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Preface

Introduction

The Korea Undergraduate / Graduate / High School Science Program (KUSP)

is a research-oriented summer physics program hosted by the Institute for Basic Science

(IBS). Selected students participated in the world-leading research at the IBS Center of

their choice.

In 2019, KUSP was held from July 1st to Aug 2nd, 2019, co-hosted by four IBS research

centers: Center for Axion and Precision Physics Research (CAPP), Center for Theoretical

Physics of the Universe (CTPU), Center for Underground Physics (CUP), and Center for

Theoretical Physics of Complex Systems (PCS). The total number of students was 19.

The KUSP students participated in the research activities and attended the topic re-

lated lectures. At the end of the program, KUSP students presented their research results

in a workshop and submitted a scientific report. This report is the collection of those

scientific reports written by KUSP students.

The best student of KUSP 2019 was chosen based on the scientific reports. Two students

resulted the same scores, and they were chosen as the best students of KUSP 2019.
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Analysis of Single Photon Detectors for Dark Matter Axion Search Experiments

Saikat Das1, ⇤ and SungWoo Youn2

1Department of Physics, Korea Advanced Institute of Science and Technology, Daejeon 34141, South Korea
2Center of Axion and Precision Physics Research, Daejeon 34051, South Korea

(Dated: August 2, 2019)

This report aims to develop a theory for single photon detectors which includes shot noise in its noise
power. We show that even with shot noise included, single photon detectors turn out to be much
better than linear amplifiers in the scheme of dark matter axion detection, provided that certain
readily achievable factors are met for detection conditions (Quality factor ratio ⇡ 3 and Frequency
� 10GHz).

I. INTRODUCTION

The search for axions as a dark matter candidate has
become a very popular field in particle physics. Aris-
ing as a consequence of the Peccei–Quinn solution to the
strong CP problem, it has found its way to being a prime
candidate for dark matter. Axions can be detected us-
ing the Primako↵ e↵ect, where an axion couples with a
photon in the presence of an electromagnetic field. The
power of the signal generated from this in a cryogenic mi-
crowave cavity is minuscule; for ADMX the signal is to
the order of 10�22 W [1]. The signal is amplified multiple
times to bring it to a detectable regime, each amplifica-
tion adding some noise to the signal. Single photon de-
tectors (SPDs) become important in order to reduce the
noise added when being compared with linear amplifiers.
This work aims to include shot noise as part of the noise
source of SPDs in order to analyze the advantage over
linear amplifiers.

II. SINGLE PHOTON DETECTORS

An SPD, also sometimes known as a single photon
counter, is a device that can detect and count the
occurrence of single photons interacting with the device
itself. It has a huge range of applications in fields such
as astrophysics, quantum encryption, medical imaging,
etc. The main advantage of an SPD is that no Standard
Quantum Limit (SQL) exists in its measurements [2].
The uncertainty relation for photon count and its

phase information is given by ���n � 1
2 | h |[�̂, n̂]| i |.

Experimental values for the uncertainty product show
that it asymptotically converges to a value slightly
greater than 1/2 [3]. By ignoring all phase information
about the microwave signals in the cavity, an SPD
can reach noise power levels below the SQL noise
temperature of linear amplifiers, as explained in Sec-
tion IV. SPDs have already been used in dark matter
axion searches. CARRACK (Cosmic Axion Research
with Rydberg Atoms in resonant Cavities in Kyoto) uti-

⇤ saikat.das@kaist.ac.kr

lizes SPDs that use Rydberg atoms to detect photons [2].

III. COMPARISON WITH LINEAR
AMPLIFIERS

SPDs and linear amplifiers di↵er greatly in two as-
pects, the integration time and quantum fluctuations.
The power of axion-photon coupling is given by Psignal =
�

1+� g2
a��

h
⇢a

ma

i
B2

0V CQc, where � is the ratio of power

coupled out by the antenna to power dissipated by cav-
ity wall losses, ga�� is the axion-photon coupling, ma and
⇢a are the mass and local density of the axion, respec-
tively, B0 is the strength of the magