp is the pth 0 and the n is the bessel function 

 
This helped us make horizontal and diagonal lines that represented different TM and TE 

modes. We had to then change the axis so we were able to get only vertical lines that would 
represent different peaks that we would then compare with the actual peaks in our cavities in the 
VNA. 
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With these TM and TE modes we were now able to start the building of the cavities to 

see if the peaks in the electromagnetic waves lined up with any of our modes. We were fortunate 
that our supervisor, Dr. Themann, created templates for each of the four cavities that we created. 
The building process started with the group having to wash all the materials with soap and water 
and carefully drying them off with paper towels. After this tedious process we continued to wash 
the materials but this time with dry alcohol to make sure the copper and metal would not rust. 
Next, was the most exciting part. We started to build our cavities using the templates and worked 
together as a team.   

It took us longer than we thought to build our cavities as we ran into some technical 
difficulties. First off, we realized that we didn’t have enough bolts to make all five cavities. So, 
we decided to build the four smallest cavities. Also, the bolts that we received were too long and 
made it impossible to create the smallest cavity. This process took a tremendous amount of time 
and when we were finally done we were ecstatic.  

 
 
 
 
 
 
 
 
 

 
These are our four cavities in length order with their corresponding (D/L)2 

 
After building the cavities we were introduced to a new machine called the vector 

network analyzer or VNA. The VNA was used in order to receive the peaks that we needed to 
match with our mode diagram. To start, you must plug in pasternack wires into the two ports that 
are connected to the machine. Our range or frequency for our experiment was 1 to 10 GHz for 
the first few experiments. We have been changing this constantly using sometimes 4 to 10 or 
even 1 to 5. This distance in frequency is where we will spot the peaks in the cavity between the 
specific range. You must also change the bandwidth frequency, which is 100 MHz.  Before you 
start, you must calibrate the network analyzer so it runs properly. In order to calibrate you get a 
little wooden box called a calibration kit that contains many different connectors and adaptors to 
put on the end of the pasternack wires. There are a total of 13 steps in calibrating and our group 
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got very good at this process as we calibrated many times after constant mistakes. We added the 
port extension which tells the machine that you are adding the antennas so you could get a 
correct value.  

After calibration was finished we could finally adjust the coupling in order to get the 
detailed peaks we desired.   When you have weak coupling you having a bigger curve down 
while when you have strong coupling you have a smaller curve down. The center frequency of 
the impedance is lower power, weak coupling, which ultimate means larger curve.  The VNA has 
two ports and will send a signal that is a frequency ramp. For example, we have been using 1 
GHz to 4 GHz to compare what it sends to what we get back. Then we have the outputs on the 
VNA called the sparameters. This is notated as Sxy where x is the response and y is the stimulus. 
A sparameter is the behavior of a linear electric circuit that is alerted with an electric signal. We 
used 3 of the 4 sparameters that can be used on the VNA and all of them have different 
functions. S11 is the input port voltage reflection coefficient and it sends waves from port 1 and 
goes back to port 1. S12 is the reverse voltage response and is where the waves comes from port 2 
and goes back to port 1. S21 is the forward voltage response and is where the waves comes from 
port 1 and goes back to port 2. Lastly, S22 is the output port voltage reflection coefficient and is 
where the waves comes from port 2 and goes back to port 2. You can create a matrix with the 
sparameters which is shown below. 

 
 
 
 
 

 
For our purposes we only use S11, S21 and S22 

 
 
Then, we looked at the peaks on the VNA and used markers to show exactly where the 

first five peaks were on the specific cavity. We used log mag to get the standard and measured 
the peaks from S21.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Cavity 2 
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The next part was the simulation of the cavities and this was done by our teammate 
named Ekin. There are two main components in simulation. There is frequency domain and 
Eigen mode. In frequency domain it shows you the the sparameters. Then, Eigen mode 
measures the qfactor and the modes of the different frequencies. Ekin was able to create all of 
our cavities using CST studio suite and then simulate what we were doing on the VNA and 
arrive at the correct peaks for our cavities. Below is how the TM and TE modes lined up with the 
arithmetic and then how the VNA lined up with the TM and TE modes.  

 
 
 
 
 
 
 
 
 
 
 
 
 

The theoretical and experimental data (Cavity 3) 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Compared results of simulation and theory (Cavity 3) 
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As you can tell by the results we were successful in being able to line up the first five 
peaks of our cavities to the best of our ability to the arithmetic/theory. After we did this we 
moved on to determining the quality factor of our cavities. Quality factor is the stored energy 
divided by the dissipated power. We want higher quality factor because it means our 
measurements will be better. To find the quality factor you need to use the VNA and use a Smith 
Chart. First you need to critical couple the cavity with an antenna. Critical coupling is where the 
antenna gives the maximum transfer of signal energy from one radiofrequency resonant circuit 
to another when both are tuned to the same frequency. This power that comes out is actually 
equal to half the total power in the cavity. After the cavity is critical coupled you can now use the 
Smith Chart to determine the quality factor. The S22 trace is used and you want to have a clear 
circle that matches up and the trace must go through the center. Then the trace needs to be 
tangent to the outer circle. Once this is done then you can go back to the phase mode and try to 
make the chart symmetrical by changing the electrical delay. Once you have the circle lined up 
with the Smith Chart perfectly, the position is called the “detuned short” position. The imaginary 
and real parts are equal. This is where the impedance is the value 0. You then need to turn the 
circle 180 degrees to get the “detuned open” position where the impedance is now infinite 
instead of 0. Then, put your 5 markers like shown below. You want the marker values as close as 
possible and with these GHz values you then can determine the quality factor and delta f.  

 

   
This is what the Smith Chart should look like when you complete all the following steps. 

 

Q  
 
 
 

Our final loaded and unloaded Q’s 
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ddfh 
 
 

How to calculate both Delta F and Q 
 

 
Lastly, after we found the quality factors of all out cavities we tried some new variables 

to see if the quality factor would go up or down. This included, adding more holes to our cavity 
and putting the antennas in different places. We also put the antennas on the same side of the 
cavity instead of the usual one on each opposite sides. We tried a new type of antenna that Dr. 
Themann created which was called the looped antenna to try to find TE modes.  

 
Overall, our mission was a success and I feel I learned a lot about axions, TM and TE 

modes, cavities and quality factor. I am pleased with our results and wish that I was able to stay 
longer to do more experiments as a KUSP student. This experience is what I call a “once in a 
lifetime opportunity” and it was truly my honor and pleasure to be part of such a wonderful 
group. I would like to thank all the supervisors and professors that made this possible. The 
lectures and being able to feel like a real scientist while doing experiments was something I will 
never forget. To Dr. Themann, who has been so extremely helpful and supportive throughout the 
entire process. Without him none of this would happen at all, and I have to thank him for 
everything he has done for our group. Thank you, Dr. Themann! To Miran and her constant 
picture taking and keeping us orderly and on schedule. Thank you! To Dr. Semertzidis for telling 
me not to be scared and just have fun and smile as much as you can. Thank you! Lastly, the 
thanks goes to all of my fellow colleagues and the students that were in the high school group 
with me. With our diversity and language barriers, we were still able to come together for one 
main thing and that is physics. Everyone was supportive with responses on all my questions, and 
even though we had some rough patches of not knowing anything, I can say that we were the 
best group ever. I know that everyone will do something extremely special with there life in the 
future if it is with physics or anything else I wish you all the best in all your future endeavours. 
Thank you! 고맙습니다 
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Microwave Cavities and Resonant Frequencies 

By Harris Semertzidis 

Ward Melville High School 

Long Island, New York 
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 2015 

Abstract:  

Axion dark matter search began over 30 years ago after the theories of Peccei-Quinn, 

Weinberg, Wilczek, and Jihn E.Kim.  Scientists have been using microwave cavities to search 

for the axion and the experiment the high school group is doing at KUSP focuses on cavity 

design.  Our experiment could help design better cavities by testing four cavities we have 

constructed by using a Network Analyzer.  Microwave cavities are used in these types of 

experiments because of their ability to store electromagnetic energy.  Along with this ability, a 

cavity can be tuned to a different resonant frequency that we think could reveal the axion.  

However, our experiment hasn’t included tuning our cavities.  Using our Network Analyzer, 

however, we were able to find modes and the Q values of our cavities. 

Report: 

As a member of the high school group in KUSP, I have been working with my fellow 

students to design better resonant cavities for future axion experiments. If axions are discovered, 

it could solve the Strong CP-problem in QCD as well as the dark matter mystery.  With the help 

of our supervisor, Dr. Harry Themann who designed our cavities, we built and tested four 

cavities with our Vector Network Analyzer (VNA).  While using the VNA we looked for 

different modes like TM010 as well as using it to find the Q values of our cavities.  In order to 

make it easier to make a B field, and keep it strong as well, the cavity was made solenoidal.  A 

solenoid is a piece of coiled wire that acts as a magnet when an electric current is going through 

it.  Since a solenoid is circular, our cavities are circular as well.  

 

 

 

 

 

Our fourth cavity, 

which is also the 

longest cavity we 

built. 

A solenoid 
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Another part of our work was to create computer simulations of the cavities. Along with 

using the VNA we also made calculations in Microsoft Excel and made simulations of our 

experiment by measuring the dimensions of the cavities before we built them as to create the 

most accurate simulation possible.  Once we finished working with our VNA, we would compare 

and check our work with both our calculated and simulated work.  We knew if they didn’t match 

up we would have to redo our experiment on the network analyzer to try and find out what we 

did wrong and correct it.   

  To start our experiment we first calculated our Transverse Magnetic (TM) and 

Transverse Electric (TE) modes on Microsoft Excel. TM mode is a magnetic field configuration 

that has no longitudinal magnetic field component and a TE mode is an electric field that has no 

longitudinal electric field component. On Excel we were able to plug in one of Maxwell’s 

equations and when we plugged in values for f, frequency, D, diameter, and L, length, into the 

variables of (fD)
2 

and (D/L)
2 

we were able to make a mode diagram that gave us the TM and TE 

modes.   

Following this we proceeded to build our cavities in order to measure the modes 

ourselves.  At first, we had to clean all of our materials before starting our full build.  One by one, 

we took all of our parts, including our screws and copper plates, and we washed them in soap 

and water.  After we dried our parts, we measured the five main hollow bases that would be the 

main part of the five cavities we planned to create.  After this we took metal rings and connected 

them to what would become the legs of our cavities.   Then using the blueprints given to us by 

Dr. Themann we built the cavities using all of the now cleaned and dried parts. 

 

 

 

 

While building the cavities, we ran into a few problems.  Our first problem was with the 

size of our screws.  Our smallest cavity, named Cavity1, had too small of a base so that when we 

connected the plates, legs and metal rings with screws on both sides, the screws hit each other 

and we couldn’t fit all of the parts on the cavity.  In the end we had to take it apart until we could 

get smaller screws to put it together.  Fortunately we were able to build cavities 2, 3, and 4 with 

no problem but after finishing Cavity 4, we didn’t have enough screws to finish Cavity 5, even 

with the extra screws from not being able to finish the first cavity.  We were able to finish 

Cavity1 a week later once we got smaller screws but we never had enough materials to finish our 

fifth cavity. 

Our blueprints 
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With the measurements we took of the cavities before building them we were able to begin the 

simulation and were able to continue our work with Microsoft Excel.  In Excel, we continued by 

creating the following graphs that represented the resonant frequency of the cavities.  We were 

able to find these frequencies because we had the variables of the cavities,   

 These graphs are used as a check when we measure the modes on the Network Analyzer.  

We can line up our graph from the VNA and if the vertical lines match up with their 

corresponding peaks, we then know we did our work with the VNA correctly.  One of my 

partners, Ekin Congir also did a lot of work on simulations so we could compare our work with 

that too.  There are two main parts of the simulations she used called frequency domain and 

Eigenmode.  Frequency domain is used to see S parameters which are parts we put onto the VNA 

to see our lines.  There are three S parameters we used on the VNA, S11, S21, and S22, and they all 

have different functions.  The S parameters determine which port is the stimulator and which is 

the response.  S parameters can be represented by Sxy where x is the response and y is the 

stimulus.  For example, in the case of trace S21, port 2 is x meaning it’s the stimulator and port 1 

is y meaning it’s the receiver.  

  

 

Eigenmode finds your Q factor and the modes of different frequencies for you based on the 

cavity you built on the main program. Both frequency domain and Eigenmode are part of CST 

Studio Suite. 

 The next step for our experiment was using the VNA.  Our first aim was to find the peaks 

of the TM modes.  Before we could even get to that, however, we had to calibrate the machine so 

that we could get accurate readings.  To calibrate the machine, we went to Cal Wizard on the 

VNA where it asked if we wanted guided calibration or unguided calibration.  To make it easier 

we chose guided every time we calibrated.  To calibrate the machine, we added connectors that 

measure the error in the port and the machine then will try to fix the error.  Without the 

calibration, there would be too much error and we wouldn’t get sufficiently accurate answers to 

our questions.  Calibration also tells the machine what standards we wish to have.  Along with 

the calibration, we do a port extension which tells the machine that you’re adding the antennas so 

it’ll add them to the machine’s formula. 

  

The S Matrix 
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Once the antennas are in the cavity, you can start to find your peaks.  To get your peaks 

you need to use your S21 trace which should look as if it has a forest of peaks but it should be a 

little more spread out towards the beginning of the trace.  If you zoom in closer to see those first 

few peaks you should see something similar to the screenshot below.  We then need to mark the 

first few peaks and take a screenshot and keep it on a 

USB.    

 

 

 

 

 

 

We found the peaks for the TMs and so we took the resonant frequency graph for TM modes 

from Excel and lined it up with our test from the VNA and checked to see if we did our work 

correctly. 

  

 The graphs seen above are the actual data charts we made for Cavity1 and it is clear that 

the vertical lines on the TM graph are very similar to what we measured, while the TE graph 

doesn’t show this as well.  Most of the peaks we found were TM peaks which are much easier to 

find than the TEs and this is shown quite clearly with the TM data being so much better than the 

TE data.  We also had to compare our measured data to our simulated data and so we put both 

graphs next to each other and I’ve placed the charts below. 

Cavity 4 connected by antennas 

to our VNA 

Figure of the VNA showing the 

peaks of Cavity 1 (amplitude v. 

frequency). The peaks 

correspond to the cavity 

resonant mode. 
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 In addition to finding TM and TE modes, we also want to find the Q factor of every 

cavity and try to find what variables will allow the highest Q value. We want the highest Q 

possible because the higher the Q the better “quality” data you can measure.  Unlike the peaks 

where we used Log Mag, we needed to use Smith Chart to find the Q value.  Before getting to 

Smith Chart, however, we had to couple our trace while in Log Mag.  Coupling is essentially 

determining how much power is received from our machine but our goal while coupling is to 

reach critically coupled which means the power that we get from it is half of the total power of 

the cavity.  After coupling, we could then enter Smith Chart where we had to make sure our trace 

went through the center of the chart.  The trace must also be tangent to the outer circle shown in 

Smith Chart.  If it is not tangent, then the Port Extension must be turned on.  Then, an electrical 

delay must be added so that it is symmetrical while in phase mode.  After finishing with phase 

mode, we wanted to flip the circle to the left side of the Smith Chart and we did this by adding 

180 degrees to the circle. On the left side we could add five markers where the Smith Chart lines 

cross our circle and we didn’t forget to turn markers four and five to Log Magnitude.  Finally, to 

get the unloaded Q value, we calculate the difference in f by subtracting the numbers and 

dividing it into the original f.  In simple physics terms it is (f/Δf). 

   

 

 

 

 

 

 

Up to this point in the experiment, the copper plates we used on both sides of the cavities 

had two holes each and we had to put one antenna on each side of the cavity so only two of the 

four holes of the cavity were open.  However, to make a new variable in order to see in what case 

the Q value is the highest, we replaced one of the plates on all four cavities with a plate with four 

The graphs on the left 

show the simulated and 

measured TM peaks of 

Cavity2.  The top graph is 

simulated and the bottom 

graph is the measured 

peaks.  

 

The Smith Chart we have for Cavity1. 

The unloaded Q value was 3061.9 
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holes all lined up going from the edge of the plate to the center of the plate.  With this new 

variable, we could put one antenna in the other side and find the Q value when we put the second 

antenna into each one of the four holes and so see if it is highest towards the side or the center of 

the plate.  When we tested all of the holes we found that the center of the plate gave the best Q 

value and this data surprised us.  We didn’t suspect that would happen yet we tested this again on 

a different cavity and got the same results.  The data gathered from one of the cavities is shown 

in a chart below.   

Like other measurements in our experiment, we were able to get calculated and simulated 

the Q values. We took the time to create a spreadsheet that had a Smith Chart from numbers we 

calculated.  As I mentioned before, we were able to even do Q value on the simulations with the 

program I mentioned before named CST Studio Suite. Overall we got the data we wanted when 

doing all the parts of this experiment. 

Cavity2 Hole1  Hole2  Hole3  hole4  

Unloaded 

Q  

2180.2 2436 6815.8 7364.9 

Loaded Q  1077.3 1202 3376.6 3646 
 

    
 

   

  

  

I am very pleased with the data the high school group here at KUSP collected from this 

experiment.  Our research has been about making it possible for future axion experiments to be 

more successful and our testing was about comparing measurements that would get us the best 

data.  We were successful because we found our TM modes, even though some of the TE modes 

were difficult to find, but we also got the Q value of everything we had time to test.  There are 

obviously a lot more variables that could be added to this experiment.  For example, if we had 

more time, we could build our fifth cavity, the largest one, and see how that compares to the 

smaller ones since it’s almost twice as large as the rest of the cavities.  

This experiment was beneficial in many ways. Other than our calculation success, as 

students we learned a lot about cavities, from their design to their construction and using them in 

measurements.  We were able to work with real cavities and used them to check on our 

predictions and compare our results.  

This graph of Cavity2 shows that to get the highest Q value, we must 

put the antenna into a hole that is closest to the center of the plate.  

We got the same data when doing this with Cavity4.  This is not what 

we expected! 
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Resonant Frequency Microwave Cavity Research 
 

Abstract  
 
     Our research was focused on using a network analyzer to measure the quality factor and 
resonant frequencies of microwaves cavities with varying length values. This is intended to assist 
future physicists in creating a microwave cavity that can successfully detect the axion. We also 
recreated this experiment through a simulation. We then compared the measured results with 
both the simulated results and our predicted results which we computed using the resonant 
frequency formula. We observed that all three values were very similar which would lead us to 
believe that we can successfully simulate or compute results of similar experiments without 
having to physically conduct them.  
   

Introduction 
    Over the course of the last four weeks, I have been working with microwave cavities. 

Developing these microwave cavities is necessary to discover the axion. The axion is a theorized 
elementary particle that would solve the strong CP problem in relation to quantum 
chromodynamics or QCD. Its name is based on the cleaning product because it would ‘clean up 
the mess’.  Research on the axion began in 1977, and the ultimate goal of eventually discovering 
it has never been closer. Research has taken many forms over the decades but the most recent 
method used to try to discover the axion involves microwave cavities. This is because the axion 
makes tiny oscillations which can be detected while it is in a microwave cavity.  

Our experiment involved using three methods to compute the Q factor and resonant 
frequencies of multiple microwave cavities. The first method was to physically build five 
cavities and then measure these values using the vector network analyzer (VNA). We planned on 
building these five microwave cavities each with same diameter, but different lengths. This 
allows us to test only one variable which validates our data. Then, we would measure the 
resonant frequencies and the quality factor using the VNA. The next method was to simulate this 
experiment on a computer program. The third method required us to compute the values using 
the resonant frequency formula. We would then compare this data at the end. 
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The Resonant Frequency Formula 
Procedure and Results 

The original plan was to build five copper cavities, but we encountered two problems that 
temporarily prevented us from building cavity one (the shortest) and cavity five.  Our screws 
were too large for cavity one because the length of the cavity was smaller than the length of two 
screws.   
 

 
A picture of 
cavity one 
 
 
 
 
 
 
 
We had to obtain smaller screws for the project and although it was not difficult it resulted in a 
substantial loss of time. We were unable to complete cavity five because we had depleted our 
entire supply of screws. This problem was never fixed so we compromised our original goal and 
only made four cavities.  

In order to physically measure the cavity, we had to learn how to use the network 
analyzer. This is a complicated machine that required us to spend many hours in order to learn 
how to use it. It analyzes the waves that exist in the hollow section of the cavity. The first thing I 
needed to learn was how to calibrate the analyzer’s wires. Calibrating is a long tedious process 
that takes 13 steps to complete.  This is because one must screw on connectors and adapters 
manually. Completing this process is necessary because it changes the values received according 
to a common standard. If the calibration is done incorrectly, all data measured is deemed 
inaccurate. In the beginning of the program our inexperience caused us to recalibrate countless 
times. Calibrating incorrectly is not the only way one can distort their results. Failing to utilize 
the port extension tool would also result in failure. This is because the port extension reevaluates 
the wires and takes the antenna into account when computing data. Yet another concept that 
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could alter data is coupling. Coupling determines how much power is received relative to the 
total amount of power. If the cavity is critically coupled, the power that comes out is equal to 
half of the total power in cavity.  

We wanted to measure the quality factor and the resonant frequency. The quality factor is 
the stored energy divided by the dissipated power. The higher the quality factor the more 
veritable your data is. Physicists strive to achieve the highest quality factor they can. We tested 
length’s impact on quality factor. Obtaining the quality factor by using the vector network 
analyzer is rather complex. The cavity must be critically coupled before you start this process. 
First, one must change the mode on their VNA from the default to Smith Chart. The trace must 
go through the center and be tangent to the circle. Then, change to the phase mode and make the 
mode symmetrical by changing the electrical delay. Lastly, change back into Smith Chart, add 
one hundred eighty to the phase offset and mark the five points of relevance as seen in the 
diagram below. The points can be used to calculate the Q factor. 
 
 
 
 
 
 
 
 
 
 
 

A Smith Chart as shown on the network analyzer. 
The five points required to compute the quality factor are marked. 

 
 
 
 
 
 
 

The Quality factors for cavities 14 
 

We created a side experiment that tested the quality factors of a microwave cavity with 
four holes on one end instead of two. These holes would be varying lengths from the center and 
could help us determine where to place our holes in the future. The also used two different 
cavities to ensure that it these traits would be universal across most cavities. 
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  cavity 4 
  cavity 2 
 
 
 
 
 
 
 
 
 
 

The results for our side experiment. 
 

Another concept to understand are the Sparameters. This determines which port of the 
VNA is the stimulator and which is the receiver. It is notated as Sxy  where x is the response and y 
is the stimulus. We used the following traces: S11 , S21 and S22.  S21 means that the signal was input 
through port 2 and measured through port1. It it can also be shown as a matrix. 
 
 
 

 
Sparameter matrix 

 
We also measured the different Tm and Te modes in each cavity. A transverse mode is a 

wave that is measured on a plane perpendicular to the propagation of that wave.  Tm or 
transverse magnetic mode is a type of mode that has no magnetic field in the direction of 
propagation while a Te or transverse electric mode has no electric mode in the field of 
propagation. 
 

While most of our group was measuring the modes and quality factors using the vector 
network analyzer, Ekin was simulating our experiments on a computer program called CST 
studio suite. The simulation has two modes: domain frequency mode and eigen mode. Domain 
frequency mode can detect S parameters while eigenmode measures Q values and the frequency 
modes.  

Daniel Li Schwartz, Resonant Frequency Microwave Cavity Research 125



 
Schwartz 5 

The third method we used to calculate the Q values and resonant frequencies is by 
calculating them using the resonant frequency formula. This gave us the ideal results for our 
experiment.We used Microsoft Excel to plot our data onto graphs. The following data is shown 
below. 

 
 
 
 
 

 
Our calculated 
prediction for the 
planned experiment 
Te modes 

 
 
 

 
 
 
Tm modes 

 
 
 

 
 

Conclusion 
In conclusion, I learned a lot about microwave cavities and their role in axion research. I 

am very satisfied with our data and am pleased that it all aligned. This means that there is low 
chance our data contains of errors. I feel as though I am a more enlightened individual after this 
research. I learned that physics is a very interesting exciting field and that it is probable for new 
discoveries to occur in the near future. 
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Abstract 

CAPP, the Center for Axion and Precision Physics established in October 2013, is part of the Institute for 

Basic Science of the Republic of Korea. Researchers here are focusing on the axion particle exploring. In 

order to achieve successful results, one of the necessities is a high Q cavity. High purity aluminium 

coating inside the surface and using lossless dielectric tuning rod (made from alumina or sapphire) 

could enhance the Q-factor of the cavity significantly. Simulation is the most important step before 

manufacturing and getting results through experiments. This paper shows an example study for the 

long way of exploring axion. 
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Introduction 

The axion is a hypothetical elementary particle postulated by the Peccei–Quinn theory in 1977 

to resolve the strong CP problem in quantum chromodynamics (QCD). If axions exist and have 

low mass within a specific range, they are of interest as a possible component of cold dark 

matter. 

Axion is a Pseudo Goldstone boson with no electric charge. Axion’s mass range is ; 

1µeV ˂ 𝑚𝑎  ˂ 100µeV. 

 

Fig1: Axion Holoscope on earth : P. Sikivie’s sheme (Phys. Rev. Lett. 1983)[1] 

 

Axions can be detected by stimulating their conversion to photons in a strong magnetic field 

(Sikivie) 

Axions will convert to photons in a strong magnetic field. If photon’s frequency corresponds 

to the cavity’s resonant frequency, enhanced (as much as Q-factor of cavity) signal.  

Conversion power is described as; 

𝑃𝑎 ∝ 𝑉𝐵0
2Q (~10−22Watt). 

As seen in this formula, we have to increase cavity’s volume, magnetic field strength and/or 

quality factor of the cavity to enhance the chance to detect axions. 

In this study, we mostly studied about cavity’s Q-factor (experiment and computer simulation) 

and the ways to improve it; using lossless dielectric tuning rod and inner surface coating with 

ultra pure aluminium. We used COMSOL Multiphysics which is a succesful simulation 

programme for our work. 
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Procedure and Results 

We started simulating a cylindrical cavity with a dielectirc rod. Cavity’s lenght and radius are 

140mm and 25mm, respectively. The dielectric rod is the same length with cavity and its radius 

is 2.5mm. We chose these parameters because we have this cavity.  

The rod is for changing cavity’s frequency. We changed the rod’s angle (or position) and each 

angle gave different TM010 frequencies and each frequency has a different quality factor. 

We studied with TM010 mode which is a cavity mode and there are two different cavity 

modes; TE and TM modes.  Cavity modes give us how the electric and magnetic field lines. It 

is written like TEmnp and TMmnp. 

m; azimuthal direction 

n; radial direction 

p; longitudinal direction 

Firstly, we changed the angle from 0 to pi. We saw how angle changes the frequency. 

 

Fig2: Cavity simulations for three different angle; 0, pi/2, pi respectively 

 

In fig2; it is seen TM010 mode for three different rod angles. It means that the magnetic field 

lines (white lines)  are vertical to movement direction. The electric field lines (red lines) are in 

the same direction with movement direction.  
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Fig3: Q-factor&frequency- angle dependence (simulation) (blue-frequency, red-Q factor) 

 

Fig3 shows us the maximum frequency is at the wall of the cavity (angle=0). When the rod 

angle increases, the resonant frequency decreases. 

 

 

 

Fig4: Q-factor&frequency- angle dependence (experiment) (blue-Q factor, red-frequency) 
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There isn’t any big difference between unloaded Q values. It is an expected result. When we 

look at the fig3 and fig 4, we can easily see the difference between Q values. In fig3, Q-factor 

increases from 20723 to 28037. But, when we return to the experiment results, it shows us  

Q-factor decreases about 5000. We can explain this behavior with loss tangent (dielectric loss). 

The dielectric rod is made of alumina (𝐴𝑙2𝑂3). Alumina is used as a ceramic packaging material 

because of its high thermal conductivity, suitable dielectric constant and low dielectric loss. 

Low dielectric loss materials are required for applications in radio frequency and microwave 

comminications. Aluminium is the second most abundant element in the Earth’s crust and 

aluminium oxide (alumina) is one of the commonest ceramics. Single cyrstals of aluminium 

oxide, i.e. sapphire, possess one of the lowest dielectric losses of any material. Most of the 

properties of so called ‘’high purity’’ alumina, e.g. thermal expansion, thermal conductivity, 

elastic modulus, melting point, Poisson’s ratio and dielectirc constant, fall within fairly narrow 

limits for different samples from a wide range of sources. High purity alumina is widely used 

in electronics applications such as electrolytic capacitor foils, hard disk substrates, wiring 

materials in semiconductors utilizing its controllability of oxide layer and its absence of 

impurities. It is also used as an electrical and thermal conductor for superconducting magnets 

at low temperatures.  

Dielectric loss is conventionally described by the imaginary component of the permittivity, or 

by tanδ, the ratio of the imaginary to the real part of the permittivity. The loss is also 

sometimes expressed in terms of the quality factor Q which in the absence of other sources 

of loss= 1/tanδ.  

 

 

Fig5: Q-factor – loss tangent dependence (COMSOL simulation) 

 

In fig5, we can see increasing loss tangent decreases Q-factor (angle=0). Fig5 shows that 

lossless dielectric tuning rod (sapphire) could maximize the Q-factor of the cavity. 
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We changed the permittivity in simulation for looking for the quality factor and permittivity 

dependence. Quality factor is an important parameter for cavity because; higher Q indicates 

a lower rate of energy loss relative to the stored energy of the resonator; the oscillations die 

out more slowly.  

 

 

Fig6: Q-factor- permittivity dependence 

 

We used 10 different permittivities from 9.1 to 10 in this study. Comsol calculates Q and 

frequencies for each one. We can see these parameters’ dependence is linear (angle=0) 

Another way to increase the cavity’s Q-factor is to use ultra pure Al coating inside the surface 

of the cavity. 

The conduction properties of aluminium change significantly in the temperature zone ranging 

from low up to room temperature. Particularly, in high purity aluminium the conductivity can 

become 10000 times greater. In order to understand and make the most of such conductivity 

over a broad temperature range, as well as the electrical resistivity, which is its inverse, it is 

essential to understand the factors of electrical resistivity. The electrical resistivity factors 

include phonon, impurity elements, surface scattering, defects etc. Generally, the effects of 

phonon and impurity elements are large (A phonon is a quantum of lattice vibration energy.). 

When temperature drops, the contribution of phonons to the electrical resistivity suddenly 

declines, thereby reducing the electrical resistivity. The effect of phonons can be ignored at 

low temperatures such as the 4.2K of liquid helium, and instead the impurity elements 

become the principal factor in electrical resistivity. Therefore, the higher purity is, the smaller 

the electrical resistivity will be. 
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Fig7: Schematic diagram of aluminium purity dependence on specific resistivity [2] 

 

 

Fig8: Measured resistivity for high purity aluminium and copper[2] 
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Fig9: RRR of high purity aluminium and copper at 0T and 15T 

 

In figure 9, we can easily see that our choice must be Al. 

 

 

Conclusions and Future Plan 

This paper shows us, if we want a high Q cavity, we have to use high purity alumina (or 

sapphire) for tuning rod. In fig3, Q is more than 25000 but there is no dielectric loss in this 

simulation. When we look at fig4 and fig5, it is more understandable that the loss tangent is 

how important parameter for development. Therefore, we know, the higher purity is, the 

smaller the loss will be. 

In our future plan, we have a new superconducting magnet which has high magnetic field 

(>25T). High purity aluminium coating steps in here, again. Fig9 and fig10 say, pure Al has less 

degredation than pure Cu with magnetic field. There is one more reason for using high purity 

aluminium. 

More study should be done with dilution refrigerator. Extreme low temperature environment 

provides a chance to detect axion signal with much less noises. 
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Benchmarks for precision particle tracking simulation programs are essential for ensuring the
highest level of accuracy and speed for precision storage ring experiments. A previous implemen-
tation of the 4th order Runge-Kutta and Predictor-Corrector method has been concluded to be
relatively accurate but slow for tracking muons [1]. In addition, precision tracking of a proton by
Bulirsch-Stoer algorithm resulted in a good agreement with anayltical expectations [2]. A magnetic
quadrupole is added as a beamline element, and implementation of this element in a full lattice of
magnetic ring successfully passed the comparison test for three different integrators. The Introduc-
tion of the Nordsieck method as a new numerical integrator is still unsuccessful, since the numerical
result diverges from the analytical solution in long time intervals. Accuracy tests of the 4th order
Runge-Kutta for proton tracking is still in process.

1. INTRODUCTION

Particle precision experiments, such as Muon g-2 ex-
periments and Storage Ring Electric Dipole Moment
(EDM) experiments require simulations of high accuracy
and speed. A Particle tracking program, written in C++
by Dr. Martin Gaisser [3], is used for this research. The
program is designed in a modular structure of lattice,
ordinary differential equation, particle, integration algo-
rithm, initial distribution and observer.

Motion and spin dynamics of any particle are gov-
erned by two ordinary differential equations, and their
numerical solutions can be found by using integration al-

gorithms. For particle with velocity ~β and spin ~s in the
particles rest frame with anomalous magnetic moment a,
the equations are given as [1]:

d~β

dt
=

e

mγc
[ ~E + c~β × ~B − ~β(~β · ~E)] (1)

and T-BMT equation:

d~s

dt
=

e

m
~s×[(a+

1

γ
) ~B− aγ

γ + 1
~β(~β · ~B)−(a+

1

γ + 1
)
~β × ~E

c
]

(2)

In current status, particle tracking program supports
complete framework of 3D environment with standard
integrator algorithms: Bulirsch-Stoer, 4th order Runge-
Kutta, and Runge-Kutta Fehlberg method. Electric and
magnetic rings with or without radio frequency cavity
are supported for lattice settings. Since accuracy tests
of Bulirsch-Stoer for proton tracking [2] and 4th or-

∗Electronic address: shur3@u.rochester.edu

der Runge-Kutta for muon tracking [1] has been accom-
plished in previous anayltical benchmarks, accuracy test
of 4th order Runge-Kutta method for proton tracking is
practiced and discussed in this paper.

For increasing the versatility of the program, magnetic
quadrupole has been added in the full lattice of mag-
netic ring. A magnetic quadrupole is a beam dynami-
cal element which is generally used for focusing the par-
ticle beam in accelerators or storage rings. Moreover,
Nordsieck method is introduced as an another integra-
tor, which can possibly replace 4th order Runge-Kutta
method while it reaches higher accuracies for the same
step size.

2. MAGNETIC QUADRUPOLE

2.1. Implementation

Magnetic quadrupoles are required to keep the trajec-
tories of particle in vicinity of the ideal orbit [4]. Focusing
force is mainly exerted by Lorentz force, which is created
by the linearly increasing magnetic field as described in
Fig.1. By rotating the quadrupole magnet in 90 degree,
it can be used as either focusing or defocusing lens of the
particle beam.

C++ code file for other beamline element is used as
a template for developing quadrupole, and field gradient
is added for new input information. Then, quadrupole
is newly implemented into the full lattice of simple mag-
netic ring with bending radius of 10 m with straight sec-
tions of 10 m. Each of the straight sections is responsible
for focusing and defocusing particle beam as described in
Fig. 2.
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FIG. 1: Direction of focusing and defocusing force in
quadrupole magnet

FIG. 2: Lattice diagram of magnetic ring plus quadrupole

2.2. Comparison Test and Result

Conventional coordinate system used for particle accel-
erators is described in Fig. 3. For initial condition, single
proton is used for particle tracking. Proton has initial x
and y offset of 0.01 m, and weak vertical focusing of in-
dex n = 0.1 is set for magnetic ring plus quadruple with
field gradient of 3.14× 106 V/m2.

FIG. 3: Coordinate system of particle precision tracking

To check the consistency and stability of particle track-
ing in new lattice, Magnetic ring plus quadrupole, three
different numerical integration algorithms are used for
comparison test: Bulirsch-Stoer, 4th order Runge-Kutta,
and Runge-Kutta Fehlberg method.

The result of tracking the proton with small initial off-
set around ideal orbit shown in Fig. 2 corresponds to the
expectation. The graphs for y-offset in Fig. 4 exhibit the
behavior of semi-sinusoidal patterns as the curve passes
through focusing and defocusing quadrupole, including
the gentle drift between those sections. The graphs for
x-offset show similar pattern to y-offset, but they includes
additional complication of weak focusing in the magnetic
bending sections. The results show good agreement with
all three integrators. It can be inferred that the imple-
mentation of quadrupole for new lattice was successful
from the shape of the graph and consistency in different
algorithms. However, additional set of tests for field de-
scrpition is required to ensure the underlying formula for
magnetic quadrupole is corret.

Bulirsch-Stoer

4th order Runge-Kutta

Runge-Kutta Fehlberg

FIG. 4: Comparison test set of magnetic ring plus quadrupole
in 3 different integrators. left: x-offset, right: y-offset

3. NORDSIECK ALGORITHM

The main goal of the complete benchmark is to find
a very fast and very accurate algorithm. The Nordsieck
method can be a powerful alternative to Bulirsch-Stoer
or 4th order Runge-Kutta method if it reaches higher
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accuracies for the same computational effort. Nordsieck
Method is a predictor corrector algorithm with an adap-
tive step-size originated by Arnold Nordsieck [5]. 6th
order Nordsieck Method is introduced for implementa-
tion:

m = 5

y(x+ h) = y(x) + h{f(x) + a(x) + b(x) + c(x) + d(x)

+
95

255
[f(x+ h)− fp]}

fp = (x) + 2a(x) + 3b(x) + 4c(x) + 5d(x)
a(x+h) = a(x)+3b(x)+6c(x)+10d(x)+ 25

24 [f(x+h)−fp]
b(x+ h) = b(x) + 4c(x) + 10d(x) + 35

72 [f(x+ h)− fp]
c(x+ h) = c(x) + 5d(x) + 5

48 [f(x+ h)− fp]
d(x+ h) = d(x) + 1

120 [f(x+ h)− fp]

Integration of Nordsieck method with particle tracking
program was not successful. Graph shows instability of
the Nordsieck algorithm in long term by showing gradual
divergence from real solution at some point as shown in
Fig. 5.

FIG. 5: Divergence from solution x = 0 for x-offset using
Nordsieck algorithm for long distance

Great degree of error can be fixed by applying differ-
ent initial condition for input conditions, so it can be
assumed that major parts for instability of numerical so-
lution can be solved by adjusting proper initialization.

4. ANALYTICAL BENCHMARK OF 4TH
ORDER RUNGE-KUTTA FOR PROTON

TRACKING

Analytical benchmark of 4th order Runge-Kutta for
precision proton tracking is performed for magnetic ring
as a lattice with different initial conditions.

4.1. Magnetic Ring

Simple magnetic ring of bending radius 10 m is used
and B-field is adjusted for a single proton at magic mo-
mentum with:

βmagic = 0.59837907771079068553

γmagic = 1.24810735472375355926

4th order Runge Kutta algorithm is used for the cal-
culation with step size of 10−10s with long double data
type.

4.1.1. No focusing

For no vertical focusing(focusing index n = 1), oscilla-
tion frequency of Ss (spin precession frequency) is newly
obtained as:

ωa = 40141385.7243125± 1.77× 10−5Hz

,which is slightly smaller than the value obtained by
Bulirsch-Stoer algorithm (ωa = 40141385.7404602), but
still in good agreement with theoretical expectation.

Now, Constant pitch angle of θy = 10−3 is set for in-
put, and the result for the spin precession frequency is
obtained as:

ωm = 40141378.5256349± 5.39× 10−6Hz

According to the pitch effect [6], correction C is neces-
sary for spin precession frequency:

ωm = ωa(1− C) (3)

This corresponds to an error in both ωm and ωa in the
10−13 range for fitting curve from 4th order Runge-Kutta
method.

Analytical value for correction C can be found by equa-
tion:

C =
1

4
β2〈θ20〉 = 1.790279× 10−7 (4)

,where θ0 is maximum pitch angle of the particle tra-
jectory and can be obtained for linear oscillations by
〈θ2y〉 = 1

2θ
2
0. Fitted value C

′
= 1.797353 × 10−7 is ob-

tained from the simulation, so the relative error of the
correction C is calculated as:

RRK4 =
|C − C ′|

C
= 0.0039 (5)

Compared to the relative error of pitch correction in case
of Bulirsch-Stoer algorithm (RBS = 2.97 × 10−4), 4th
order Runge Kutta gave less accurate result for magnetic
ring without focusing. However, it can be concluded that
4th Runge-Kutta method gives corresponding result to
the analytical expectation.
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4.1.2. with Weak Focusing

Weak vertical focusing of index n = 0.1 is set for mag-
netic ring. Spin precession frequency for the case with
weak focusing is calculated as:

ωm = 40141396.7971373± 8.23× 10−6Hz

Addtional modification CB is required for pitch effect,
since the B-field changes along the particle path:

CB = 〈By −B0

B0
〉 ⇒ C∗ = C − CB (6)

C =
1

4
θ20(1− ω2

a + 2aγ2ω2
p

γ2(ω2
a − ω2

p)
), CB =

n

1− n
θ20
2

+
θ20
4

(7)

⇒ C∗ = −1

4
θ20(

1 + 2aγ2(
ωp

ωa
)2

γ2(1− (
ωp

ωa
)2)

+
2n

1− n ) (8)

= −1

4
θ20(

1 + 2(na )

γ2 − ( na2 ))
+

2n

1− n ) (9)

.where the definition of tunes, (
ωp

ωa
)2 = n

γa , is used for

last term of equations, and ωp is the vertical betatron
oscillation with pitch angle 〈θ2y〉 = 1

2θ
2
0.

A fit of the vertical pitch frequency ωp is obtained as:

ωp = 5672794.81546804± 1.95× 10−5Hz

The analytical expectation value of pitch correction C∗
is calculated from the equation:

ωm = ωa(1−C∗)⇒ C∗ = −2.37579329179346×10−7Hz
(10)

Then, the relative error of pitch correction C∗ is cal-
culated as:

RRK4 =
|C∗ − C∗fit|

C∗
= 0.161 (11)

It can be concluded from the result that the fit of the
pitch correction matches well with the expected value.
However, relative error from 4th order Runge-Kutta
algorithm is not neglible and significantly greater
than the relative error from Bulirsch-Stoer algorithm
(RBS = −7.41× 10−3).

The expectation value of a radial offset caused by ver-
tical oscillation frequency can be calculated as:

〈4r
r0
〉 = − 1

1− n
1

2
〈θ20〉 = −5.5556× 10−07 (12)

,with bending radius of r0 = 10m, 4r = −5.5556×10−06

for radial offset.

The radial offset from the ideal orbit is obtained from
the fit curve of horizontal oscillation as:

4r = −5.55551× 10−6 ± 1.98× 10−11m

The results show the good agreement between the sim-
ulated value of radial offset resulted in good agreement
and the theoretical expectation for ideal orbit.

Expected values for vertical and horizontal tunes can
be calculated from their definitions given as:

vx =
√

1− n = 0.94868

vy =
√
n = 0.31623

Then, the numerical estimate of cyclotron frequency
can be found from the angular oscillation frequencies
with the vertical and horizontal tunes:

ωcx =
ωpx
vx

= 17938968.7106032

ωcy =
ωpy
vy

= 17938937.0878266

Analytical value of cyclotron frequency is calculated
from the definition:

ωc =
qB

m
= 17938952.121498

The result shows that analytical value of cyclotron fre-
quency matches with the numerical values from fit curves
for both vertical and horizontal oscillation frequencies.

5. CONCLUSION

Test of quadrupole magnet as a new beam dynam-
ical element was successful and new lattice including
quadrupole was able to track particle beam successfully
for three different standard integration algorithms. How-
ever, furthur examination of the code file for quadrupole
is needed to ensure its stability and accuracy. Other
beamline elements must be added for supporting greater
utility of the precision particle tracking program.

Although implementation of the Nordsieck algorithm is
not complete and simulation using this integration algo-
rithm is limited to short time interval, it can be improved
in great degree if proper initialization is adjusted in fu-
ture work. Subsequently, accuracy test for the Nordsieck
algorithm should be performed.

Analytical Benchmark of 4th order Runge-Kutta was
successful for the magnetic ring, resulted in good agree-
ment between numerical solution from fitting curve with
analytical expectation. However, accuracy of 4th order
Runge-Kutta was not as sufficient as that of Bulirsch-
Stoer algorithm, so smaller step-size must be tested for
future work. Moreover, 4th order Runge-Kutta should be
tested for different lattice settings, such as electric ring
with or without radiofrequency cavity.
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Abstract

The COMET experiment, expected to be operational in a few years, will search for Beyond Standard Model
physics through charged lepton flavour violation (CLFV) in the form of coherent muon to electron conversion.
This paper seeks to investigate the issue of the online trigger algorithm required for the experiment, which must
determine the presence of a signal in the detector quickly in order to cut down on the data written to hardware,
which is currently of too large a rate. The GEANT4 toolkit was used to simulate the detector used in COMET
Phase-1 to a simple approximation, along with the expected signal and known backgrounds using theoretical
and experimental momentum distributions. ROOT was used to conduct a preliminary search of possible features
that could be used to distinguish signals from background, before the effectiveness of the features were studied
using the TMVA toolkit. The Neural Network and Boosted Decision Tree algorithms were found to have more
success than the other methods studied, and a comparison of features indicated that inclusion of hodoscope data
could prove to better classify the signal and background.

1 Introduction

While the Standard Model has been largely successful
to date, it has failed to answer many questions about
the universe: the existence of dark matter, the matter-
antimatter asymmetry, a quantum theory of gravity, etc.
This raises the need for a theory beyond the Standard
Model (BSM), and many current candidates predict the
existence of charged lepton flavour violation (CLFV) at
a rate much higher than that predicted by the Standard
Model.[1, 2]

Figure 1: Leading order Feynman diagrams for the Standard
Model muon to electron conversion process. These processes
are heavily suppressed due to the large disparity in masses
of the particles within the loop.

Figure 2: Equivalent BSM Feynman diagrams to Fig. 1 for
the muon to electron conversion process. The new particles
will depend on the theory involved.

This has arguably been a natural transition from
the discovery of quarks changing generations as coded
in the CKM matrix or the neutrino flavour oscillations

as described by the PMNS matrix, which is known as
neutral lepton flavour violation (LFV).[3] The impor-
tance of CLFV is undiminished with respect to recent
accomplishments by the Large Hadron Collider (LHC)
at CERN, as it may be related to the physics behind the
neutrino mass and the matter-antimatter asymmetry;
even if the LHC were to find new physics, experiments
such as COMET will be required to distinguish between
the many different BSM theoretical models.[3]

2 The COMET Experiment[1]

The COherent Muon to Electron Transition (COMET)
experiment was designed to search for CLFV through
the µ− − e− conversion. The experimental set-up for
Phase-1 is as shown in Fig. 3.

Figure 3: COMET Phase-1 Experiment layout.

A proton beam impacts the pion production target,
where pions and produced and channelled through the
curved pion-decay and muon transport section, designed
to allow the majority of pions to decay to muons. The
muons then stop in the aluminium muon stopping tar-
get where they either decay in orbit to neutrinos through
the Standard Model process,[2]

1
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µ− → νµν̄ee
− (1)

are captured by the nuclei,[2]

µ−N(Z)→ νµN(Z − 1) (2)

or produce the expected coherent conversion
signal,[3]

µ−N(Z)→ e−N(Z) (3)

This process is highly peaked at an energy of about
105 MeV1 due to the fact that the energy of the electron
is given as [3]

Ee = mµ − Eb −
E2
µ

2mN
(4)

where Eb is the muonic binding energy, mµ is the
muon mass and the final term is from nuclear recoil en-
ergy up to terms of order 1/m2

N .

2.1 Online Trigger Algorithm - A Clas-
sification Problem

The online trigger is the problem studied in this paper;
essentially the issue stems from the inability to write all
detector data to disk due to the rate at which proton
bunches are produced - which is naturally linked to the
rate at which muons arrive at the stopping target. The
trigger is then required to determine the presence (or
lack of) a signal within the order of microseconds - the
proton bunches are pulsed every 1.17µs.[1]

This is known in machine learning circles as a su-
pervised learning, classification problem. A supervised
learning problem is one where we give the computer
information, specifying the class of each data point,
training it to form patterns; in this case we use simu-
lated data where we know and hence can specify which
point corresponds to signal and which to background.

The most important concept to understand is what
is known as features. Features are what is used by a
given machine learning algorithm to distinguish between
classes: in this case, between the signal and background.
This is akin to a simple regression problem - which is
also considered a machine learning problem - where a
cost function is defined as the mean squared distance
from points to a fitted line for a typical graph, except
that a problem can have any number of dimensions; in-
deed, in most cases a greater number of dimensions (i.e.
features) are required in order to better distinguish sig-
nal and background, which often overlap in any single
given feature to some extent.

3 Overall Method

The solution to this problem hence involves intelligent
use - and generation - of the (simulation) data that can
be provided by the detector hardware and/or experi-
ment information as the features of the problem, while
choosing a suitable machine learning algorithm that can
retain as much of the signal as possible while rejecting as

much background as possible. This is tested by training
the algorithms on some subset of data - known as the
training set - and then using the result on another subset
- known as the test set - to evaluate their performance;
this is because the algorithms essentially minimise a cost
function with respect to the training data, so this is a
good indicator of how well the result generalises.

The generation of the data in this paper was done
in the GEANT4 Monte Carlo simulation toolkit, while
most of the data analysis was conducted in ROOT. As a
precursor to sending the data into TMVA for use as the
training set, the data were plotted as histograms to give
a rough view of their distributions so as to determine
their suitability as features. The detector specifications
were retrieved from the Technical Design Report[1] to
an approximation that will be outlined in the sections
below.

4 Simulation of Events

Three different particles were simulated as being di-
rectly produced from the muon stopping target: elec-
trons, protons and neutrons. The electrons were pro-
duced as the expected signal, to a mono-energetic ap-
proximation. The protons and neutrons are expected
backgrounds that would occur from muon capture by
aluminium nuclei as seen in Eq. 2, and consequent de-
cays. Because the focus here was on particles gener-
ated from the stopping target, only the Cylindrical Drift
Chamber (CDC) with its Cylindrical Detector (CyDet)
wires in the white area along with the hodoscopes in
blue and the muon stopping target discs in red were de-
signed in the GEANT4 simulation, as seen (for example)
in Fig. 4. Not drawn (but included in the simulation)
is the proton absorber ring attached to the inner radius
of the cylinder i.e. particles generated from the stop-
ping target will pass through the absorber. All particles
were simulated as having a random initial direction un-
less otherwise specified.

4.1 Magnetic Field

Magnetic field values were taken from the COMET
Technical Design Report [1] simulation values. Data
points were extracted from the graph for the area around
the detector, with some extra length to account for the
B-field in the beam pipe which was added in later on
from section 4.6 onwards. These data points were used
to generate the B-field for all the points required in the
GEANT4 simulations by a simple cubic spline interpo-
lation, since the original graph in the TDR was clean
and data points could be taken at relatively small val-
ues; a fit was found to be unnecessary and even a 7th
order polynomial did not deliver as good results as the
interpolation.

1This value is for aluminium which is used as the stopping target material in COMET.
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4.2 Electron Signal

The mono-energetic electron signal at 105 MeV was the
easiest to simulate and hence provided a good starting
point to check for code errors i.e. if the B field was
working as intended. A sample event is as shown in Fig.
4.

Figure 4: Sample event for mono-energetic electron signal
at 105 MeV. The red line indicates the electron trajectory
while the green lines indicate secondary photons produced
on interaction with the material.

4.3 Muon Capture - Neutron Back-
ground

The unnormalised neutron energy distribution ob-
tained as an empirical formula fit to experimental
data from Mu2e[4] was given as a spectrum of neu-
trons/MeV/capture as shown below in Eqn. 4.3 and
Table 1,

F (E) =





A

(
e
− (E−b1)2

c21 +Be
− (E−b2)2

c22

)
, E < 10MeV

A
(
e−

E
c1 +Be−

E
c2

)
, E > 10MeV

(5)

E<10MeV E>10MeV
A 0.058 ± 0.028 0.151±0.004
B 3.83 ± 4.26 0.080 ± 0.002
c1 6.12 ± 2.73 3.83 ± 0.08
c2 2.45 ± 0.25 20.07 ± 0.36
b1 2.11 ± 5.28
b2 1.11 ± 0.22

Table 1: Table of empirical constants for neutron energy
distribution fit by Mu2e.[4] All energy constants are in MeV
units.

The empirical distribution was normalised, converted
to momentum, and then used to generate the parti-
cles in GEANT4 through a von Neumann accept/reject

method. This is a method of generating probability dis-
tributions with functions that are not easily inverted; a
scaled cover function h(E) is used where its probability
distribution is known and easily generated, and above
the desired distribution at all points, and a sample (x-
value) is randomly selected using it. A uniform random
deviate is then selected between the cover function value
of that sample h(Esample) and 0, and the sample is ac-
cepted if the deviate is below the actual distribution
value F (Esample), or else the cycle is repeated until it is
accepted. This generates a distribution identical to the
intended distribution, with an efficiency that is linked
to the ’space’ between the cover function and the actual
distribution (the more closely the cover function resem-
bles the actual distribution, the less time it takes for a
sample to be accepted on average).
The results were verified as working, as seen in Figure 5.
A scaled exponential distribution (which is easily gen-
erated by standard computational libraries e.g. in the
CLHEP distribution we used in GEANT4) was used as
the cover function. This particular form of the cover
function was found by fixing an arbitrary point on the
y-axis and then extending a line in logarithmic space to
the last x-axis value (energy) to be generated. While
this was a flexible method and would work even if the
maximum energy generated was extended to greater val-
ues, it did not offer much in the way of efficiency since
the area above the curve would increase with an increas-
ing maximum energy, making the von Neumann method
slower. Hence this method was discarded for the (at
least) equally efficient and easier to implement method
of uniform stepped bins as described in later sections.

Energy / MeV
0 10 20 30 40 50 60 70 80 90 100

4−10

3−10

2−10

1−10

Experimental Distribution

Scaled Exponential Dist.

Random Generated Energy Hist.

Figure 5: Energy distribution for neutrons. Green line:
Cover function of scaled exponential distribution. Red dot-
ted line: Experimentally fitted neutron energy distribution
from Mu2e [4]. Histogram: Randomly generated values for
neutron energy distribution. The histogram values fit the
original experimental distribution well.

A sample event from the GEANT4 simulation is as
shown in Figure 6. As expected, most neutrons pass
through the detector with little interaction, following
mostly straight trajectories.
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Figure 6: Sample event for neutron background from muon
capture in the stopping target, generated using the distri-
bution as seen in Figure 5. The green line represents the
neutron generated.

4.4 Muon Capture - Proton Background

A similar process to the previous section 4.3 was fol-
lowed, with the unnormalised experimental proton en-
ergy distribution obtained from AlCap [5] as seen in
Equation 6 with parameters as in Table 2. The values
were again converted to momentum for use in GEANT4
particle generation.

F (E) = A

(
1− Eth

E

)α
exp

(
− E

E0

)
(6)

A 1.50E05 ± 3.4E04
Eth 1573 ± 132 keV
α 2 ± 1.5
E0 2601 ± 186 keV

Table 2: Table of empirical constants for proton energy dis-
tribution fit by AlCap [5]. Note that the units for this dis-
tribution are in keV.

The same von Neumann method2 was applied with a
slightly different cover function; a stepped uniform dis-
tribution was used as a cover function by arbitrarily
choosing 4 bins of samples, ensuring that the bin height
was higher than the desired probability distribution at
all points for all bins, and then generating a random
sample through 2 uniform random numbers: one to se-
lect the bin based on the bin area, and the other to select
the value of the sample within that bin. The process is
the same after that: generate a deviate based on the
corresponding bin height and accept or reject the sam-
ple by comparing the deviate to the desired distribution
value. This was demonstrated and verified as working
in Figure 7.

htemp

Entries  100000
Mean    5.938
RMS     3.032

Energy (MeV)
0 5 10 15 20 25 30 35

4−10

3−10

2−10

1−10
htemp

Entries  100000
Mean    5.938
RMS     3.032

Uniform Stepped Cover Function

Experimental Distribution

Random Generated Distribution

Figure 7: Energy distributions for protons. Blue dashed
line: Uniform Step Cover Function which is used to generate
samples. Red dashed line: Experimentally fitted distribu-
tion from AlCap [5]. Black line: Generated samples, verified
to be approximating the distribution and points well.

Sample events from the proton generation in GEANT4
are largely uninteresting, as most protons do not make
it to the detector wires, being stopped by the proton
absorber (not drawn in the diagram), as seen in Figure
8.

Figure 8: Sample event for proton background from muon
capture in the stopping target, generated using the distribu-
tion as seen in Figure 7. The blue line represents the proton
generated.

4.5 Beam Vacuum Pipe and Beam Dy-
namics Simulations

The beam vacuum pipe was added into the GEANT4
simulation using information obtained by our supervi-
sor, Dr. Myeongjae Lee, using information from the
COMET collaboration database. The titanium window
- placed at the far left in the figures below - and the
4 beam pipe sections were added to the simulation and
the particles were initialized before the titanium win-
dow. See Figure 10 for an example.

2See Section 4.3 for an explanation of the method.
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The COMET TDR [1] did not provide any specific infor-
mation for our investigated beam background particles
- electrons and positrons - in terms of beam diameter
details nor particle direction. Hence we used some ba-
sic estimates based on Dr. Lee’s advice; the ratio of
|ptransverse|/|p| was randomised as a Gaussian distri-
bution with a σ of 0.1. Using this, the direction was
obtained by uniform randomisation in φ.
Meanwhile, a rough estimate for the initial position in-
volved taking the simulation data of the TDR [1] and as-
suming that the muon Gaussian distribution in position
at the most common muon momentum (approximately
70MeV/c) would suffice for our electron and positron
simulations. This amounted to a Gaussian spread in
both transverse directions with a σ of 56.7mm.

4.6 Beam Positron Background

An estimate for the positron momentum distribution
was obtained by extracting momentum data points from
the simulation data provided in the COMET Phase-1
Technical Design Report[1]. As this was presented with-
out an empirical fit, we decided to derive a formula for
our use in the simulations, with the only condition being
that it matched the data points to a decent approxima-
tion. The normalised formula used here was determined
to be

F (p) =





A
(

(b1 − b2e−b3p + c1e
−c2(p−c3)2

)
,

for p < 17.32MeV/c

A
(
b1/(1 + eb2(p−b3))

)
,

for p > 17.32MeV/c

(7)

p<17.32MeV/c p>17.32MeV/c
A 58.05 58.05
b1 0.0005059 0.0005362
b2 0.0006301 0.1688
b3 0.6659 33.98
c1 5.387e-05
c2 0.08746
c3 3.223

Table 3: Table of fitted constants for positron momentum
distribution from data points extracted from the COMET
TDR[1]. All momentum constants are in MeV/c units.

The positron distribution was then generated according
to the same method as in section 4.4, with the 4 bins as
depicted in Figure 9, verified to be approximating the
data points well.

Momentum (MeV/c)
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Figure 9: Momentum distributions for positrons from beam.
Blue dashed line: Uniform Step Cover Function which is used
to generate samples. Black stars: Data points extracted from
the COMET TDR[1]. Red dashed line: Our fitted distribu-
tion according to Eq 4.6 and Table 3. Green line: Generated
samples, verified to be approximating the distribution and
points well.

Beam positrons largely passed through the stopping tar-
get unhindered as in Figure 10, sometimes scattering
photons which produced some hits in the detector as in
Figure 11.

Figure 10: Sample event for beam positron background, gen-
erated using the distribution as seen in Figure 9. The blue
line represents the positron generated.

Figure 11: Sample event for beam positron background, gen-
erated using the distribution as seen in Figure 9. The blue
line represents the positron generated, while green lines rep-
resent scattered photons.

4.7 Beam Electron Background

As before in section 4.6, the simulated momentum dis-
tribution from the COMET TDR [1] was extracted and
an arbitrary fit was found with the caveat that a cut
was made at 1.5 MeV/c i.e. no particles were generated
below this momentum; this was done due to difficulties
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with fitting the steep dropoff towards zero momentum.
This had the normalised form and parameters as

F (p) = A

{
Be

− (p−b1)2

2b22 + C

(
c1 −

p− c2
c3

)−1

+

[
De

− (p−d1)2

2d22 + F

(
f1 −

p− f2
f3

)−1
]
e−f4p

}
(8)

A 66.01
B 0.01124
b1 -0.8483
b2 1.086
C -0.007623
c1 687.8
c2 -3.482e06
c3 6914
D 0.0006668
d1 2.260
d2 2.240
F -0.001380
f1 4.475
f2 -82.18
f3 10.60
f4 0.004853

Table 4: Table of fitted constants for electron (from beam)
momentum distribution from data points extracted from the
COMET TDR[1]. All momentum constants are in MeV/c
units.

The same method for generating the desired distribution
was verified as shown in Fig. 12.
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Figure 12: Momentum distributions for electrons from beam.
Blue dashed line: Uniform Step Cover Function which is used
to generate samples. Black stars: Data points extracted from
the COMET TDR[1]. Red dashed line: Our fitted distribu-
tion according to Eq 8 and Table 4. Green line: Generated
samples, verified to be approximating the distribution and
points well.

Finally, the electron beam background events are similar
to the positron ones in section 4.6 where most electrons
pass through, as in Fig. 13, while a few scatter photons
into the detector, as in Fig. 14.

Figure 13: Sample event for beam electron background, gen-
erated using the distribution as seen in Figure 12. The red
line represents the electron generated.

Figure 14: Sample event for beam electron background, gen-
erated using the distribution as seen in Figure 12. The red
line represents the electron generated, while green lines rep-
resent scattered photons.

5 Feature Selection

5.1 Basis for Selection

There is currently a debate over the usefulness of the
two hodoscope modules; it is not clear how important
they are in the trigger algorithm, or whether it would be
better off without them. As such, we selected 2 features
from the the cylindrical detector and 2 features from the
hodoscope. For clarity, the event as defined in this sec-
tion is the generation of one primary particle, where the
primary particle is what is initialized at the beginning
i.e. the electron signal, proton or neutron backgrounds
from muon capture, or electrons or positron beam back-
grounds. They are not any other secondary particles
produced throughout a single run of the simulation.
For the cylindrical detector, the features we considered
are the maximum wire layer hit per event3, and the en-
ergy deposited on every hit for all hits in all events. The
first feature is considered on the basis that the monoen-
ergetic electron signal is largely confined to the inner
layers of the cylindrical detector, and usually does not
have enough energy to escape to the outer layers. This
is significantly different from the proton and neutron
backgrounds, where the former is usually stopped by the
proton absorber and hence on average does not make it
far into the cylindrical detector, while the neutrons pass
through all the way virtually unscathed.
For the hodoscope features, we selected the mean en-
ergy deposited in a single hit per event, and the total
number of hits on the hodoscope per event. Both the

3The detector wires are grouped into layers where the innermost layer is the ring of detector wires closest to the muon stopping
target.
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’energy’ features from the hodoscope and the cylindrical
detector are selected on the basis - or the hope - that the
monoenergetic signal is again significantly different from
the other backgrounds such that the energy it deposits
has a different distribution.
As for the final hodoscope feature, the basis is similar
to the first feature discussed, in that only the electron
’stays’ in the detector and more consistently hits the ho-
doscope, compared to the backgrounds where it would
be more ’random’.
One thing to note is that in selecting features, it is more
useful to have features which are uncorrelated as this
provides an extra ’degree of freedom’ which can sepa-
rate the signal and background.

5.2 Preliminary Examination

Before the features were assigned as data in TMVA
for analysis, we examined their distributions to observe
their overall shapes. All the following figures have been
normalised to unit area for better comparison. The first
was the maximum layer hit per event, as seen in Fig.
15. Note that for this feature we removed any events
that made no hits in the detector at all.
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Figure 15: Normalised histogram of maximum layer hit per
event for the 5 particle sources, as labelled. The electron
signal peak can clearly be seen.

It is clear that the monoenergetic electron signal has a
peak for this feature in the middle of the distribution,
where we would expect it, since most electrons would
have a circular trajectory that only reaches somewhere
in the middle of the cylindrical detector. The other par-
ticles are in general evenly spread out; the odd case
is of protons, where the reason for the peak at the end
might be because of the small number of events actually
registering hits in the detector may be due to protons
produced near the ends of the muon stopping target,
avoiding the proton absorber and interacting with the
edges of the cylindrical detector. Regardless, this was
inconsequential for our purposes, as the electron peak
demonstrated the goodness of this feature.
The next feature was the energy deposited in the cylin-
drical detector per hit for all hits in all events in Fig.
16.
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Figure 16: Normalised histogram of energy deposited per hit
for all hits in all events in the cylindrical detector for the 5
particle sources, as labelled. The electron has a peak that is
close to but separated from the major peak in the first bin
for the other distributions (aside from protons).

We see here that aside from the proton distribution
which has its peak well separated from the electron sig-
nal peak, the other distributions have a low energy peak
which is easily understood by the fact that the beam
backgrounds deposit their energy mainly through pho-
tons, while the neutrons - being uncharged - leave little
energy in the detector anyway. This feature is uncorre-
lated with the first one, and despite the closeness of the
peak to the low energy peak of the backgrounds, was
still considered useful.
The third feature in Fig. 17 considers the mean energy
deposited in a single hodoscope hit per event.
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Figure 17: Normalised histogram of mean energy deposited
in a single hodoscope hit per event for the 5 particle sources,
as labelled. The electron has a peak that is in the first bin
with the other distributions (aside from protons).

This feature resembles the previous one in 2 ways, the
low energy peak of backgrounds other than protons, as
well as the closeness of the electron distribution to the
low energy background distributions. In this case how-
ever, the peak of the electrons is embedded in the taller
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first bin of the other background distributions. Hence
this feature is not completely correlated with the pre-
vious one, and since part of the investigation was to
discern the usefulness of the hodoscope features, we de-
cided to keep this anyway.
The final feature in Fig. 18 considers the total number
of hodoscope hits per event.

Number of Hodoscope Hits (per event)
0 2 4 6 8 10 12 14 16 18 20 22

N
o

rm
a

lis
e

d
 B

in
 C

o
n

te
n

t

0

0.05

0.1

0.15

0.2

0.25
Electrons

Protons

Neutrons

Positrons (Beam)

Electrons (Beam)

Figure 18: Normalised histogram of number of hodoscope
hits per event for the 5 particle sources, as labelled. All
the distributions are exponentially decaying, but the elec-
tron signal has a slower decay rate than all the backgrounds.

This feature is again similar to the previous 2, with one
clear distinction, the proton background peak is now in
the first bin along with the other backgrounds. Hence
this feature is uncorrelated and was again kept.

6 Results

6.1 TMVA Introduction

TMVA is ROOT’s Multi-variate Analysis toolkit, which
handles all the heavy-lifting in terms of machine learn-
ing computation. It comes bundled with many com-
mon and powerful machine learning algorithms, and
automatically preprocesses data to transform the fea-
ture data into more appropriate shapes or to reduce
correlations[6]. It also automatically splits the input
data into a training and test set equally (this condition
can be changed to assign different portions but it was
left as it was for this analysis). The user can then read
out the response from any of the algorithms chosen and
compare them easily, as the features are combined into a
single plot, with the classes (i.e. signal and background)
as separate histograms.

6.2 Algorithms

Several algorithms were chosen for this problem: Cuts,
Linear Discriminant (LD), Likelihood estimator, Neural
Network (NN), Boosted Decision Trees (BDT) and the
RuleFit method. As most of these are relatively compli-
cated, only a brief description of each will be provided
here4.

6.2.1 Cuts

This is the simplest algorithm. It seeks to place rectan-
gular cuts in the features and iterates to find the best
value which retains signal and rejects background.

6.2.2 Linear Discriminant

This is one step up from Cuts; instead of a vertical rect-
angular cut, this allows for linear ’lines’ in the feature
space. For a single feature, this would simply be the
well known line y = mx+ c.

6.2.3 Likelihood

This algorithm attempts to build model out of proba-
bility density functions which reproduces the input vari-
ables. This is done by calculating the likelihood ratio
of an event, Ls/(Ls + Lb) where the 2 variables are the
likelihood of it being the signal or background.

6.2.4 Neural Network

This is a non-linear discriminant analysis. It attempts
to model the human brain with interconnected neurons;
the input variables are fed in, the outputs are fed into
another hidden layer of ’inputs’, and the cycle continues
for some number of layers before the actual output.

6.2.5 Boosted Decision Trees

Each variable is split into 2 at each ’decision’ until a
stop criterion is reached at the final ’leaf’. This splits
all the data into regions which are eventually identified
as signal or background. Boosting is applied by form-
ing a ’forest’ which has several versions of the same tree
with different weights, and then combining them into a
single classifier by calculating a weighted average.

6.2.6 RuleFit

The RuleFit optimisation essentially uses ’rules’ to de-
fine a scoring function, which is a response to the effec-
tiveness of the classification. The linearity, number and
weights of each rule can be optimised to deliver a better
response.

6.3 Algorithm Responses

The TMVA analysis requires an assignment of weights
to each signal and background - since they are input
as individual variables, not as a combination - so the
variables were normalised to a single proton bunch; the
weights are equal to the number of expected events from
that particle source per proton bunch. The numbers for
the proton number per bunch and the fraction of muon
capture were provided by Dr. Lee as estimates, while
the other numbers were taken from the TDR [1]. The
weights are as specified in Table 5.

4For more information, consult the TMVA User Guide [6] and its related references for each algorithm.

8

Lim Ken Gabriel, Online Trigger Algorithms for COMET 148



A, no. of protons per bunch 8E06
m, muons stopped per proton 5.18E-4
f, no. of captured µ−/stopped µ− 0.61
p, protons produced/captured muon 0.1
n, neutrons produced/captured muon 2
e+, positrons/proton before beam pipe 1.52E-02
e− electrons/proton before beam pipe 1.44E-02
Particle Weight
Electron Signal Am(1− f)
Proton Background Amfp
Neutron Background Amfn
Positron Beam Background Ae+
Electron Beam Background Ae−

Table 5: Table of constants and weights used in the TMVA
analysis.

6.3.1 Without Hodoscope Features

The features discussed previously were used as input
variables in TMVA. First, we only included the cylin-
drical detector data features: the maximum layer hit
per event and the energy deposited per for all hits in all
events. The response is as shown below in Fig. 19.
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Figure 19: Comparison of different machine learning algo-
rithms’ efficiency. The area under the curve is regarded as
the indicator of performance; the greater the area, the better
the algorithm is at classifying the signal and background.

This demonstrates that the neural network (MLBPNN5)
and the BDT appears to perform the best; they are able
to maintain the highest background rejection and signal
retention i.e. points closest to the top right of the graph,
or greatest area under their graphs. Looking at the in-
dividual algorithm responses in Figs. 20, 21, we can see
that the distributions are well separated, and hence the
algorithms perform well.
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Figure 20: Neural Network response. This can be interpreted
by observing how well separated the distributions are.
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Figure 21: BDT response. This can be interpreted by ob-
serving how well separated the distributions are.
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Figure 22: Neural Network efficiency. This shows the rela-
tionship between background rejection and signal retention,
and displays the optimal cut value at 0.29, with an efficiency
ratio of 29.57.

Another useful way of quantifying the response is
through the ratio given in Figs. 22 and 23, which com-
pares the signal and background efficiencies and out-
puts a single number, with a higher number indicating

5This is just a name for an optimised neural network implemented and recommended in TMVA.
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greater efficacy. The ratio for the neural network (29.57)
is slightly higher than the BDT (29.36) here.
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Figure 23: BDT efficiency. This shows the relationship be-
tween background rejection and signal retention, and dis-
plays the optimal cut value at -0.08, with an efficiency ratio
of 29.36, lower than the neural network’s.

6.3.2 With Hodoscope Features

Inserting the 2 extra hodoscope features - mean energy
deposited in a single hodoscope hit per event and total
number of hodoscope hits per event - into the mix, we
obtain the following comparison of algorithms in Fig.
24.

Signal efficiency

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

B
a
c
k
g

ro
u

n
d

 r
e
je

c
ti

o
n

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

MVA Method:

BDT

MLPBNN

RuleFit

LD

BDTG

Likelihood

Cuts

Background rejection versus Signal efficiency

Figure 24: Comparison of different machine learning algo-
rithms’ efficiency. The area under the curve is regarded as
the indicator of performance; the greater the area, the better
the algorithm is at classifying the signal and background. It
is evident that the algorithms perform better with the ho-
doscope features as compared to before in Fig. 19.

It is clear from the area under the graph in Fig. 24 for all
the algorithms (aside from Cuts) have outperformed the
previous process where the hodoscope features were not
included. A comparison of the NN and BDT responses
in Figs. 25 26 also seem to show higher peaks and
’cleaner’ distribution separations as compared to their
counterparts in Figs. 20 & 21.

MLPBNN response

1− 0.5− 0 0.5 1 1.5

d
x

 / 
(1

/N
) 

d
N

0

2

4

6

8

10
Signal (test sample)

Background (test sample)

Signal (training sample)

Background (training sample)

KolmogorovSmirnov test: signal (background) probability = 0.271 (0.078)

U
/O

f
lo

w
 (

S
,B

):
 (

0
.0

, 
0

.0
)%

 /
 (

0
.0

, 
0

.0
)%

TMVA overtraining check for classifier: MLPBNN

Figure 25: Neural Network response. This can be interpreted
by observing how well separated the distributions are. It has
a cleaner separation between the distributions compared to
Fig. 20.
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Figure 26: BDT response. This can be interpreted by observ-
ing how well separated the distributions are. It has a cleaner
separation between the distributions compared to Fig. 21.
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Figure 27: Neural Network efficiency. This shows the rela-
tionship between background rejection and signal retention,
and displays the optimal cut value at 0.43, with an efficiency
ratio of 30.35, higher than before in Fig. 22.

Finally, it is expected from these results that we note
the efficiency ratios increase for both the NN and BDT
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algorithms as in Figs. 27 & 28, but interestingly this
time the BDT (30.83) outperforms the NN (30.35).

Cut value applied on BDT output
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Figure 28: BDT efficiency. This shows the relationship be-
tween background rejection and signal retention, and dis-
plays the optimal cut value at -0.05, with an efficiency ratio
of 30.83,, higher than before in Fig. 23 and also higher than
the neural network this time in Fig. 27.

7 Conclusion

This paper sought to develop a short and simple approx-
imation to the COMET experiment through simulations
in GEANT4 in order to study 4 different background
particle sources and compare them with the expected
mono-energetic electron signal. From the results of the
analysis in ROOT and more importantly, TMVA, the
Neural Network and the Boosted Decision Trees seem
adept at retaining the signal and rejecting background,
with the BDT outperforming the NN when hodoscope
features are included. Also, the results show that there
is at least some reason to believe the hodoscope data
will be useful for the online trigger as the inclusion of
its features have improved the classifier efficiencies (al-
most) across the board. It is however, pertinent to note
that the online trigger has a time limit, and that the NN
took about an order of magnitude - a factor of roughly
10-20 - of time longer to train/test in TMVA than the
BDT, so this may be its Achilles heel.

8 Acknowledgements

We would like to thank Dr. Myeongjae Lee for his guid-
ance throughout the project. I would also personally
like to thank Ewen Gillies, Benjamin Krikler, Dr. Yoshi
Uchida and Dr. Paul Dauncey for providing me access
to and/or giving me advice and information on COMET
in general.

References

[1] R. A. et al., “COMET Phase-1 Technical Design Re-
port,” tech. rep., COMET Collaboration, 2014.

[2] R. P. Litchfield, “Muon to electron conversion: The
comet and mu2e experiments,” in Interplay between
Particle and Astroparticle Physics, 2014.

[3] R. Bernstein and P. S. Cooper, “Charged Lep-
ton Flavor Violation: An Experimenters Guide,”
Physics Reports C, 2014.

[4] V. Biliyar, “Calculation of the Spectrum of Ejected
Neutrons From Muon Capture,” tech. rep., Mu2e-
docdb-1619, 2015.

[5] N. Tran, “Update on AlCap,” tech. rep., 15th
COMET Collaboration Meeting, 2015.

[6] A. Hoecker, P. Speckmayer, J. Stelzer, J. Therhaag,
E. von Toerne, and H. Voss, TMVA4 Users Guide,
2013.

11

Lim Ken Gabriel, Online Trigger Algorithms for COMET 151



 

 

 

 

 

 

 

 

 

Uniform magnetic field coil: design, prototype building, and testing 

Mofan Zhang 

Aug 13, 2015 

 

 

 

 

 

 

 

 

 

 

 

Mofan Zhang, Uniform magnetic field coil: design, prototype . . . 152



Abstract: 

A set of six coils with same radius and 0.582*R spacing was found to have configuration 
(N_inner =17, N_middle = 16, N_outer = 28) to produce a B-field with less than 1% divergence. 
A prototype was designed using AutoInventor and build with 3-D printing assembled with 
aluminum profile frame. This configuration was tested and behaves almost the same as 
simulation under .1G accuracy. Potential systematic error from power supply and gauss meter 
were noticed. 
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Introduction: 

This is a continued project from my previous work at Indiana University Bloomington CEEM 
(Center for Exploration of Energy and Matter) with Prof. Michael Snow. The purpose of this 
project is to design a set of coils that produces a constant magnetic field. The magnetic field 
should has a divergence (∆!

!
) less than 1%. We will be using this set of coils on Dr. Yun Chang 

Shin’s part of ARIADNE experiment. It will serve a purpose of preserving the polarization of 
polarized He3 during transportation. As well as providing a magnetic field for Nuclear Magnetic 
Resonance1. My project consists three parts: design, prototype design and building, and 
prototype testing.  

Design: 
A set of coil to produce constant magnetic fields is found with following parameters: 6 coils with 
same radius; variable coil spacing; variable turns on each coil. COMSOL Multiphysics is the 
major tool used to simulate and figure out an optimized coil configuration. To test the reliability, 
Opera is used to verify the result obtained from COMSOL. Several different configuration was 
tested. 

 
Fig. 1: 3D view of Helmholtz spacing coil set with an x-y cut plane of B-filed showed in legend. 

As shown in Fig. 1, the spacing is R between each coils. This configuration is chosen to obtain 
the uniformity of B-field produced by Helmholtz coils. Optimization is required for this set of 
coils. Otherwise, the on axis B-field will became a huge bell curve. 

                                                
1 “Searching for: Fifth Force of Nature”, PPT, Michael William Snow, Physics department of Indiana University  
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Fig. 2: This is the on axis B-field produced by a five coil with same turns and R spacing from my 

previous work in CEEM. It has a shape of bell curve as discussed in the text.  

To obtain symmetry of magnetic field with respect to the center of this set of coils, coils from 
Fig. 1 has turns such that N1=N6, N2=N5, N3=N4. Eventually a configuration of (13, 14, 19) = 
(N3&N4, N2&N5, N1&N6) is found to optimize this set of coils. 

 
Fig. 3: On axis B-field of Helmholtz spacing coil set. x-axis represents coordinate on z-axis from 

one end of the set to the other end. y-axis is the magnetic field strength. (13,14,19) 
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From Fig. 3 we can observe several noticeable bumps symmetric about the center line. This 
symmetry of bumps is corresponded with the position of coils. N1, N6 are near the cross; N2, N5 
are at circles; N3, N4 are at crucifix. The asymmetry of field strength of these bumps are very 
likely caused by inaccuracy of simulation. A finer Mesh could be applied for a smoother graph 
and the symmetry of field strength between correlated bumps. Calculation shows that ∆!

!
 is more 

than 8%. This coil set does not fulfil the requirement.  

Fig. 3 revealed a fundamental problem of coil sets with Helmholtz spacing. It is the fact that this 
type of coil set will always have these bumps because the coils are not close enough in order for 
the magnetic field curve produced by each single loop to be indistinguishable for each other. 
This is an analogous concept of Rayleigh Criterion of EM wave interference. To resolve this 
problem I have reduced the spacing between each coil from R to R/2. Simulations was done with 
Finer mesh to avoid inaccuracy and smoothen the graph.  

 
Fig. 4: On axis B-field of R/2 spacing coil set. x-axis represents coordinate on central axis from 
one end of the set to the other end in meters. y-axis is the magnetic field strength in Gauss(G). 

(13, 14, 20) 

 The optimized R/2 spacing coil set produced a very nice looking graph. From Fig. 4, B-field 
looks almost constant from 1m to 2.5m. The turns of this coil set are (13, 14, 20). ∆!

!
  from 1.4m 

to 2m region is around 1.1% which is almost the same as 1% divergence as required. This result 
is too good for me to believe in. Opera simulation was run to verify the result from COMSOL. In 
Opera, current density is the parameter to determine current rather than turns and current. Since I 
am using 1mm copper wire to build my prototype, current density is determined by the cross 
sectional area of 1mm wire. The result turns out to be the same. 
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Fig. 5: On axis B-field of R/2 spacing coil set. x-axis is distance in meters from one end of the 

coil to the other. y-axis is B-field in Tesla. Graph done with 10^5 steps of iterations. (13, 14, 20) 

We can see Fig. 5 and Fig. 4 have very similar shapes over the same distance. Curvature on top 
of Fig. 5 is still noticeable. To decrease divergence, this configuration is further optimized.  

 
Fig. 6: On axis B-field of R/2 spacing coil set. (13, 14, 23) 

Fig. 6 is the optimized coil configuration for R/2 coil set. Divergence of this coil set is less than 
1%. Hence, (13, 14, 23) is chosen to be the optimized configuration. 
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Prototype design and building: 
AutoInventor was used to design a coil frame to wrap copper wires on. The file will be sent to a 
3D printing company for a budget report and building. Proper size aluminum profile will be used 
to build a base to mount coil wrappers.  

 
Fig. 7: A coil frame to wrap copper wire on. This wrapper will produce a coil with 175mm 

radius.  

Fig. 7 shows the primary design of a coil wrapper. The size of this wrapper is around 400mm. 
Holes on this frame is meant for air cooling in case the wires overheat. The cost to 3D print six 
of this frame is around 12000 USD. Due to budget issue, a smaller version of this was designed. 

 
Fig. 8: Final version of coil frame. R = 55mm. It has a size of 130mm. 
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The cost is acceptable. So the design in Fig. 8 is the final frame design chosen to be 3D printed.  
 

 
Fig. 9: 3D printed frame according to the design in Fig. 8. 

 
Fig. 10: AutoInventor assembly of coil set. Minimum separation is 32mm. 
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An issue was discovered after the 3D printed frame was built. That is the closest distance 
between two coils is larger than R/2. R/2=27.5mm is smaller than the minimum separation which 
is 32mm as from Fig. 10. New separation is 0.582 of R. A new configuration was found for this 
spacing to approach the constraint of  ∆!

!
< 1% . This configuration was find to be (17, 16, 28). 

This configuration produces B-filed similar to Fig. 6. 

 
Fig. 11: Final product of coils with 0.582*R spacing. 

Each coil is connected with a short connector made out of two alligator clip and a short piece of 
copper wire. Two end of this coil set is connected to the power supply through two banana cables. 

 
Fig. 12: Aluminum profile. Product M2020 from 2. 

                                                
2 , MP 2020, Web. 10 Aug. 2015. http://www.ds-profile.co.kr/  
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Fig. 12 is the type of aluminum profile we use in Fig. 11. It has a total length of 300mm. The 
coils are freely to move on this aluminum profile rail so that other possible spacing can be tested. 
The coils can also be rewired and longer rails can be purchased to test other configurations. 
 
Prototype testing: 
Gauss meter must be tested beforehand. Type SSI-409-13 Gauss Meter by ������ (Seoul 
Scientific Instrument) is used to measure on axis magnetic field of the prototype coil. The center 
B-field was measured to test the reliability of two Gauss Meter of the same time that are provide 
for this experiment.  

 
Fig. 13: x-axis is voltage is V, y-axis is magnetic field strength in G. 

There is a noticeable difference in between two gauss meters especially in Fig. 13. We can see a 
clear linear trend on the dots above which represents gauss meter #2. Gauss meter #1 which is 
the bottom line have fluctuating readings. It does not provide such a linear graph as #2 did. 
Hence I decided to use only #2 for data collection in order to prevent any systematic error due to 
flawed equipment. Reading error bars are too small to be shown on Fig. 13 
 
 

 
 
 
 
 
 
 
 

                                                
3서울과학기기(Seoul Scientific Instrument), 코일의자기장측정 SSI-409. Web. 10 Aug. 2015. 
http://physicspro.co.kr/bbs/view.php?id=pro07&page=1&sn1=&divpage=1&sn=off&ss=on&sc=on&select_arrange
=headnum&desc=asc&no=19  
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Set 1: 

 
Fig. 14: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = 

0.997V, I = 1.057A. 
The power supply can only vary voltage across but not current. Hence data was collected from 
1V to 4V and recorded the corresponded current. The data was taken from the center (0cm) to 
9cm off center since the B-field should be symmetric about the center. We can see from Fig. 14 
the magnetic field forms a valley in the middle and bumps on the side. It is possible that the turns 
on N1,N6 is too large.  
 

 
Fig. 15: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = 

1.997V, I = 2.102A. 
Fig. 15 has the same shape of B-field Fig. 14 has.  
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Fig. 16: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = 

2.997V, I = 2.359A. 
Fig. 16 confirms with Fig. 14 and 15 which proves that results from COMSOL and Opera might 
not be very reliable. The curve shape of Fig. 16 is slightly rougher than the others. 

 
Fig. 17: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = 

3.997V, I = 3.163A. 
When the voltage was raised to almost 4V, the valley shape was completely changed into an 
asymptotic shape towards the line of 20G from outside to center as shown in Fig. 17. This 
confirms with previous simulations such as Fig. 4, 5, 6. There might be potential systematic error 
about gauss meter. There is something interesting about this type of gauss meter. It is the fact 
that once turned on, its readings increases with time and saturates with certain value after around 
five minutes. So before measurement, this zero error must be calibrated. Nevertheless, there is a 
potential chance that this zero error arises during measurement which becomes a systematic error. 
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There is another possibility that my probing method introduces a source of error. The method is 
to try to move gauss meter along the central axis of this coil set. It is easy to get a bit off axis 
hence probing a wrong magnetic field.  

 
Fig. 18: A ruler was placed in the middle to figure out the coordinate. This metal ruler was 

magnetic so was later replaced by a plastic ruler. 
 
To stabilize movement, gauss meter was placed on a platform so it is almost at the center line of 
this coil set. Also, this time the entire frame was moved to stabilize measurement. 

 
Fig. 19: Stabilized gauss meter. 
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Fig. 20: Marked zero point on aluminum profile matching with ruler. 

 
Another set of data was collected with this improved method.  
 
Set 2: 

 
Fig. 20: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = 

0.997V, I = 0.793A. 
 

For some reason, with same voltage across, the current was reduced by around .5A comparing to 
Fig. 14. There is a potential systematic error inside the power supply. 
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Fig. 21: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = 
1.997V, I = 1.581A. 

 
 
 

 
 

Fig. 22: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = 
2.997V, I = 2.359A. 
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Fig. 23: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = 

3.997V, I = 3.145A. 
As we could see, Fig.20 to 23 shows the same shape of B-field on the central axis. This result 
confirms with previous COMSOL and Opera simulations as in Fig.4, 5, 6. 
 
Data from Fig. 14 to 17 and from Fig. 20 to 23 was probed with Gauss meter with 200G 
sensitivity. Its accuracy is ± 0.1 G. A more accurate result is needed in order to determine the 
divergence on a 1% level. 20G sensitivity and a more discrete data point was used to increase 
accuracy.  

 
 

Fig. 24: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = .998V, 
I = .700A. 
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Fig. 24 confirms with simulations. Some fluctuation of data point is noticeable, but in general 
there is a similar shape such like Fig. 20 to 23. 
 

 
Fig. 25: On axis B-field, x-axis is central axis coordinate in cm. y-axis is B-field in G. V = 

1.998V, I = 1.821A. Readings on Gauss meter increased from 0.00G to 0.52G by the end of this 
measurement. 

 
Fig. 25 looks similar to Fig. 14 to 16 which there might be error introduced. As Fig. 25 says, 
there is a 0.52G zero error by the end of measurement.  
 
Conclusion: 
Design: 
R/2 and 0.582R spacing are not enough to fulfil the requirement from Dr. Shin. Its spacing is so 
close so that makes no difference as using a solenoid. Other configuration involving non constant 
spacing in between coils should be found in the future in order to enlarge the relative effective 
space of uniformity.  
 
Prototype Building: 
Method of measurement should be considered in to design. A frame to place gauss meter or other 
probing devices could be designed for accuracy and convenience. 
 
Prototype Testing: 
Wires should be soldered to sustain good connection. Good connection between wires would 
lead to stabilized current. There is a systematic error appeared in the Gauss meter. A more 
accurate and stable gauss meter could be used to eliminate systematic error. A power supply with 
variable current and more stable current should replace the current one. 
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Abstract 
 
 
 
 
 

 To detect the very faint signal of Axion through the change of field in the radio 
frequency(RF) cavity, advanced measuring techniques and suitable equipment 
are required to be tested, for the process of the generated RF signal. Before 
MIDAS DAQ system reads out the signal, noise need to be lowered efficiently. 
Noise is added from the amplification of signal in the setup chain and also from 
the change of the temperature from mK to room temperature. It should be 
proved that signal can be down-converted at room temperature without losing 
the information contained. Signal should fit the frequency window with the 
appropriate added gain but without adding any significant noise to the system. I 
test the components and the behavior of the signal of the following setup chain 
under the suggested measuring process and noise lowering technique. [1] 
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1   Introduction 
 

The output signals detected from a cavity oscillate from hundreds of MHz up to 
tens of GHz. In case of very high frequency, output signals must be down-
converted before they are digitised for the following steps. There are two main 
methods used in RF signal processing; the homodyne and heterodyne. In the 
Axion experiment, heterodyne method is going to be used for the RF signal 
processing. [2] 
 
 

2   The Usages and Functions of Filter 

 
The main function of Filter is to pass through the singals that we want and 

diminish other singnals. In other words, Filter is necessary for choosing the 
signals in some range. The keywords for understanding Filter are Inductance, 
Capacitance, Resonance. For understanding Filter, S parameter is used. Generally, 
when RF pass through the cable, there will be a little insertion loss. The meaning 
of S21 = 0dB is output/input  = 1 because of  10* log 1 = 0. However, if there is 
Filter on the process of the signal, it makes pass band. In case of  S21 keep 
continuing  0dB  and S11 indicates low value, it means the input signal is 
reflected at the least. 
 

 

2.1   Low Pass Filter 

 

 
 
                                                                                                                                

0dB 

 

 

         

 

Figure 1 : Graph of the Low Pass Filter 
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2.2   Band Pass Filter 

 

 

0dB 

 

 

 

 

Figure 2 : Graph of the Band Pass Filter 

 

2.3   High Pass Filter 

 

 

                                                                                                                                                          0dB 

 

 

 

 

Figure 3 : Graph of the High Pass Filter 
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3   The Usages and Functions of Amplifier 

Amplifer is used for amplifing the signal. In radio communication, the signal is 

exchanged and in that process, noise follows inevitably. Especially, radio 

communication gets bigger noises and losses than communication using cables. 

That is why we must use Amplifier. Before sending the singal, we must amplify 

the sending signal and when we recevie the signal, we also amplify the receiving 

signal. In case of sending, Power Amplication is important. On the contrary, in 

case of receving, Low Noise Amplication is significant. 

 

 

 

 

 

 

Figure 4 : Comparision between Parallel and Series Connections 

 

For increasing Gain, add Amplifier in series connection. 
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3.1  Analysis of Amplifier Experiment in Terms of Gain 

 

Input(dBm) Output(dBm) Gain(dB) 

-130 -104 -26 

-120 -94 -26 

-110 -85 -25 

-100 -75 -25 

-90 -65 -25 

-80 -55 -25 

-70 -45 -25 

-60 -35 -25 

-50 -25 -25 

-40 -15 -25 

-30 -4 -26 

-20 4 -24 

-10 3 -13 

0 1 -1 

Figure 5 : How Much Gain is According to The Input and Ouput 

 

Figure 6 : Relationship between Input and Output 
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4   The Usages and Functions of Mixer 

 
Mixer converts frequency into upper or lower frequency.  

 

Frequency A                                                       Frequency B 

                                         Mixer 

Figure 7 : Role of the Mixer 

 
In Axion experiment, we control very faint signal. In case of using high 

frequency as it is, it is very hard to control that signals. That is why output 
signals must be down-converted before they are digitised for the following steps. 
The noticable usage of Mixer is in the conversion process of Intermediate 
Frequency and Radio Frequency. In conclusion, By mixing two frequency into 
one, Mixer generates new frequency. 

 

fRF                                       fIF  

                 fLO                  Local Oscillator 

fIF  = fRF  - fLO 

Figure 8 : Down Conversion 
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5   Down-Converter Electronics Measurement 
 

 
 

Figure 9 : Connection of the Components 
 

Filter 
1 
VBFZ-5500-ST

 

 

Amplifier 
2 ZX60-542LN-S

+ 

 
Mixer 3 HMC – C009 

 
Amplifer 4 HMC – C059 

 

 

5.1    Performance of the Components 

 

 
 

Figure 10 : Table of the Performance of the Components [3] [4] [5] [6] 

 

 

 

 
 
 
 
 
  
                        

1       2         3        4 

Daehyun Kim, Functions of The Components for The Radio . . . 175



8 
 

6   Conclusion 

 

 
 

Figure 11 : Peak of the Input Signal and Lowred Output Noise 

 
The weak signal of  -165dBm can be measured with down conversion system at 

room temperature. The Input amplitude is -165dBm and the Input frequency is 
4.2GHz. The Output amplitude is -116.13dBm. So the total of gain or loss of the 
individual component is -48.87dBm. The noise floor that inculdes thermal noise, 
HTF and noise figure is ~ -133dBm. [7] 

By this experiment, we can catch the signal in the low amplitude conditions. It 
means Axion signal which also has a very faint signal can be detected by signal 
processing. However, making it more precise and accurate, we must find the 
optimal conditions and components by doing more experiments. 
 

 

 

 

 

 

 

 

 

Daehyun Kim, Functions of The Components for The Radio . . . 176



9 
 

References 
 
[1] System Noise-Figure Analysis for Modern Radio Receivers, Charles Razzel , 
Maxim Intregrated Products Inc , June 2013. 
 
[2] Down-Converter Electronics Measurement Plan Young-Im Kim, Center for 
Axion and Precision Physics Research, Institute for Basic Science (IBS), Daejeon, 
South Korea, July 6, 2015. 
 
[3] http://www.minicircuits.com/pdfs/VBFZ-5500+.pdf 
 
[4] https://www.hittite.com/products/view.html/view/HMC-C009 
 
[5] http://www.minicircuits.com/pdfs/ZX60-542LN+.pdf 
 
[6] https://www.hittite.com/products/view.html/view/HMC-C059 
 
[7] Demonstration of 10-22 W Signal Detection Methods in the Microwave Range 
at Ambient Temperature, F. Caspers, S. Federmann, D. Seebacher, CERN, Geneva 
Switzerland , July 2009. 

Daehyun Kim, Functions of The Components for The Radio . . . 177



Precision Particle Tracking

Jay Kalinani1

In collaboration with Matthew Wilson2 and Seung Hur3

Supervisor: Dr. Martin Gaisser4

1 MS Ramaiah University of Applied Sciences, India
2 University of Oxford, United Kingdom

3 University of Rochester, United States of America
4 Center of Axion and Precision Physics, Institute for Basic Science, South Korea

Abstract: We present our work on improving a precision particle tracking program written

in C++. We have implemented a quadrupole beamline element as well as a full lattice including

quadrupole elements into the code. Simulation results show good agreement with expectations. We

are currently implementing a new integration algorithm – the Nordsieck Method[1]. The initial

results look promising however we still need to implement the proper starting algorithm. Adaptive

step-size control as well as the starting algorithm have been successfully implemented in a standalone

C++ version of the algorithm.
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1 Introduction

Precision measurements at low energies provide an alternate path to the frontier in particle physics.

To benchmark the code used to simulate precision storage ring experiments, we have been working

on an under development version of a particle tracking program [2] written in C++.

Different lattices such as simple magnetic ring and simple electric ring had already been devel-

oped in the code. We work on implementing a new lattice which contains magnetic quadrupoles.

A magnetic quadrupole element is generally used for particle beam focusing in accelerators. It has

successfully been implemented as a beamline element in a newly constructed lattice. The goal is

to run tests and understand the particle motion in such a lattice, and to increase the scope of the

program.

To track the position and spin of the particle as it travels around the constructed lattice, we

need to solve the equation of motion of the particle and the T-BMT equation for spin-evolution.

The spin equation [3] used here is as follows:

d
−→
S

ds
=

(
1

ṡ
~ΩBMT − ~κ× ~es

)
× ~S (1)

~ΩBMT =
q

m

[(
G+

1

γ

)
~B − Gγ

1 + γ

(
~β · ~B

)
~β −

(
G+

1

γ + 1

) ~B × ~E

c
+
η

2

(
~β × ~B +

~E

c
− γ

γ + 1

~β · ~E
c

~β

)]

(2)

This equation is defined in the accelerator coordinate system as shown in figure 1. Standard

algorithms such as the 4th order Runge-Kutta, Bulirsch-Stoer and Runge-Kutta Fehlberg have

already been implemented using ODEINT Boost libraries [4] to solve the above differential equa-

tions. Here, a new algorithm formulated by Arnold Nordsieck has been introduced, and results are

compared with other algorithms with regard to speed and accuracy.

Figure 1: Coordinate system for particle tracking

2

Jay Kalinani, Precision Particle Tracking 179



2 Magnetic Ring - Quadrupole Lattice

2.1 Description

A quadrupole beamline element has been added to the program, and a new lattice is implemented.

The goal is to construct a lattice similar to a FODO lattice, which consists of a focussing quadrupole,

followed by a bending magnet, then, a defocussing quadrupole, followed by another bending magnet,

shown in figure 2. The length of the quadrupole is taken as 1m, and the radius of the bending

magnet is taken as 10m. The bending magnets provide weak focussing in x-direction. In general,

the parameters can be set by the user using an input file, which makes the code flexible to use.

Figure 2: Magnetic ring with Quadrupole lattice

2.2 Implementation

An initial offset of 10cm is set in x-axis as well as in y-axis. The focussing index is kept at 1,

which corresponds to zero focussing, and the field gradient value is set at 3× 107V m−2. The code

is executed for a single proton. The fourth order Runge-Kutta method has been used in this case.

2.3 Results

The particle is successfully tracked for many turns, and due to initial offsets of 10cm set in x-

direction and y-direction, the particle oscillates in both the directions. The results are depicted in

figure 3. As it can been seen, in x-direction, the proton first goes through a focussing quadrupole

as it is deflected downwards, after which it enters the bending magnet which provides the weak

focussing. It changes direction as it encounters the defocussing quadrupole. An opposite effect

can be seen in the y-direction where the former quadrupole gives the defocussing and the latter

3
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quadrupole acts as a focussing one, and there is no focussing in the bend magnets as they act like

drift spaces.

Figure 3: x-offset and y-offset depicted in accelerator coordinates

3 The Nordsieck Algorithm

3.1 Description

Nordsieck introduced in his paper a numerical integration method for a system of first order ordinary

differential equations

y′(x) = f (x, y(x)) , y(x0) = y0, x ∈ [x0, xn] (3)

The method is essentially a predictor-corrector method, and it formulates an adaptive step-size

control during the integration process and also includes a method for initialization of parameters.

In our project, we restrict our analysis to the Nordsieck method based on a fifth-degree polynomial

approximation, m = 5, which is expected to be stable and accurate. The equations for m = 5 are

given as:

y(x+ h) = y(x) + h

{
f(x) + a(x) + b(x) + c(x) + d(x) +

95

288
[f(x+ h)− fp]

}
(4)

fp = f(x) + 2a(x) + 3b(x) + 4c(x) + 5d(x) (5)

a(x+ h) = a(x) + 3b(x) + 6c(x) + 10d(x) +
25

24
[f(x+ h)− fp] (6)

4
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b(x+ h) = b(x) + 4c(x) + 10d(x) +
85

72
[f(x+ h)− fp] (7)

c(x+ h) = c(x) + 5d(x) +
5

48
[f(x+ h)− fp] (8)

d(x+ h) = d(x) +
1

120
[f(x+ h)− fp] (9)

3.2 Implementation

3.2.1 MATLAB

The basic stand-alone code for 6th order Norsieck method was first implemented in MATLAB

without the starting algorithm and the step control method. This was a preliminary run to test

the algorithm and to get a better feel and understanding of how it works. Integration of a simple

function f(x) = 2 sin(2x) was done using the Nordsieck method as well as the fourth order Runge-

Kutta method. A fixed step size of h = 0.01 was used in both algorithms. The results were

compared and seemed very accurate, as shown in figure 4.

Figure 4: Integrating f(x) = 2 sin(2x) using 4th order Runge-Kutta and the Nordsieck method.

3.2.2 C++ stand-alone code

The Nordsieck method was then implemented in C++ along with the starting process and the

adaptive step-size algorithm. The idea was essentially to solve any differential equation in a stand-

alone code and then, implement the algorithm in the particle tracking program. The equation

that could be solved by the code was of the form d~y
dx

= f(x, ~y) where ~y could be a vector of any

dimension. We take a simple function to integrate in this case, given as

5
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f(x, ~y) = sin(x) + cos(x) (10)

where ~y is a one-dimensional vector. For step size h = 0.0001, the error graph constituting of

the difference between the calculated result and the analytical result was plotted, and the error was

found to be in the order of 1× 10−7. This is shown in figure 5. The initialization method worked

well, showing very accurate results for the values of a, b, c, d as compared to the analytical values

calculated separately.

Figure 5: Error between calculated code and analytical result while integrating eq. 10.

When the code is run with a large initial step size such as h = 10, the testing conditions for

step-size correction fail, and a deviation from the analytical solution is observed as shown in figure

6. This problem needs to be worked upon in the future.

Figure 6: Deviation of executed method and analytical solution in integrating eq. 10 for h=10

6

Jay Kalinani, Precision Particle Tracking 183



3.2.3 Integration with Tracking Program

The Nordsieck method was finally integrated with the particle tracking program. In this case, the

initial step size was taken as h = dt = 1 × 10−9s. For a short period, the results were accurate

and promising when compared to those from the 4th order Runge-Kutta method. This is shown in

figure 7.

But for a longer period, the integration program became unstable, which is shown in figure 8.

This was done including the initialization algorithm but without adaptive step-size control method.

Figure 7: x-offset and y-offset in accelerator coordinates for short period

Figure 8: Instability in x-offset values in implementation of Nordsieck method for long period

7
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4 Conclusion

Implementation of the Nordsieck method into the particle tracking program is still a work in

progress. The issues that need to be addressed include proper initialization code for large step size,

implementation of adaptive step-size control and re-checking the implementation of test conditions.

It was observed that the instability caused in the method was due to the fact that the step size was

not kept constant as the last step value in a beamline element was observed to be shorter than the

other step values. This issue was tackled by scaling up the values of a, b, c, d for that step. This

turned out to give stable and accurate results for a longer period. The algorithm becomes unstable

after a very long period, and the problem lies in the very small numerical values generated during

the implementation of functions for the ODEINT Boost libraries. In conclusion, the results look

very promising and only little work needs to be done for the final implementation.

5 Future Work

• Implementation of the adaptive step-size control and proper initialization method into the

particle tracking program.

• Addition of new lattices to increase the versitality of the program.

• Benchmarking tests on the implemented algorithm and compare its accuracy and speed as

outlined in [5].
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    RF Signal Processing 
 

 

Eleni Athanasiou 
Advisor: Dr. Young-Im Kim 

 
 
 
Abstract: 
Radio frequency (rf) signal processing is used in Axions Experiment for the signal 
generated in the resonant cavities. Advanced measuring techniques and suitable 
equipment are required to be tested in order to maintain all the frequencies the 
signal contains during the process of preparing the rf signal to be digitized. In the 
following report homodyne and heterodyne techniques are presented and also the 
materials and equipment used at the lab during the signal processing. Simulation 
program ADS is presented briefly and suggested as a way to test the different 
devices used during the rf signal processing. 
 

1) Introduction  

 
In Axions Experiment we need to detect radio signals of high frequency up to 
certain GHz and low power about 10-24 W.  
Before these signals are read by the DAQ system they need to be digitized. Due to 
the fact that digitizers cannot proceed such high frequencies the signal needs to 
be down converted while preserving all the information it may contains and 
without adding any noise. 
Therefore, different techniques have been developed and several devises have 
been tested (DUTs = Device Under Test), in order to achieve best signal 
reservation with getting rid of thermal and circuit noise. 
 
 
 

2) Homodyne/ Heterodyne measuring 
techniques 
 
The most known techniques for radio frequency down conversion are the 
homodyne and the heterodyne. They are both achieved using a mixer. 
A mixer is a device that creates one or two outputs intermediate frequency (if) 
using the summation of the two inputs, local oscillator (lo) and radio frequency 
(rf). 
Heterodyne technique is useful for frequency shifting signals into a new frequency 
range, and is also involved in the processes of modulation and demodulation. It is 
mainly used to generate new frequencies and move information from one 
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frequency channel to another.  The advantage of this technique is that the different 
frequencies of the different stations received are all converted to the same IF 
before amplification and filtering. It usually has two outputs one as the sum and 
one as the difference of the two inputs, radio frequency and local oscillator. 
In the lab tests heterodyne technique has been used with the output of 
intermediate frequency as fout= frf – fl.o.   
Homodyne technique is when the signal in the input rf is equal to the signal at local 
oscillator. This means that conversion to baseband is done in a single frequency 
conversion, a method that avoids complexity, and other issues such as image 
rejection. IT usual requires a filter on the output. 
 
 
 
 
 

3 Measurements 
 
3.1 Heterodyne technique 
 
Basic heterodyne technique can be achieved using the following diagram. 
It contains a bandpass filter an amplifier a mixer and a second amplifier. We use a 
rejection mixer for reject filtering or image canceling, to remove frequencies we 
do not need. 
Occasionally, between the intermediate frequency ((if) as output) of the mixer and 
the second amplifier, a second bandpass filter can be used as well.  We add the 
second filter in cases when the mixer doesn’t have the imaging rejecting frequency 
function. At inputs one contribution is considered spurious and the other one 
intended. 
 
 
 

3.2 Devices Under Test (DUTs) 
 
The DUTs used in the lab were: a filter, an amplifier, a mixer, and a splitter. 
The equipment in order to proceed the tests were a signal generator, and a signal 
analyzer. For testing active components, such as the mixer and the amplifier, an 
external DC power supply has been used. The test procedure is presented with the 
following block diagram. The purpose of these measurements is to check the 
behavior and the linearity of each device. 
 
 
 
 
 
 
 
Filter : VBFZ-5500 S+, Mini Circuits ( Bandpass :4900 – 6200 MHz) 

DUT Signal 
generator 

Signal 
analyzer 
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In this case we measure the insertion loss of the filter.  We first connect the cable 
from the signal generator to the signal analyzer. Then we set the frequency we 
want on the signal generator. We tune the center frequency and the span on the 
signal analyzer to detect the peak. We repeat the measurements this time with the 
filter as DUT according to block diagram. Insertion loss (Il) is measured in dBm. 
 

 
 
 
 
 
Amplifier : ZX60-542LN+, Coaxial (50Ω , 4400~5400 ΜΗz)  
We measure the behavior of the amplifier. The gain keeps increasing until it 
reaches saturation. 
 

 
 
 
 
 
 
Splitter: 2MSCQ-2-50+, Coaxial (50Ω, 25-50MHz) 
At 40 MHz we check the linearity of the splitter on each output. 
 

f (GHz) P1 (dBm) P2 (dBm) Il= ΔP =P2-P1

5 -21,960 -23,220 -1,260

7 -2,512 -6,602 -4,090

3 -1,533 -34,930 -33,397

6 -12,170 -36,970 -24,800

8 -12,780 -36,970 -24,190

4 -11,75 -26,580 -14,830

Input (dBm) Output (dBm) Gain (dB)

-130 -106,22 23,78

-120 -96 24

-110 -86,709 23,291

-100 -76 24

-90 -66 24

-80 -56,842 23,158

-70 -46,852 23,148

-60 -36,841 23,159

-50 -26,821 23,179

-40 -16,823 23,177

-30 -6,862 23,138

-20 3,021 23,021

-10 5,149 15,149

0 5,209 5,209
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Mixer: ZFM-150 -S+ , Coaxial. 
A mixer is an active component. We perform the following measurements to check 
its linearity at 50MHz.  According to measurements the power of local oscillator is 
approximately ~ 10 dBm, as expected. 
 

 
 

 
 
 
 

Amp (dBm) Output S1 Output S2 Amp-S1 Amp-S2

-130 -133,534 -132,558 3,534 2,558

-120 -126,746 -123,403 6,746 3,403

-110 -114,059 -113,402 4,059 3,402

-100 -103,912 -103,334 3,912 3,334

-90 -93,916 -93,372 3,916 3,372

-80 -83,853 -83,176 3,853 3,176

-70 -73,969 -73,332 3,969 3,332

-60 -63,954 -63,304 3,954 3,304

-50 -53,924 -53,287 3,924 3,287

-40 -43,853 -43,2 3,853 3,2

-30 -33,988 -33,386 3,988 3,386

-20 -23,973 -23,293 3,973 3,293

-10 -13,903 -13,301 3,903 3,301

0 -3,873 -3,222 3,873 3,222

Pin Frequency Power

RF 1.05 GHz ~

LO 1GHz 10 dBm

IF 50MHz ~

RF (dBm) IF peak (dBm) LO= fin-fout

-130 -132,179 -2,179

-120 -125,979 -5,979

-110 -120,986 -10,986

-100 -115,356 -15,356

-90 -97,466 -7,466

-80 -93,189 -13,189

-70 -82,211 -12,211

-60 -68,633 -8,633

-50 -57,509 -7,509

-40 -50,044 -10,044

-30 -37,562 -7,562

-20 -27,497 -7,497

-10 -17,478 -7,478

0 -8,143 -8,143
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3.3 Full chain measurement 
 
The full chain measurement has the following components as shown in the picture 
taken during the measurements.  

 
p.1: device chain under test. 
 

 
 
 
We use our signal generator set at -135 dBm amplitude.   
We use 4 attenuators of 10 dBm each, in order to lower the power of the generated 
signal down to -175 dBm, equivalent to the weak signal we get as input of a 
resonant cavity. 
Then we connect the signal generator to a bandpass filter.  
We connect a low noise amplifier to the filter.  
After the amplified signal goes into the rf input of the mixer.  We connect the local 
oscillator (lo) of the mixer to a second signal generator, as we proceed an 
heterodyne measurement technique.  The mixer in this chain contains the function 
of image rejection so a second filter after the intermediate frequency isn’t 
required. The signal generated from the intermediate frequency is getting 
amplified by the second amplifier. 
We adjust the resolution bandwidth on the signal analyzer to detect the -170 dBm. 
We control the resolution bandwidth, the number of frequency and the span to 
minimize the noise floor. 
Resolution BandWidth : 100mHz.  
Frequency points:1200. Span: 100Hz. 

Type Model Frequency  Notes

filter VBFZ-5500ST 4.9 - 6.2 GHz Insertion loss 1.26dB

amplifier1 ZX60-542LN-S+ 4.4 - 5.4 GHz Noise figure 1.9 dB ,Gain 24 dB

mixer HMC-C009 4.0 - 8.5 GHz Intermediate frequency -3.5dB

amplifier 2 HMC-C059 1.0 - 12 GHz Noise Figure 1.8 dB , Gain 16 dB
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Noise floor: -150 dBm.  Peak:-124.668 dBm. 
Total gain G= 50.332dBm. 
The output signal of the chain is shown on the signal analyzer. 
 

 
p.1: signal generator used as main source to chain. 
 

 
p.2 : signal generator connected to local oscillator for heterodyne measurement. 
 

 
p.3: network analyzer, lowered noise figure and signal peak. 
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p.4: equipment. 
 
The equipment used for the testing the devices, as shown in the picture above, is 
the following: 
Signal Generator, Keysight E8257D 
Signal Analyzer, Keysight N9030A 
DC Power Suply Agilent, E3631A 
 

3.4 ADS simulation 
 
Another way of testing different components to prepare the rf signal for digitizing 
is the Advanced Design System (ADS), Agilent Technologies program.  
We adjust the parameters of each component of the test chain, to see the systems 
final behavior. 
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4 Conclusion 
With all the information mentioned above we can calculate the noise figure of the 
chain we tested, in order to predict its performance.  
In all cases of noise calculation and total loss of the component chain tested, cable 
loss is considered about 0.5 dBm / cable.  
In addition, ADS is suggested to simulate and predict the behavior of the devices 
used in future test chains. 
 
 

References: 
[1] Microwave engineering, David M. Pozar 
[2] System Noise- Figure for Modern Radio Receivers, Charles Razzell 
[3] ADS Circuit Design Cookbook 2.0 
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Abstract: The COMET experiment is designed to search for charged lepton flavor violation.

through muon coherent transition to an electron. The rate of the events will be huge and thus

we need an online triggering system to select only the interesting events. GEANT4 was used to

simulate the detector and ROOT was used to examine the features were studied using the TMVA

toolkit.
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1 Introduction

1.1 Charged lepton flavor violation

1.2 COMET Phase-I experiment

The COherent Muon to Electron Transition (COMET) experiment is designed to search for charged

lepton flavor violation (CLFV) through muon coherent transition to an electron (µ− e conversion)

in the field of an aluminium nucleus (µ−N → e−N). The COMET Phase-I experiment is under

construction at J-PARC in Japan (in Hadron Beam Facility) and it is expected to run in 2018.

Figure 1: The entire view of J-PARC [5]

The experiment will utilize an 8 GeV proton beam extracted from J-PARC’s Main Ring via

a new beamline into the J-PARC handron hall [2]. The proton beam will produce pions after

colliding with a graphite target. The pions will decay into muons. The muons will be selected

based on their momentum and their charge using a muon transport solenoid. Selected muons will

continue along the beam and stop in an aluminium target which is placed inside a cylindrical drift

chamber in a 1Tesla magnetic field. The magnetic field is bend the track of charge particles causing

them to fly in a helical path. By recovering the radius of the path we can calculate the transverse

momentum. The inner layers of the chamber sit 53cm from the beamline. By this way, much of

the low energy background electrons are ignoring. The outer layers of the detector sit at 80.2cm

2
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from the beamline. There are also two hodoscopes which are placed on the inner wall of the drift

chamber at its upstream and downstream ends.

Figure 2: The layout of COMET Phase-I experiment [4]

The muons which stop in the aluminium target may decay in orbit,

µ− → e−VµV̄e (1)

or be capture by a nucleus,

µ− +N(A,Z)→ Vµ +N(A,Z − 1) (2)

or produce the expected coherent conversion signal

µ− +N(A,Z)→ e− +N(A,Z) (3)

Figure 3: Potential Feynman Diagram for muon to electron conversion [4]

3
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This process violates the convation of lepton flavours, while conserving the overall lepton number

[3] It is very important that this signal is consists of a single electron at a well defined energy of

105MeV. The energy of the electron is giving by

Ee = mµ −Bµ − Erec (4)

where, mµ is the rest mass of the muon, Bµis the binding energy of the muonic atom and Erec

is the nuclear recoil energy.

The energy peak of the signal (105MeV) is well above the peak from the main source of back-

ground (µ− → e−VµV e). The muon who stopped at the target may decay in orbit and this procedure

is the main source of background in the experiment. The electrons of these decays are expected to

peak at 45 MeV for aluminium but they can also have larger momentum and pollute the signal [3].

1.3 Online Trigger Algorithm

The triggering system is a system that selects the interest physics we want to study and rejects

the background. We can not keep all the data of an experiment because they are too many and we

do not need to keep everything. Most of the decays are well known procedures, we have already

studied them and we do not need to keep them for further studies. Therefore we need an online

triggering system that can decide in real time (1.17 µs is the distance of the proton bunches) if an

event is interesting or not.

2 Simulation of the detector

The simulation of the detector was designed using the GEANT4 simulation framework and includes

the Cylindrical Drift Chamber (CDC) with its Cylindrical Detector (CyDet) wires, the hodoscopes

in blue (see figure 4 for example) the muon stopping target discs in red and also the proton absorber

ring attached to the inner radius of the cylinder which is not drawn but is included in the simulation.

The direction of the particles produced from the target is random.

Into the GEANT4 simulation we also added the beam vacuum pipe (see figure 13 for example)

using information from the COMET Collaboration database. The beam vacuum pipe consists of

4 beam pipe sections and a titanium window in the beginning. In this case, the direction of the

particle produced from the beam is not random but follows a gaussian distribution. Specifically,

following the advice of Dr. Myeongjae Lee we randomized the ratio of | Ptransverse | / | P | as

a Gaussian distribution with σ = 0.1 and the angle φ as a uniform distribution. From the ratio

| Ptransverse | / | P | and the angle φ we calculated the direction of motion of the particles.

4
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3 Simulation of signal and background events

We need to simulate the signal process and the background processes. For the signal process we

simulated electrons with energy of 105MeV coming from the aluminum target. For the background

processes we simulated protons and neutrons producing from the aluminum target and positrons

and electrons coming from the beam. We used the experimental energy distributions of neutrons

and protons from Mu2e [1] and AlCap [6] experiments respectively to reproduce the energy of

these particles through a von Neumann (accept/reject) method. We did not have experimental

distributions for positrons and electrons so we used distributions came out from simulations of the

COMET Phase-I experiment. We used a program to extract the values of those graphs and then we

fitted the points and reproduced the energy of positrons and electrons by using the same method

as before.

3.1 Electron Signal

A sample event is as shown in Fig.4

Figure 4: Simulation of an electron signal producing from the target. The red line indicates the

electron trajectory and the green lines indicate secondary photons produced on interaction with

the material

5
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3.2 Neutron Background (Muon Capture)

Energy / MeV
0 10 20 30 40 50 60 70 80 90 100

4−10

3−10

2−10

1−10

Experimental Distribution

Scaled Exponential Dist.

Random Generated Energy Hist.

Figure 5: Energy distribution for neutrons

A sample event is as shown in Fig.6

Figure 6: Simulation of a neutron (green line) producing from the target
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3.3 Proton Background (Muon Capture)

htemp

Entries  100000
Mean    5.938
RMS     3.032

Energy (MeV)
0 5 10 15 20 25 30 35

4−10

3−10

2−10

1−10
htemp

Entries  100000
Mean    5.938
RMS     3.032

Uniform Stepped Cover Function

Experimental Distribution

Random Generated Distribution

Figure 7: Energy distribution for protons

A sample event is as shown in Fig.8

Figure 8: Simulation of a proton (blue line) producing from the target
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3.4 Beam Positron Background

Momentum (MeV/c)
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0
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Figure 9: Momentum distribution for positrons from beam

Sample events are as shown in Fig.10 and Fig.11

Figure 10: Simulation of a positron coming from the beam. The blue line represents the proton

generated and the green lines represent scattered photons
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Figure 11: Simulation of a positron coming from the beam. The blue line represents the proton

generated and the green lines represent scattered photons

3.5 Beam Electron Background

Momentum (MeV/c)
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Figure 12: Momentum distribution for electrons from beam

Sample events are as shown in Fig.13 and Fig.14
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Figure 13: Simulation of an electron coming from the beam. The red line represents the electron

generated and the green lines represent scattered photons

Figure 14: Simulation of an electron coming from the beam. The red line represents the electron

generated and the green lines represent scattered photons

4 Features

The first feature is the maximum layer hit per event (figure 15).
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Figure 15: Normilised histogram of maximum layer hit per event

The second feature is the energy deposited in the cylindrical detector per hit for all hits in all

events (figure 16).
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Figure 16: Normalised histogram of energy deposited per hit for all hits in all events in the cylin-

drical detector

The third feature is the mean energy deposited in a single hodoscope hit per event (figure 17).
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Mean Hodoscope Energy Deposit (per hit)
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Figure 17: Normalised histogram of mean energy deposited in a single hodoscope hit per event

The final feature is the total number of hodoscope hits per event (figure 18)
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Figure 18: Normalised histogram of number of hodoscope hits per event
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Abstract:

Using the model that axions are energetically distributed in a Maxwellian distribution, a signal was

synthesised to simulate one that might be detected by a resonant cavity when it detects an axion.

The axion mass was set at 5.2 GHz and the RMS velocity was given a value of 355 km/s. The signal

was generated and Fourier transformed computationally using C++ and FFTW3. Afterwards, a

signal generator and a spectrum analyser was used to test this synthesised signal. Furthermore,

the limits and possible improvements on the detection of such a signal was explored using real

equipment. Downsampling was tentatively tested as a tool for eliminating background noise. Using

the simulated signal, the e↵ect that a resonant cavity has on such a signal was then tested to show

that the signal is transformed into a resonance peak.
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1 Introduction

The axion is a theoretical particle that was proposed as a solution to the strong CP problem.

These particles are massive, uncharged and weakly interacting, making them a suitable candidate

for dark matter. The detection method for the project at CAPP/IBS follows the idea proposed by

Sikivie (1983) [1]. This involves a resonant cavity with a high magnetic field that induces axions to

transform into microwave photons. From this resonant cavity, some frequency distribution should

appear, representing the axion energy distribution.

An assumption made to generate this simulation is that axions in the galactic halo are in a

spherical, isothermal phase space distribution [2]. As these axions fall into galactic gravitational

potentials, they gain kinetic energy and are distributed in a Maxwellian distribution [3]. The

probability distribution function (pdf) in terms of velocity is:

f(v)dv = 4⇡
⇣ m

2⇡kBT

⌘ 3
2
v2e

� mv2

2kBT dv (1)

Converting velocity to kinetic energy and using polar co-ordinates, Eq. 2 shows a pdf in terms

of axion kinetic energy.

f(EK)dEK = 2
⇣ 1

kBT

⌘ 3
2

r
EK

⇡
e
� EK

kBT dEK (2)

The total energy of the axion can be given by a rather simple equation (Eq. 3), assuming that

axions are non-relativistic. This is a reasonable assumption as Turner (1990) found that axions

should be travelling at v̄ = 355 kms-1 in the laboratory frame on Earth [4].

Eaxion = Erest + EK = mac
2 +

1

2
mav̄

2 (3)

Using EK = 3
2
kBT = 1

2
mav̄

2 and v̄ as calculated by Turner, the parameter kBT ⇡ 4.7⇥ 10�7ma

was substituted into Eq. 2, where ma is the axion rest mass. Then using EK = h⌫, in natural

units, the pdf in terms of axion frequency is;

f(⌫) = 2
⇣ 1

4.7 ⇥ 10�7ma

⌘ 3
2

r
⌫

⇡
e
� ⌫

4.7⇥10�7ma (4)

Axion rest mass was arbitrarily set to 5.2 GHz. From Eq. 4, a pdf can be plotted as seen in

Figure 1.

2
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Figure 1: A plot of the Maxwellian pdf shown in Eq.4

2 Signal Generation

The pdf seen in Figure 1 was used to sample 107 simulated axions with random kinetic energies that

fit the distribution in C++. These particles were then placed in a histogram with 100 bins with

�⌫ = 1 kHz. Particle counts in each bin then served as an arbitrary amplitude, where Ai = bincount
107 .

The maximum amplitude was set to 0.01 V to make comparisons with hardware tests later. The

axion signal X was generated by taking the amplitude A and the frequency ⌫ and applying it to

the formula:

Xt =
X

i

Aisin(2⇡⌫it) (5)

where i represents a sampled point within the Maxwellian pdf and t represents an instant in time.

To generate the total signal over a period of time, this process was repeated for multiple timesteps.

Figure 2 shows a simulated axion signal for exactly one period of oscillation with amplitude set to

0.01 V. Figure 3 shows a similar signal that has three full oscillations, an amplitude set to 1 V and

a demonstration of the oscillatory behaviour of the simulated axion signal. Although the arbitrary

axion rest mass was set to 5.2 GHz, the resultant signal was down-converted to 10 MHz due to

limitations on the arbitrary waveform generator, explained in more detail in Sections 4 and 5.

3
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Figure 2: A simulated axion signal in the time domain, where amplitude was set to 0.01V to make comparisons

easier with the arbitrary waveform generator and the spectral analyser. This signal covers exactly one period of

oscillation for the axion signal.

Figure 3: A similar signal to Figure 2 but with an amplitude set to 1 and covering 3 full oscillations. The small box

shows an enlarged section of the graph about the point t = 0.0005 s
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3 Fourier Transform via C++ and FFTW3

The simulated axions signals, such as the one seen in Figure 2, were then converted to frequency

spectra. These spectra should give the same form as the pdf seen in Figure 1. Comparing the

di↵erences between the pdf, signal and its Fourier transform gives good insight into detection

methods and limitations.

Figure 4: Fast Fourier Transform (FFT) of a simulated axion signal with amplitude measured in Volts

To perform the Fourier transform on the axion signal, C++ code with FFTW3 [5] was used.

The signal, shown in Figure 2, was Fourier transformed computationally, to produce the Figures 4

and 5. Note that the peak occurs at 10 MHz. This was because the signal generator had a limit of

1.2 GS/s which means that due to the Nyquist theorem, only frequencies below 600 MHz would be

producible [6]. Therefore, the signal was down-converted to peak at 10 MHz rather than 5.2 GHz.

A formula was used to convert Volts to power in dBm:

P (dBm) = 10log10

⇣ V 2

RP0

⌘
(6)

where R is load impedance and P0 is the reference wattage. For our system, R = 50 ⌦ and

P0 = 1 mW.
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Figure 5: The same FFT as seen in Figure 4 but with amplitude measured in dBm. This was created to make

comparisons with hardware tests easier.

As expected, when Fourier transformed, the signal in the time domain gives back the same

Maxwellian pdf. This process has verified that the FFT code is functioning properly and that the

simulated axion signal has been generated correctly.

4 Fourier Transform via Spectrum Analyser

An arbitrary waveform generator was used to input the simulated axion signal into a real system of

instruments. Firstly, the simplest physical system that the signal was sent through is seen below.

Simulated Axion Signal

Tektronix,

AWG 5014C

Arbitrary

Waveform

Generator

Agilent E4402B

ESA-E Series

Spectrum

Analyser
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Figure 6: The same FFT as seen in Figure 4 but with amplitude measured in dBm. This was created to make

comparisons with hardware tests easier.

Essentially, this was done to crosscheck the physical signal analysis with the computational

signal analysis. The results given by the Spectrum Analyser can be seen in Figure 6 and these

results are consistent with the computational Fourier transforms.

5 Comments on Signal FFT

For a simulated signal, there are conditions that must be fulfilled to view a complete and accurate

Fourier transform of this signal. An essential condition is that all of the frequency information must

be contained in the signal produced in the time domain. This means that the data sample that will

be Fourier transformed must contain at least one full oscillation of the signal. One full oscillation is

shown in Figure 2 and this is the minimum amount of data needed to create a complete frequency

spectrum seen in Figure 4. Mathematically, this can be explained by:

T =
1

�⌫
= 0.001 s (7)

�t =
1

1.2 GS/s
(8)

Nmin =
T

�t
(9)

where T is time period of signal, �t is the minimum sampling timestep and Nmin is the minimum

number of samples needed to create one full sample. So the number of samples needed in the time

domain signal is Nmin = 1.2 ⇥ 106 samples. Below this sample number, the Fourier transform will

not contain all the information needed to generate a correct spectrum analysis. On the other hand,
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it is also problematic to have Nmin � 1.2 ⇥ 106. With too much data, the Fourier transform is

able to distinguish between a real analogue signal and a simulated digital signal. In other words,

the spectral analysis is able to show that the signal was generated from a finite set of frequencies,

linearly spaced and set by the user. Examples of these two cases can be seen in Figure 7.

Figure 7: FFT from half period length (left) and 10 period length (right) samples.

Another criterion for producing a complete and accurate signal spectrum is that the signal must

be below the Nyquist frequency. This frequency is the highest detectable frequency in a spectrum

and it is dependent on the sampling rate. The Nyquist frequency is defined as

⌫Nyquist =
RSampling

2
(10)

where RSampling is the sampling rate. This was the reason why the 5.2 GHz axion signal was

down-converted to 10 MHz in Section 3. A 1.2 GS/s signal generator will only be able to generate

signals that have a maximum frequency of 600 MHz. An example of ⌫signal > ⌫Nyquist is shown in

Figure 8 where the ⌫Nyquist = 10 MHz.

Figure 8: The Fourier transform of an axion signal where ⌫signal > ⌫Nyquist.
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6 Downsampling

As a small detour, downsampling was explored as a technique to reduce background noise and

improve signal to noise ratio (SNR). This technique proved to be quite powerful at reducing the

fluctuations on a random noise sample.

Essentially, downsampling is taking one time data signal, creating two signals and averaging

these samples. Figure 9 shows a time data signal which is the red continuous sine curve and two

di↵erent signals sampled from this sine curve, denoted by the circles and crosses. When Fourier

transformed, the time data signal will show a single peak at the frequency of the sine wave. The

two sampled signals will also show a single peak as long as the Fourier transform is not done to

an excessive precision, with resolution finer than that of the time di↵erence between each cross or

circle.

Figure 9: A well-behaved sine wave to explain downsampling.

In terms of axion signal simulation, the time data from one axion signal can be taken, made

into many downsampled signals, Fourier transformed and the resultant spectra can be averaged.

Through this averaging method, random fluctuations can be suppressed since this noise will even-

tually average to zero. Let D denote the number of downsamples taken from the original sample.

Larger D means more spectra to average and greater SNR (improved by
p

D). As long as D is

not so large that ⌫signal < ⌫Nyquist, the Fourier transform will generate the needed spectrum, and

downsampling should lead to higher SNR. In this case, ⌫Nyquist =
RSampling

2D
.
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(a) D = 1 (b) D = 1

(c) D = 100 (d) D = 100

(e) D = 10,000 (f) D = 10,000

Figure 10: FFT of downsampled noise where D is the number of spectra that 1 spectrum was downsampled to.

Figure 10 shows the e↵ect of downsampling on a completely random noise sample. Visibly, as

D increases, the data shows less fluctuation. An interesting note is that a,c and e had Fourier

normalization constants of 1p
N

, whereas, b,d and f had normalization constants of 1
N

, where N is

the number of data points. Note the di↵erent central amplitude values.
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7 Signal testing in a Resonant Cavity

The simulated axion signal was then sent through a critically loaded cavity and measured. The

system was similar to that of Section 4 with minor changes:

Simulated Axion Signal

Tektronix,

AWG 5014C

Arbitrary

Waveform

Generator

Mini-Circuits

frequency mixer

ZX05-C60LH-S+

Keysight,

E8257D PSG

Analog Signal

Generator

up-converted signal

Cavity 4

Amplifying

Circuit

Keysight, PXA

Signal Analyzer

N9030A
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The signal was up-converted to 1.84 GHz using a mixer and another signal generator since this

was ⌫resonance of Cavity 4. Cavity 4 is a copper cavity used in the laboratory at CAPP/IBS.

When the axion signal was tested through the resonant cavity, the output signal measured was

shaped more like a resonance peak than a Maxwellian. The detected signal can be seen in Figure

11.

Figure 11: The signal after it has passed through Cavity 4 and with an amplifying circuit.

This was also checked through computer simulations with adding a lorentzian weighting to an

already Fourier transformed axion signal. The Lorentzian function used was:

L(x) =
1

⇡

0.5�

(x � x0)2 + (0.5�)2
(11)

where � is a parameter to control the width and x0 determines the center of the function. A

graph was plotted with � = 104 and � = 10�4 to see the e↵ects of Lorentzian weightings with

di↵erent spreads on the axion signal. Using Q = !0

�
, the respective Q values are 1.84 ⇥ 105 and

1.84 ⇥ 1013. The weighting on the signal is added like,

W (⌫) = L(⌫) ⇥ S(⌫) (12)

where W (⌫) is the resultant signal amplitude at ⌫, L(⌫) is the Lorentzian amplitude at ⌫ and

S(⌫) is the original signal amplitude at ⌫. This is seen in Figure 12.
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Figure 12: A simulation with di↵erent � values weighting the original axion signal. Amplitude is completely arbitrary

and was used to display the graphs on the same scale.

As seen above, the shape of the axion signal can be severely distorted by the cavity resonance

function.

8 Discussion

This report presents two major topics of discussion. First, the normalization constant of the Fourier

transform seems to change the central amplitude of random noise fluctuations, seen in Figure 10.

When downsampling a data set, the amplitude should not change. This is true if the normalization

constant is set to 1p
N

. This seems logical since 1p
N

makes the Fourier transform symmetric. This

problem is one that needs to be investigated so that the data analysis on a real axion signal uses

the right normalization constant and obtains the correct power for the axion signal.

Secondly, the e↵ect of a cavity on the axion signal holds more weight than previously thought

since it changes the whole shape of the signal. Although this could be a matter of more precision

in finding the resonance or critical loading point of a cavity, the cavity has the potential to distort

the axion signal. It could even be a fundamental distortion that appears in all types of resonant

cavity experiments, depending on the geometry of the cavity. If further research shows that this is

an irremovable property of resonant cavities, experiments must be conducted to find the distortion

that each cavity will have on an axion signal.
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9 Conclusions and outlook

Overall, the project was able to verify and test-run through generating an axion signal and make

sure that this signal was detected correctly. Downsampling was also explored as a technique to

make detection easier in the presence of noise. Further research needs to be done on the e↵ect that

a cavity has on an axion signal. Tests on downsampling and the e↵ectiveness of increasing SNR

would be useful in determining the utility of this technique. Also, a data sample including both

background and signal should be downsampled to explore the limitations of this method. Lastly,

the correct normalization constant of the Fourier transform needs to be rigorously determined.
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Abstract

Muon g-2 E989 at Fermilab (FNAL) will measure the anomalous magnetic moment of a muon. The
main goal is to test the Standard Model’s predictions of this value by measuring the precession rate
experimentally to a precision of 0.14 parts per million. If there is an inconsistency, it could indicate the
Standard Model is incomplete and in need of revision. Radio Frequency (RF) signals are applied to the
plates of quadrupole magnets in the storage ring in order to reshape the phase space arrangement of the
muon beam. An amplifier circuit is needed to provide powerful enough signals. I have designed external
circuitry that can monitor and control this amplifier circuit.

1 Introduction

Phase Space Matching

Phase Space diagrams show arrangements of particles with different momenta in space. The muon beam
phase space diagram is initially an ellipse. However, the desired shape is a circle, since there is less chance
of muons that are further away from the centre to be lost while travelling around the ring and being bent
by the magnets [1]. Muon losses and coherent betatron oscillation (CBO) are important issues for reducing
the systematic errors of the muon g-2 experiment at FNAL [2].

The circle shape is achieved by applying high powered RF signals as shown in Figure 1. The effect is
expected to be maximized when the beam distribution in phase space makes 45◦ from axes, because the
cooling is a projection of the beam onto spatial axis in phase space [3].

The RF signals are obtained by using TOMCO 500 W Pulsed RF Amplifier, class AB [4] (Figure 3).
Class AB amplifiers are biased to operate in the linear region for slightly more than 180◦ of the input cycle.
They are very efficient, but special care must be taken to avoid crossover distortion: distortion in the output
waveform due to the time needed for the transistors to conduct [5]. The input signal must be reduced to well
below 0 dBm to insure the amplifier operates in the ‘extreme linear range’. The amplifier covers 10 kHz-3
MHz frequency range. Its gain is such that an RF drive level of 0 dBm will produce a 500 W minimum
output level, ie an input signal of 1 mW will be amplified to a 500 W output.

For the RF beam phase space matching, an ideal RF electric field is applied for 20 µs from the beginning
within a 1 m long RF quadrupole. The process of RF matching can be thought of as the electronic equivalent

∗Korean Undergraduate Summer Program (KUSP)

Figure 1: Before RF beam phase space matching. Figure 2: After RF beam phase space matching.
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Figure 3: TOMCO Power Amplifier [4].

Figure 4: 25-pin D Female Connector [6].

to reshaping the trajectory of a satellite orbiting around a planet: the mechanical equivalent to RF signals
is impulse applied to the satellite by ejecting mass in a certain direction or applying force.

From the simulation study done at Centre for Axion and Precision Physics (CAPP), it is confirmed
that the RF cooling works: the Computer Simulation Technology (CST) simulation was done to check the
electric and magnetic fields distribution in the quad structure due to the applied RF for beam phase space
matching of the muon g-2 experiment. Two different solvers, CST EM Studio (CST EMS) and Microwave
Studio (MWS), were used to apply the RF field to the quad structure. The two solvers have different ways
of apply the RF to the model, so using them both was a method for cross checking of the results. The
electric fields for both EMS and MWS were almost same. The magnetic fields are in same order but both
are negligibly small for the experiment. The idea of RF beam phase space matching can be applied to the
muon g-2 experiment at FNAL [2].

Parallel interface connector

A parallel interface connector is fitted at the rear of the amplifier. In multi-unit systems, all of the parallel
interface connectors are bussed together to give a single 25-pin connector (Figure 4) that provides the in-
terface for the entire system. This is used to connect the amplifier to a computer, so that its operation can
be controlled and tracked with ease.

Connector Pinout Tables Colour Coding

Operation and Safety Manual comes with a table that explains significance of each of the 25 pins [4]. The
colour coding used is the following:

1. Green colour for an output signal indicating normal operation;

2
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Figure 5: Pull-up Resistor [7].
Figure 6: Pull-down Resistor [7].

2. Red colour for an output signal indicating a fault condition;

3. Blue colour for an output signal for information only;

4. Orange colour for an input signal.

This colour system has inspired the use of corresponding LEDs.

Connecting LEDs and Resistors

LEDs cannot tolerate high currents so it is essential to always connect them with resistors in series. The
LEDs I used had the limiting voltages:

• 2.1 V for yellow/orange LED

• 2.2 V for red LED

• 2.2 V for green LED

• 3.0 V for blue LED

For most pins the voltage applied was 5 V so to obtain a 2-3 V drop, 330 Ω were most often connected
with the LEDs.

All of the LEDs had a forward current of 20-30 mA.

Pull-up Circuit

Figure 5 shows a circuit diagram that includes a pull-up resistor. This means that the resistor in a pull-up
circuit is connected to the power supply rails and the collector. Circuits connected to pins #19 Shutdown
and #22 Power Supply Unit (PSU) Adjust are examples of such circuits. The pins are connected to 10 kΩ
and 1 kΩ resistors, respectively. The resistors are connected to orange LEDs and switches and these are
then grounded.

Pull-down Circuit

Figure 6 shows a circuit diagram that includes a pull-down resistor. In contrast to a pull-up circuit, the
resistor is connected between the emitter and ground. Circuit connected to pin #20 Gate In is an example
of such a circuit. The pin is connected to a switch. The pull-down resistor and an orange LED are connected
to the other side of the switch and to ground.

2 Pin Functions

2.1 Pin #1 - DC Power

Pin #1 indicates that the unit has valid DC supply rails. This essential for the amplifier circuit to be
effective.
Signal on parallel interface connector:
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Digital status output.
0 V= DC not OK
+5 V= DC OK
The output resistance of this signal is 470 Ω.

DC Power has a local indication too: if the green LED is not lit, there is fault or unit is not switched on.
This is consistent with the circuit built on the board: pin #1 is connected to a 330 Ω resistor and a green
LED in series [4].

2.2 Pin #2 - Forward Power

Pin #2 indicates that the unit’s output power is greater than approximately 1% of the nominal full power.
If the impedances are not matched, the power amp will not work at its full output power and we will not
achieve the RF signals needed. Hence, it is very important to know that there is a great output power and
the amplifier is indeed working.

Signal on parallel interface connector:
Digital status output.
0 V= RF Power < 1%
+5 V= RF Power > 1%
The output resistance of this signal is 470 Ω.

Forward Power has a local indication too: if the green LED is lit up, output is present.
This is consistent with the circuit built on the board: pin #2 is connected to a 330 Ω resistor and a green
LED in series [4].

2.3 Pin #3 - Overtemp

Pin #3 indicates if the unit is in an over-temperature condition. This is a resetting condition.

Signal on parallel interface connector:
Digital status output.
0 V= Not Overtemp
+5 V= Overtemp
The output resistance of this signal is 470 Ω.

Overtemp has a local indication too: if the orange LED is lit up, the amplifier is too hot.
This is consistent with the circuit built on the board: pin #3 is connected to a 330 Ω resistor and an orange
LED in series.
Note: an Overtemp sensor is fitted to every heat generating module in the system: power amplifiers,
combiners, drivers, regulators. If any of these switches activates, it shuts off the amplifier [4].

2.4 Pin #4 - Over Duty

Pin #4 applies to pulsed amplifiers only, which TOMCO 500 W is. It indicates if the unit is in an over-duty
or over maximum pulse width. This means that the chosen combination of GATE duty-cycle and RF input
level exceeds the preset limits.

Signal on parallel interface connector:
Digital status output.
0 V= Not Overduty
+5 V= Overduty
The output resistance of this signal is 470 Ω.

Overduty has a local indication too: if the red LED is lit up, the amplifier is in overduty.
This is consistent with the circuit built on the board: pin #4 is connected to a 330 Ω resistor and a red
LED in series.
Note: This is non-latching protection [4].

4

Katarina Martinovic, Building an Amplifier Circuit for Muon g-2 E989 . . . 226



2.5 Pin #5 - Gain Control

Pin #5 controls the gain of the amplifier, ratio of output to input power, over approximately 10 dB range.

Signal on parallel interface connector:
Analogue control input.
0 V= Maximum gain
+5 V= Minimum gain

No local indication of this pin in standard build.
The circuit built on the board: pin #5 is connected to a 330 Ω resistor and an orange LED in series.
Pin #5 allows control of the power of the output signal of the amplifier and is therefore very important [4].

2.6 Pin #6 - Reflected Power Limit

Pin #6 applies to Cockcroft-Walton amplifiers with gain foldback protection, protection from drawing over-
current from CW generator. If the reflected power reaches the preset limit the amplifier gain is reduced and
the Reflected Power Limit pin goes high.

Signal on parallel interface connector:
Digital status output.
0 V= Not limiting
+5 V= Limiting
The output resistance of this signal is 470 Ω.

Reflected Power Limit has local indication too: red=reflected power limiting not active; not lit= reflected
power level is below the set limit. The preset reflected power limit is set at the factory.
This is consistent with the circuit built on the board: pin #6 is connected to a 330 Ω resistor and a blue
LED in series. [4]

2.7 Pin #7 - VFWD

Pin #7 is an analogue DC voltage representing a sample of the forward voltage at the output of the ampli-
fier. VFWD pin has an output impedance of 470 Ω, so extra care was taken not to load it down.

Signal on parallel interface connector:
Analogue status output.
0 V= No detected forward power
+2.5 V= Full rated power (approximately)
Output resistance approximately 470 Ω.

No local indication of this pin in standard build.
Since the critical voltage for this pin is 2.5 V, and the limiting voltage of a blue LED is 3.0 V, there was no
need to connect a resistor in series with the LED. Pin #7 is connected to the LED which is connected to
ground.
Forward voltage is detected and then used to analyse the forward power, therefore the information provided
by VFWD pin is important [4].

2.8 Pin #8 - VREFL

Pin #8 is an analogue DC voltage representing a sample of the reflected voltage at the output of the amplifier.

Signal on parallel interface connector:
Analogue status output.
0 V= No detected reflected power
+5 V= Full rated power into a 2:1 load mismatch (approximately).
The output resistance of this signal is 470 Ω.

This pin has no local indication in standard build [4].
The critical voltage for this pin is 0.8 V, which is well below the limiting voltage of a blue diode, but is
also too low to induce photon emission in the diode. This problem has not been resolved yet and should be
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looked into. One potential solution is to use a capacitor to store the small amount of energy provided by
the amplifier and make the LED light up once every few seconds/minutes.

2.9 Pin #9 - Fault

Pin #9 is a logical ORing of one or more Dutylimit, Overtemp, Mistmatch fault status conditions.

Signal on parallel interface connector:
Digital status output.
0 V= Not fault
+5 V= Fault
The output resistance of this signal is 470 Ω.

This pin has no local indication in standard build (individual faults have their own indicators).
The following circuit was built on the board: pin #9 connected to a 330 Ω resistor and a red LED in series
[4].

2.10 Pin #10 - TRG/GT Select

Pin #10 is used in special amplifiers only, and is not applicable to our TOMCO Power Amplifier [4].

2.11 Pin #11 - Shutdown Status

Pin #11 provides readback of the Shutdown Control applied to pin #9, for safety interlock use.

Signal on parallel interface connector:
Digital status output.
0 V= Shutdown not asserted
+5 V= Shutdown asserted
The output resistance of this signal is 470 Ω.

Mismatch has a local indication too: if the red LED is lit up, the shutdown is active.
This is consistent with the circuit built on the board: pin #11 is connected to a 330 Ω resistor and a red
LED in series [4].

2.12 Pin #12 - Address Selected

In multi-unit systems, status of an individual unit within a system is accessed by applying the appropriate
address to the four-bit binary address lines. Pin #12 indicates that the addressed unit had been found and
is presenting its status outputs onto the interface bus. Since the amplifier circuit is a single-unit system,
the interface is permanently addressed and the address lines are not used.

Signal on parallel interface connector:
Digital status output.
0 V= Invalid address
+5 V= Valid address
The output resistance of this signal is 470 Ω when high and >10 kΩ when low.

Mismatch has a local indication too: if the blue LED is lit up, the unit is addressed.
This is consistent with the circuit built on the board: pin #12 is connected to a 330 Ω resistor and a blue
LED in series [4].

2.13 Pin #13 - ADDR3

Pin #13 is one of the four digital ADDRESS inputs. When these inputs correspond to the dip-switch address
available on the rear panel, the output signals related to this unit are driven onto the parallel interface.
This is the Most Significant Bit [4].

Signal on parallel interface connector:
Digital address input.
0 V= Logic 0
+5 V= Logic 1
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Default (4700 Ω pullup provided internally).

ADDR3 has a local indication too: it is indicated by the address DIP switch.
The circuit built on the board: pin #13 is connected to a 470 Ω resistor and an orange LED in series [4].

2.14 Pin #14 - Enable Status

Pin #14 indicates whether the unit has been locally enabled such that it will respond to applied Gate/PTT
and RF input signals.

Signal on parallel interface connector:
Digital status output.
0 V= Standby
+5 V= Enabled.
The output resistance of this signal is 470 Ω.

Enable Status has a local indication too: if the green LED is lit up, the unit is enabled.
This is consistent with the circuit built on the board: pin #14 is connected to a 330 Ω resistor and a green
LED in series.
Note: The ENABLE status line only indicates the position of the manual ENABLE switch on the front of
the unit. Therefore, the ENABLE status is not affected by the status of the SHUTDOWN line [4].

2.15 Pin #15 - Mismatch

Pin #15 indicates whether the unit is shut down due to reflected power exceeding the preset factory limit.
TOMCO does not tolerate 100% reflection and will shut itself down if the reflected power is too great.

Signal on parallel interface connector:
0 V= Not mismatched
+5 V= Mismatched.
The output resistance of this signal is 470 Ω.

Mismatch has a local indication too: if the red LED is lit up, the unit is shut down due to mismatch.
This is consistent with the circuit built on the board: pin #15 is connected to a 330 Ω resistor and a red
LED in series [4].

2.16 Pin #16 - PTT IN

PTT is a ”pull-down” version of GATE. The two signals are ”ORed” internally.

Signal on parallel interface connector:
Digital control input.
Pull down to GND(pin 17) to transmit.

PTT IN has no local indication [4].

2.17 Pin #17 - Syslink

Pin #17 is a signal used by any chassis in the system to shutdown the rest of the system in certain circum-
stances.

Signal on parallel interface connector:
Digital status output.
0 V= System link is actively disabling the system.
+5 V= System link OK

Syslink has no local indication [4].

7

Katarina Martinovic, Building an Amplifier Circuit for Muon g-2 E989 . . . 229



2.18 Pin #18 - (+5 V) AUX

Pin #18 is a +5 V DC supply for use in external interface circuitry.

Signal on parallel interface connector:
Auxiliary power supply output.
≈ 4.7 V, 100 mA max [4].

2.19 Pin #19 - Shutdown

Pin #19 is used to remotely prevent the amplifier from transmitting. This means that, if necessary, we can
control the amplifier circuit and simply turn the amplifier off.

Signal on parallel interface connector:
Digital control input.
Pull down to GND (pin #21) to disable the amplifier.
Input resistance= 10 kΩ pullup.

Shutdown has local indication: if red LED is lit, amp is shut down. Note: shutdown inhibits transmission
but does not switch off the PSU.
A pull-up circuit was connected to pin #19 [4].

2.20 Pin #20 - GATE IN

Pin #20 is an alternative input to the coaxial GATE input at the rear of the amplifier. The two inputs are
connected internally.

Signal on parallel interface connector:
Digital control input.
Pull to +5 V to gate the amplifier on.
Input resistance= 10 kΩ pulldown.

GATE IN has no local indication.
A pull-down circuit was connected to pin #20 [4].

2.21 Pin #21 - GND

2.22 Pin #22 - PSU Adjust

Pin #22 may be pulled down to GND to change the main DC supply rail voltage.

Signal on parallel interface connector:
Digital control input.
High or open= Maximum supply voltage
Low or pulled down= Reduced supply voltage
Input impedance= 1 kΩ pullup.

PSU Adjust has no local indication.
A pull-up circuit was connected to pin #22.
This control permits the supply voltage to be reduced to allow operation in low-power CW mode [4].

2.23 Pin #23, #24, #25

These pins refer to different addresses. Since a circuit for Address 3 (pin #13) was designed and our system
is single-unit, there was no need for connecting the other 3 addresses [4].

3 Experimental Arrangement

First I soldered a male header strip to the 25-pin connector and then soldered it all onto a circuit board. I
made sure that the outer, already soldered part of the connector, does not touch the board by covering 2
rows of holes with insulating tape.
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Figure 7: Plan of the circuit.

Difficulties arose in creating multiple grounds for all the pins - there was only chassis ground and pin
#21 that was grounded. Attempts to solder together holes of the board with the 2 grounds and electrically
connect them failed since the solder kept slipping from the insulating plastic between the holes - that is how
the plastic is designed after all. A different approach followed: I used jumper wires to connect the holes and
this gave multiple grounds without making a mess on the board so I decided to use this technique for the
prototype.

Before even getting hands on, one must make sure that the circuit is perfectly planned, and every hole on
the circuit board is associated to a pin and determine its function, as can be seen from Figure 7. Therefore,
a lot of time was spent on the logistics of arranging and soldering all the components together.

4 Results

To test the final product, the 25-pin connector was to be attached at the rear of the amplifier. However,
the output of the amplifier is very high voltage, so experimenting with the actual amplifier circuit in the
lab is not possible due to safety reasons at the moment. Instead, I tested each pin by applying the critical
voltages using a DC power supply and observing if there was emission of light. All LEDs worked perfectly
except the ones associated with pins #8 and #20. Pin #8, as mentioned before, did not work because the
critical 0.8 V is too low for the blue diode to respond. I changed wires, resistors and LEDs of the circuit
associated to pin #20, but no change was observed. The reason for malfunction of pin #20 is yet unknown
and should be revised.

5 Conclusion

Phase Space Matching is expected to significantly increase the accuracy of the muon g-2 experiment and
detailed information about the RF signals applied is crucial. I have developed and built a prototype of a
circuit that will do this, and allow scientist to control and monitor the signals with confidence (Figure 8).
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Figure 8: Final Product - Monitoring and Controlling Circuit.
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Abstract. Our curiosity towards the characteristics of cosmic rays lead us to believe that there 
must be a relationship between certain conditions and the rate of cosmic rays penetrating our 
environment. Cosmic rays are very small and travel at near the speed of light. What if we 
could measure that rate per minute? Surly, it must depend on the direction at which the 
cosmic rays approach our surface. After asking these questions, we seek to find the 
relationship between the coincidence rate of the muons and the separation of the two 
scintillation detectors. We can guarantee that the two signals occurring at the same time and 
coinciding is detected to be a cosmic ray. In order to find the flux of cosmic rays in many 
various angles, we have oriented the detectors horizontally and vertically. The measurements 
were compared to the precisely approximated prediction from the codes I made. We were able 
to conclude that the measurements did agree with the predictions we made. 
 
1. Introduction 

 
So much of our daily lives make up the remnants of the galaxies around us and we 

know so little about them. We begin to search for new physics and answers as galaxies 
become even more numerous and the universe becomes even bigger. Studying cosmic rays 
allows us to discover other truths about our world that we don’t already know.  

In order to detect cosmic rays it’s important to understand their origin. Cosmic rays 
are highly energetic particles that bombard the Earth from anywhere beyond its atmosphere 
with a speed approaching that of light (“Cosmic Ray Detectors”). There are many ways 
cosmic rays can enter our atmosphere. For example, during a solar flare many particles are 
ejected from the sun. When the solar particles interact with the Earth’s magnetic field, they 
tend to spiral into the Earth’s magnetic poles where they excite the gas in the atmosphere 
causing it to glow (“What are Cosmic Rays?”). This is observed as Aurora or the 
Northern/Southern lights. However, not all cosmic rays become Auroras. Otherwise, majority 
of the cosmic rays originate from the supernova explosions. However, we have still yet to 
know where else cosmic rays come from. The fusion that converts the gases gets exhausted 
and creates cosmic rays in the process. Furthermore 80% of these cosmic rays are hydrogen 
protons or helium protons (“Cosmic Rays”).  

Naturally, as the cosmic rays enter the Earth’s atmosphere. The cosmic ray particles 
are mostly protons and they can travel for a long time. As soon as it reacts with our Earth’s air 
molecules it creates air showers of primary particles. Then, they will decay into secondary 
particles. Then the secondary cosmic rays will decay into neutrons, pions, neutrinos, and 
muons. What’s incredible about cosmic rays are that they penetrate through our planet and 
our bodies constantly. The most important particle for my experiment is the muon. Muon is 
an unstable subatomic particle that has an approximate lifetime of 2.2 microseconds. 
Although the muon has such a short lifetime, due to the relativistic theory of Einstein and 
time dilation, we are able to detect them at ground level. 
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2.  Theory 
 
2.1. Horizontal Detectors 
 Our objective here is to determine the cosmic muon flux by using two scintillation 
detectors that is horizontally orientated. We wanted to make a precise estimate of the muon 
incidence rate though the two scintillation detectors before making the measurements to 
compare. The following figures 1 & 2 were useful in the process. 
 

First we thought about the different ways a cosmic ray could penetrate through a differential 
area element 𝑑𝐴 in the corner of the bottom detector and another differential area element 𝑑𝐴’ 
at any point in the top detector. The angle between the vertical and the line connecting 𝑑𝐴 and 
𝑑𝐴’ can be expressed as  
 

arccos  (
𝑑

𝑥! − 𝑥 ! + 𝑦! − 𝑦 ! + 𝑑!
) 

 
𝑥′ is the x coordinate of 𝑑𝐴′ on the top detector and 𝑥 is the x coordinate of 𝑑𝐴 on the bottom 
detector. The same can be said about 𝑦! and 𝑦, and d is the distance between the two detectors. 
The muon incidence rate through these two area elements will have a cosine-squared 
dependence due to the angular intensity of the muon flux. It will also have another cosine 
dependence due to the fact that flux is perpendicular to the plane, and also take into account 
both the area of 𝑑𝐴 and the solid angle it reflects. The following is the differential solid angle 
in Cartesian coordinates. 
 

𝑟 ⋅     𝑛
𝑟!

𝑑𝑥!𝑑𝑦′ 
 
These lengths and vectors can be seen in Figure 2. For 𝑑𝐴, we need to integrate over all 𝑑𝐴′ 
and the then integrate over all 𝑑𝐴. Therefore the integral is the following. 
 

𝐹 cos!(𝜃)
𝑟 ⋅     𝑛
𝑟!

!!!

!!!
  𝑑𝑥!𝑑𝑦!𝑑𝑥  𝑑𝑦

!!!

!!!

!!

!!

!!

!!
 

 
Both of the vectors in the dot product are of unit magnitude, therefore, 
 

𝐹 cos!(𝜃)
cos  (𝜃)
𝑟!

!!!

!!!
  𝑑𝑥!𝑑𝑦!𝑑𝑥  𝑑𝑦

!!!

!!!

!!

!!

!!

!!
 

Because r is the distance between the two counters in the direction of the vector between 𝑑𝐴 
and 𝑑𝐴′ and because the value of 𝜃 is known, the integral becomes 
 

Figure 1: This figure is a diagram of the precise 
estimate of muon incidence rate. 

Figure 2: This figure is a diagram of additional 
vectors and calculation. 
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𝐹 𝑐𝑜𝑠!(𝜃)(𝑎𝑟𝑐𝑐𝑜𝑠 !
!!!! !! !!!! !!!!

) !
!!!! !! !!!! !!!!

!!!
!!!

  𝑑𝑥!𝑑𝑦!𝑑𝑥  𝑑𝑦!!!
!!!

!!
!!

!!
!!

  

 

= 𝐹
𝑑!

𝑥! − 𝑥 ! + 𝑦! − 𝑦 ! + 𝑑! !

!!!

!!!
  𝑑𝑥!𝑑𝑦!𝑑𝑥  𝑑𝑦

!!!

!!!

!!

!!

!!

!!
 

 
The 𝑥, 𝑦, 𝑥!, 𝑎𝑛𝑑  𝑦′ bounds are the lengths and widths of the two identical detectors. F is the 
accepted intensity of high-energy cosmic ray flux, which is 

    
   𝐼! = 0.82  ×10!!𝑐𝑚!!𝑠!!𝑠𝑡𝑟!!, 

 
Where the subscript 𝑣 indicates that this is the vertically directed flux. This is the number of 
cosmic ray particles passing through a vertically facing surface. Since my experiment works 
with minutes instead of seconds, the intensity if multiplied by 60 to get the following 
 

𝐼! = 0.492  𝑐𝑚!!𝑚𝑖𝑛!!𝑠𝑡𝑟!! 
 
Finally, the integral using our detector’s dimensions is 
 

0.492  𝑐𝑚!!𝑚𝑖𝑛!!𝑠𝑡𝑟!!
𝑑!

𝑥! − 𝑥 ! + 𝑦! − 𝑦 ! + 𝑑! !

!"

!
  𝑑𝑥!𝑑𝑦!𝑑𝑥  𝑑𝑦

!

!

!"

!

!

!
 

 
2.2. Vertical Detectors 
 In phase 2, we want to be able to carry out a accurate calculation by integrating over 
the entire surface of the right detector. This time the detectors are oriented vertically. Detector 
2 stays stationary at the bottom while Detector 1 moves freely up and down. The following 
figure shows the dimensions and the most likely set up. 
 

 
Figure 3: The range of vertical angles at y 
 
The range of vertical angles is: 
  

𝑡𝑎𝑛 𝜃! =   
𝑑

𝑠 − 𝑦
 

 

𝑡𝑎𝑛 𝜃! =   
𝑑

𝑠 + ℎ − 𝑦
 

d = the horizontal distance between the detectors 
s = the verticle distance between the centers of the 
detectors 
h = the height of the second detector 

 

Figure 4: The range of horizontal angles at x 
 
 
The range of horizontal angles at x is: 
 

𝑡𝑎𝑛 𝜙! =
𝑥
𝑑

 
 

tan 𝜙! =
𝑤 − 𝑥
𝑑

 
 
d = the horizontal distance between the detectors. 
w = the width of the second detector 
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Then the equation used to find the flux between the angles passing through the area element 
dxdy at (x,y) is: 
 
 

𝑅𝑑𝑥𝑑𝑦   𝑐𝑜𝑠 𝜙 𝑑𝜙   𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠! 𝜃   𝑠𝑖𝑛  (𝜃
!"#!! !

!!!

!"#!! !
!!!!!

)  𝑑𝜃
!"#!! !

!

!"#!! !!!
!

 

 
 

= 𝑅𝑑𝑥𝑑𝑦  
𝑥

𝑑! + 𝑥!
−   

𝑤 − 𝑥

𝑑! + 𝑤 − 𝑥 !
 

 
 

×
1
8

tan!!
𝑑

𝑠 − 𝑦
− tan!!

𝑑
𝑠 + ℎ − 𝑦

+

𝑑
𝑠 − 𝑦

!
− 𝑑

𝑠 − 𝑦

1 + 𝑑
𝑠 − 𝑦

! ! −   

𝑑
𝑠 + ℎ − 𝑦

!
− 𝑑

𝑠 + ℎ − 𝑦

1 + 𝑑
𝑠 + ℎ − 𝑦

! !  

 
 
And the total flux over the detector between the appropriate angles is given by integrating 
over x and y: 
 

𝑅
𝑥

𝑑! + 𝑥!
−   

𝑤 − 𝑥

𝑑! + 𝑤 − 𝑥 !

!

!
𝑑𝑥 

 
 

×
1
8

tan!!
𝑑

𝑠 − 𝑦
− tan!!

𝑑
𝑠 + ℎ − 𝑦

+

𝑑
𝑠 − 𝑦

!
− 𝑑

𝑠 − 𝑦

1 + 𝑑
𝑠 − 𝑦

! ! −   

𝑑
𝑠 + ℎ − 𝑦

!
− 𝑑

𝑠 + ℎ − 𝑦

1 + 𝑑
𝑠 + ℎ − 𝑦

! !

!

!
𝑑𝑦 

 
 

2𝑅( 𝑑! + 𝑤! − 𝑑) 
 
 

×
1
8

tan!!
𝑑

𝑠 − 𝑦
− tan!!

𝑑
𝑠 + ℎ − 𝑦

+

𝑑
𝑠 − 𝑦

!
− 𝑑

𝑠 − 𝑦

1 + 𝑑
𝑠 − 𝑦

! ! −   

𝑑
𝑠 + ℎ − 𝑦

!
− 𝑑

𝑠 + ℎ − 𝑦

1 + 𝑑
𝑠 + ℎ − 𝑦

! !

!

!
𝑑𝑦 

 
 
 
This integral must be evaluated numerically. We are assuming that R = 88.7 particles per 𝑚! 
per second. Which was converted to 0.5322 particles per 𝑐𝑚! per minute. We can evaluate 
the y integral using root in C++ language.  
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3.  Equipment Detail 
 
 We are detecting these muons with scintillation detectors. These detectors are made 
of materials that produce light when ionizing radiation such as a cosmic ray particle pass 
through them. The specific kinds of scintillators we are using are called BC-408. The reason 
why we are using this specific kind is because of the fact that it’s important to have the same 
sensitivity spectrum as the PMT. PMT stands for Photomultiplier Tube. Attached to the end 
of the scintillation detector, is a PMT, which amplifies the light that the detector produces 
when the cosmic ray penetrates it as shown in figure 5. 
 

 
 
 
 
 
 
 
 
 
 

 
 When the cosmic ray penetrates the scintillation detector, the radiation raises 
electrons to excited states. Then de-excitation occurs, and the scintillator emits a photon. The 
photon then interacts with the photo cathode of the PMT releasing an electron. Electrons get 
guided to the tube and move toward the dynode. The dynode is coated with a substance that 
emits a second electron. Then the electrons move to the next dynode where more electrons are 
produced. This process is continued until there are about 10! electrons coming out of the 
PMT. The reason why PMT is necessary is because the initial signal is low (Ghia, 20).  
 In these scintillation detectors, there are random noises that are independently random 
from each other. These random noises are generated due to the timing jitter. This leads to a 
mix of small signals from the noises mixed in with the actual signals from the cosmic rays. 
Since the noises are random, this guarantees that the two signals made in the detectors are 
from a cosmic ray particle. In order to make sure that other particles and noises don’t enter 
the detectors, the detectors were taped with heavy black plastic tape.  
 Next piece of equipment is a block of unit that has many parts within it. This is called 
the NIM module. The following is a picture: 
 
  
 
 
 
 
 
 
 
 
 
 
 
 

Figure	  5:	  This	  figure	  shows	  a	  picture	  of	  a	  scintillation	  detector	  attached	  to	  a	  PMT.	  This	  
scintillation	  detector	  hasn’t	  been	  taped	  in	  order	  to	  avoid	  unwanted	  particles	  and	  noises.	  Although	  
this	  detector	  is	  not	  the	  same	  as	  the	  ones	  in	  the	  experiment,	  this	  is	  a	  very	  good	  sample	  model.	  

Figure	  6:	  The	  picture	  above	  is	  the	  NIM	  module.	  It	  has	  six	  parts	  that	  I	  used	  in	  this	  experiment.	  	  
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There are six parts of the NIM module that I use in my experiment. Part 1 is where the power 
turn on/off switch is. It’s also where I can control the amount of voltage going into the 
detectors and turn on the channels so that power can go through the cables. Part 2 is where it 
shows the number of coincidence rates of both detectors and individual detectors. Currently in 
the photo, detector 1, which is on the bottom, is channel 2 and the detector 2, which is on the 
top, is channel 3. 1500V is going into ch 2 and 1530V is going into ch 3. Part 3 is the 
discriminator. The discriminator takes in the analog pulse from the detectors and only sends 
out digital pulse signals with predefined width when the input signal level passes the 
discriminator threshold. The discriminator makes this pulse generic in order to get rid of the 
noises we don’t want. Part 4 is called the logic unit. This is where the input digital pulses 
from both detectors enter and if signals coincide then the logic unit groups the two signals 
together to make one coincidence rate. If one or the other signal is not a complete coincidence 
then it does not consider the signal to be a muon coincidence rate. Part 5 is called the quad 
delay generator. This machine delays the input signal by small but significant enough time to 
make a difference. There is a little node where there are four different choices for time delay. 
Last part is called the level translator. This allows the input signals to be translated from NIM 
to TTL. This is useful if you are using instruments that require TTL and not NIM. Output 
signal from the level translator enters the ADC national instrument. The ADC national 
instrument takes in the data at TTL level and counts how ever many coincidence rates for set 
means time(s) that I choose. And lastly an oscilloscope can be used to see the coincidence 
cosmic rays in different points of view. This instrument can be used to compare analog pulse 
to digital pulse or compare the two separate detector signals from the discriminator to the 
coincidence signal from the logic unit. It’s up to the person to decide what they want to see.  
 

 
 All the black chords used to connect the different parts of the NIM module are called 
LEMO 00 connector. When signals are transported through wires from one place to another, 

signals can be disturbed if ordinary chords are used. In order to prevent that, we use the 00 
connectors that, have rubber skin protecting the wires inside. The thick red chords are high 
voltage connectors that provide power to the detectors in order to give out signals.  

Figure	  7:	  The	  picture	  above	  is	  the	  oscilloscope	  I	  used	  to	  see	  the	  two	  signals	  from	  the	  detectors	  directly	  from	  the	  
discriminator.	  By	  the	  numbers	  1,	  2,	  3	  you	  can	  see	  the	  three	  chords	  plugged	  in.	  
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4. Experiment & Methods 
 
 Before detecting and finding the flux of cosmic rays per minute, we needed to test for 
two variables that could effect our actual experiment. One is the threshold voltage. The 
threshold voltage is within the discriminator. This feature can be changed from any voltage in 
mV. Our question was whether we wanted to have a high threshold, which will detect only 
the big signals and therefore ignore smaller ones or have a low threshold, which will detect 
more than just big signals but could also count for accidental coincidences due to random 
noise. So we needed to test to see which threshold would be the best for our experiment. Then 
we needed to see if there were any accidental coincidence rates at all with the threshold that 
we ended up choosing from the threshold experiment. In order to set up the detectors in each 
various experiments including coincidence rate experiments, we need certain equipment: 4 - 
135 cm metal poles, 8 - 60 cm metal poles, 14 fastening rods, two detectors (30 cm x 8 cm x 1 
cm) (already taped with PMT attached), two red high voltage wires, multiple black LEMO 00 
connector (as many as needed of various length), tape ruler, NIM module with all its parts, 
ADC national instrument, computer, 1.6 mm precision screwdriver, black vinyl plastic 
electrical tape, centimeter ruler, cable tie and digital multimeter. 
 
4.1. Threshold Scan 
 Using metal rods and fastening rods, I made a rack that the two detectors could stay 
overlap each other with varying distance in between. The detectors were placed onto two 
metal rods and fastened with vinyl electrical tape (on the middle) and with cable ties (on the 
PMT). The detectors were placed opposite from each other so that the roundness of the PMT 
would not get in the way when taking measurements with small separation distances. The 
following two figures show the set up of the experiment/detectors. The separation between 
the two detectors did not matter as long as it was consistent. 
 
 
 

Once the NIM module was on and ready to be receive signals, I began altering the different 
threshold voltage levels. Using the digital multimeter, the black needle was placed on the 
NIM module as ground while the red needle was placed on the discriminator. With the other 
hand, I used the 1.6 mm precision screwdriver in order to change a screw inside the 
discriminator, which would change the threshold voltage, as I wanted. The following two 
figures show where exactly the threshold voltage can be changed and the process of doing it. 

Figure	  8	  &	  9:	  The	  photo	  on	  the	  left	  shows	  the	  many	  metal	  rods	  and	  fastening	  rods	  used	  to	  make	  a	  stable	  rack	  
for	  the	  two	  detectors.	  The	  photo	  on	  the	  right	  shows	  how	  the	  metal	  rods	  supported	  the	  detector	  and	  the	  tape	  
and	  cable	  ties	  used	  to	  hold	  detectors	  in	  place.	  
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With the precise screwdriver, I varied the threshold voltage from 200 mV to 500 mV. For 
every trial, I changed by 50 mV. With every threshold voltage level, at a constant separation 
distance of 3.5 cm, I recorded the total coincidence rate per 3 minutes. I also recorded the 
total signal rate per 3 minutes for each detectors. The following graph is a graph of the 
different threshold levels vs. the number of cosmic rays per minute.  
 

 
 
 
 

After seeing the results of the two graphs, my professor and I concluded that we should use 
the threshold 300mV because of the assumption that it wasn’t either extreme, which could 
poorly effect our results. 
 

Figure	  10:	  The	  photo	  on	  the	  left	  is	  a	  part	  
of	  the	  discriminator.	  There	  is	  a	  
rectangular	  box	  like	  this	  for	  each	  
channel.	  The	  red	  circle	  is	  where	  the	  red	  
needle	  goes	  and	  the	  blue	  circle	  is	  where	  
the	  precise	  screwdriver	  goes	  in	  in	  order	  to	  
change	  he	  threshold	  voltage.	  

Figure	  11:	  The	  photo	  above	  shows	  where	  the	  red	  
and	  the	  black	  needles	  are	  placed	  in	  order	  to	  find	  
out	  the	  threshold	  voltage.	  	  

Figure 12: The graph above is threshold voltage vs. 
coincidence count. 

Figure	  13:	  This	  graph	  above	  is	  threshold	  voltage	  
vs.	  cosmic	  ray	  count	  per	  each	  detector.	  
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4.2. Accidental Coincidence Rate  
 The random noises that are generated in the two detectors can sometimes make 
coincidences, we call these accidental coincidence rate. Since they don’t show the cosmic ray 
coincidences, we want to make sure that either it is near 0 or subtract it from the number of 
coincidence rate. For this experiment, we needed the same equipment as the last experiment 
but this time we also needed the QUAD gate/delay generator.  
 There are three ways to see accidental coincidence rate. One option is to place the 
two detectors very far away from each other in the same room. The problem with this option 
is that it requires very long cables to get from the detectors to the NIM module. Option two is 
to have one of the detectors with a cable that is long enough to exceed the time depth of the 
discriminator’s rectangular width. This is important because in order to make time delay and 
ensure that the actual coincidences are not seen as one and are far enough to not intersect each 
other. A way to calculate how much time gets delayed with 1meter long cable is the following 
calculation: 
 

𝑑 = 𝑣 ∗ 𝑡   →     𝑡 =
𝑑
𝑣
=

1  𝑚

0.7 ∗ 3×10!𝑚𝑠
    →       4.7×10!!  𝑠     ≅     5  𝑛𝑠 

 
Where d is the distance of 1 meter, v is the speed at which the signals travel of 0.7 times the 
speed of light, and t is the time. As calculated from above, it’s clear that it takes 5 
nanoseconds for the signals to travel one meter of cable. However, this time is not bigger than 
the rectangular width of the discriminator of 20 nanoseconds. It would take 4 cables of 1 
meter to barely delay the time with success. Since we don’t have these kinds of cables, this 
option is also not appropriate. 

The third option is using the QUAD GATE/DELAY GENERATOR. This generator, 
as a part of the NIM module, allows us to delay the signal of a cosmic ray by 1 microsecond 
and therefore have near 0 coincidence rate. This can be mathematically calculated by the 
following formula: 
 

𝑅! = 2𝑇𝑟!𝑟! 
 
Where 𝑅! is the coincidence rate, 𝑇 (tau) is the width of the rectangular pulses made by the 
discriminator, 𝑟! and 𝑟! are detector 1 and detector 2 respectively. Within 60 seconds of trial, 
𝑟! was 462 and 𝑟! was 536. The 𝑇 is fixed as 20 nanoseconds. Therefore, according to the 
formula, 𝑅! = 0.0096. This number means the number of accidental coincidence per minute 
that is included as cosmic ray coincidence rates. In order to test this, we set the experiment to 
show that we can approximate 0.0096 to 0. The two detectors are set up on top of each other 
and the height between them doesn’t matter. Detector 1 is the detector that will get delayed. 
The cable from this detector will have a different course than detector 2 which will have 
normal course to the NIM module. The cable from detector 1 will first connect to the 
discriminator. Then the output cable will connect to the delay generator input. Another cable 
will connect from output delay to the input of logic unit. At this place, the cable from detector 
2 will have entered the discriminator and another cable is connected from output 
discriminator to logic unit. From here only one cable exits the logic unit and enters the level 
translator at NIM. Then another cable exits the translator at TTL and enters ADC instrument 
so that the computer connected to it can count how many coincidences occurred.  
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During our experiment, it showed that in 300 seconds there were no coincidences, which 
means that the random noises generated in the detectors weren’t making any coincidences 
(accidental). However, if there were any coincidences, we would have had to subtract the 
number from the total number of cosmic ray coincidences. In conclusion, we are able to 
approximate the accidental coincidence rate as 0. 
 
4.3. Coincidence Rate Experiment 
 
 4.3.1. Horizontal Telescope 
 The set up of the detectors is the same as the threshold 
experiment but we made sure that the detectors started out with the 
shortest distance of separation, which was 7 cm. The discriminator, 
the logic unit, the level translator, and the ADC national instrument 
were used for this experiment. The threshold voltage was 300 mV 
throughout the experiment. Every time I changed the separation 
distance between the two detectors, I took 5 trials, each trial 
running for 300 seconds. I recorded the distance, the total count 
per 5 minutes and then calculated the total count per 1 minute. 
Then calculated the average and the standard deviation of the five 
trials. I took measurements for every 2~5 centimeters. If there were 
drastic change in between two points, I made sure to take another 
measurement to fill the holes. 
 In order to compare the measurement with the precisely 
predicted results, I had to design a code that allowed me to use the 
quadruple integration equation and graph the results. Using the 
program root, I was able to do this. The coding for the horizontally 
orientated detectors can be found in Appendix A. 
 
 
 
 
 

Figure 14: The diagram shown above shows a simple layout of the different cable connection necessary to 
obtain coincidence counts per minute.  

Figure 15: The set up of the horizontal 
detectors experiment. 
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4.3.2. Vertical Telescope 
The set up of this experiment is completely different from the set up of the other 

experiments. It’s different by 90 degrees to be precise. The reason is because we want to 
know how many cosmic rays per minute penetrates the two vertical detectors as the vertical 
distance between them grew bigger. This is a very different perspective since there are not as 
many cosmic rays that travel horizontally than they do vertically. The following picture is the 
set up we used to measure the coincidence rates. We used the same materials we used to set 
up for previous experiments.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Both of the detectors had cable ties that 
made sure the detectors were stably attached to the metal poles. The detector on the left 
stayed stationary while the right detector freely in order to take measurements necessary to 
see the trend.  The NIM module as well as the cables was set up the same as the previous 
experiments. In order to see the trend in very close detail, I changed the vertical height every 
2 centimeters starting from 30 cm because of the formula. Whenever I changed the height, I 
made sure that the face of the scintillation detector was lined up with the stationary detector, 
or as close as I could. There were 5 runs for each height difference. Each runs were for 300 
seconds. The newly found data was recorded for total count per 5 minutes and for total count 
per a minute. The mean and standard deviation was calculated and recorded as well.  

In order to compare the measurement with the precisely predicted results, I had to 
design another code that allowed me to use the single integration equation and graph the 
results. I created the code using the system root. The coding for the horizontally orientated 
detectors can be found in Appendix B. 
 
 
 
 
 

Figure 16: This picture shows the set up we used for this 
experiment where the detectors were vertical.  Figure 17: This shows how we used the cable ties that 

attached the detectors to the two metal poles. 
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5. Results ad Discussion 
 
5.1. Horizontal Telescope  

There were several steps I took to interpret the data I collected. The following data 
table is an example of the five trails taken over one separation distance.  
 
Threshold: 300 mV     d= 7 cm 
Trial #s Total Count per 5 minutes Total Count per 1 minute 
1 483 96.6 
2 456 91.2 
3 488 97.6 
4 473 94.6 
5 445 89 
 
In order to find the best estimate of the total count per 1 minute, I used a very generic formula 
to find the average of all five trials. 
 

𝑥 = !!!
!!!
!

 à Example: 𝑥 = !".!!!".!!⋯!"
!

= 93.8 cm 
 
Then I used the data in order to find the standard deviation by using the following formula. 
 

𝜎 = !!!! !!
!!!
!!!

 à Example: 𝜎 = 3.630	  
 
The same process was done for the rest of the data. The following is a data table of all the 
separation distances and its coincidence rates with standard deviation. 
 
 
Separation Distance (cm) Total Count per 1 minute Standard deviation 

7 93.80 3.630 
10 70.68 1.997 
12 62.48 2.252 
14 55.40 4.395 
16 43.88 2.917 
20 36.48 1.905 
22 36.48 2.998 
24 27.44 0.792 
26 24.32 1.045 
28 22.76 1.314 
30 21.48 1.261 
35 16.72 2.300 
38 15.00 0.836 
40 14.36 0.792 
45 12.48 2.147 
50 10.36 1.492 
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The following graph is produced from root showing both the predicted precise measurements 
and the measurements I took and calculated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
5.2. Vertical Telescope 
 As done for phase 1, I took the same steps to find the following table of data. 
 
Vertical Separation distance 
(cm) 

Total Count per 1 minute Standard Deviation 

30 1.96 0.3847 
32 2.48 0.8672 
34 2.32 0.5215 
36 1.88 0.5215 
38 2.64 0.6693 
40 1.84 0.5899 
42 2.04 0.8049 
44 2.24 0.8876 
46 1.92 1.3311 
48 1.56 0.2607 
50 1.68 0.7155 
52 1.76 0.7924 
54 1.60 0.7745 
56 1.20 0.7071 
58 1.28 0.6099 
 
The following graph is produced from root showing both the predicted precise measurements 
and the measurements I took and calculated. 
 
 
 
 
 

Figure 18: The black lines with star markers is a precise prediction from the code I produced while the red lines 
with black circles with its error bars are the actual measurements. 
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5.3. Experimental Error 
  
 Unfortunately there were some experimental errors. When we were first doing phase 
1 and recording data, we noticed that the detectors were very sensitive to sunlight due to open 
windows or the artificial lights from the room. We knew that any sort of light doesn’t effect 
scintillation detectors. Since there weren’t any sort of data being recorded unless the lights 
were turned off in the room, we knew there must have been a hole on the tape somewhere 
causing the light to escape from the detectors. Therefore, we taped the detectors again but just 
as a precaution, we turned off the lights in the room whenever data was being recorded. This 
could have slight effect on our data but we don’t know for sure.  
 Another experimental error is human error. Whenever I was raising the separation 
distances in both phase 1 and 2, I did my best to make sure the two detectors facing each 
other were completely parallel to each other.  
 Lastly, the fact that my experiment took place in the first floor of a five-story building 
might have affected how many cosmic rays that penetrated through my detectors.  
 
6. Conclusion 
 
 From looking at the comparison graphs of phase 1 and 2, it’s clear that our 
measurements were coinciding with our precise predictions within the error bars. In phase 1, 
as the distance between the horizontally oriented detected got bigger, the flux of cosmic rays 
decreased accordingly. In phase 2, as the vertical distance between the vertically oriented 
detectors got bigger, the flux of cosmic rays decreased as well. Therefore, we can safely say 
that our predictions were true and that the measurements are there as evidence to support that. 
I believe that we can learn a lot from the data we found. It tells us the patterns of cosmic rays 
and possibly predicts where these cosmic rays are coming from as well as observe possible 
changes. 
 
 

Figure 19: The graph with black lines and star markers is the precise prediction from the code. The red lines 
with black circles are the actual measurements taken. 
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Appendix 
 
A. Coincidence rate calculation code for horizontally setup telescope 
 
#include "Math/Integrator.h" 
#include "Math/IntegratorMultiDim.h" 
#include "Math/AllIntegrationTypes.h" 
#include "Math/Functor.h" 
#include "Math/GaussIntegrator.h" 
#include "TGraph.h" 
#include "TGraphErrors.h" 
#include "TCanvas.h" 
#include "TAxis.h" 
 
#include <cmath> 
 
const double ERRORLIMIT = 1E-20; 
double dval; 
double *d=&dval; 
 
//put the function here and declare each variables 
double f(const double *x){  //x[0] = xprime, x[1] = x, x[2] = yprime, x[3] = 
y 
    return (0.492)*(pow(*d,4))/pow( pow(x[0]-x[1],2) + pow(x[2]-x[3],2) + pow(*d,2) 
,3); 
} 
 
int testint() 
{ 
 const int N = 50; 
 //change to wf(&f,4) cause there are 4 variables 
    ROOT::Math::Functor wf(&f,4); 
    double a[4] = {0,0,0,0}; // lower limit of the 4 variables 
    double b[4] = {30,30,8,8}; // upper limit 
    double array[N-1]; 
    double change_d[N-1]; 
     
    for (int i=1; i < N; i++) 
    { 
        *d = i; 
        ROOT::Math::IntegratorMultiDim ig(ROOT::Math::IntegrationMultiDim::kMISER); 
        ig.SetFunction(wf); 
        double val = ig.Integral(a,b); 
        array[i-1] = val; 
        change_d[i-1] = *d; 
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        std::cout << "Change in height " << *d << " integral result is " << val << 
std::endl; 
    } 
     
    TCanvas *c1 = new TCanvas ("c1", "Change in Height vs. Flux in Cosmic Rays"); 
    TGraph gr(N-1, change_d, array); 
    gr.SetTitle ("Change in Height vs. Flux in Cosmic Rays; Change in Height (cm); 
Flux in Cosmic Rays (#/min)"); 
    gr.SetMarkerStyle(3); 
    gr.Draw("APL"); 
 
     
    TGraphErrors gr2("Phase1.2.txt", "%lg %lg %lg %lg"); 
    gr2.SetMarkerStyle(4); 
    gr2.SetLineColor(2); 
    gr2.Draw("PL"); 
    c1->Update(); 
    c1->Modified(); 
    c1->Print("BestComparison.png"); 
     
    int bla; 
    std::cin>>bla; 
    return 0; 
} 
 
 

B. Coincidence rate calculation code for vertically setup telescope 
 
#include "Math/Integrator.h" 
#include "Math/IntegratorMultiDim.h" 
#include "Math/AllIntegrationTypes.h" 
#include "Math/Functor.h" 
#include "Math/GaussIntegrator.h" 
#include "TGraph.h" 
#include "TGraphErrors.h" 
#include "TCanvas.h" 
#include "TAxis.h" 
#include "TMath.h" 
#include <cmath> 
 
const double ERRORLIMIT = 1E-20; 
double sval; 
double *s=&sval; 
 
double f(double x){ 
    return ((0.0974352)*((TMath::ATan(40/(*s-x)))-(TMath::ATan(40/(*s+30-
x)))+((pow(40/(*s-x) ,3)-(40/(*s-x)))/ pow (1+ pow (40/(*s-x) ,2) ,2))- 
((pow(40/(*s+30-x) ,3) -(40/(*s+30-x)))/ pow(1+ pow(40/(*s+30-x) ,2) ,2)))); 
     
} 
 
int Phase2Int() 
{ 
    const int N=60; 
    const int J=30; 
 
    ROOT::Math::Functor1D wf(&f); 
     
    double array[N-J]; 
    double change_s[N-J]; 
     
    for (int i=J; i< N; i++) 
    { 
        *s = i; 
        ROOT::Math::Integrator ig(ROOT::Math::IntegrationOneDim::kADAPTIVESINGULAR); 
        ig.SetFunction(wf); 
        double val = ig.Integral(0,30); 
        array[i-J] = val; 
        change_s[i-J] = *s; 
        std::cout << "Change in height "<< *s << " integral result is " << val << 
std::endl; 
    } 
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    TCanvas *c1 = new TCanvas ("c1", "Change in s. vs. Flux in Cosmic Rays"); 
    TGraph gr(N-J, change_s, array); 
    gr.SetTitle ("Change in s. vs. Flux in Cosmic Rays; Change in s. (cm); Flux in 
Cosmic Rays (min^(-1))"); 
    gr.SetMarkerStyle(3); 
    gr.Draw("APL"); 
     
    TGraphErrors gr2("Phase2.txt", "%lg %lg %lg %lg"); 
    gr2.SetMarkerStyle(4); 
    gr2.SetLineColor(2); 
    gr2.Draw("PL"); 
    c1->Update(); 
    c1->Modified(); 
    c1->Print("Phase2Comparison.png"); 
 
     
    int bla; 
    std::cin>>bla; 
    return 0; 
} 
 
 
 
 
 
 

Haejun Oh, Cosmic Ray Detection with Scintillation Detectors 249


	Preface
	Resonant Cavity Development at CAPP
	Towards the Equation of Motion of the Affleck-Dine Field
	Introduction to Non-equilibrium QFT
	Instrument Control With Matlab
	Fourier Transforms on Simulated Axion Signals
	Precision Particle Tracking
	Fourier Transforms of Simulated Axion Signals from a Resonant Cavity
	Modelling a Tuneable RF Cavity for Axion Detection
	Magnetic Field and Magnetic Field Gradient of Helmholtz and Maxwell Coils Studied with Experimental Area Constraints
	Resonant Frequency Measurements in Microwave Cavities
	Resonant Frequency Measurements in Microwave Cavity
	Resonant Frequency Measurements in Microwave Cavities
	Microwave Cavities and Resonant Frequencies
	Resonant Frequency Microwave Cavity Research
	Resonant Cavity Development at CAPP
	Benchmarks and Accuracy Test for Precision Proton Tracking
	Online Trigger Algorithms for COMET
	Uniform magnetic field coil: design, prototype building, and testing
	Functions of The Components for The Radio Frequency Signal Processing and It’s Applications
	Precision Particle Tracking
	RF Signal Processing
	COMET Phase-I Triggering System
	Axion Signal Simulation
	Building an Amplifier Circuit for Muon g-2 E989 Experiment
	Cosmic Ray Detection with Scintillation Detectors

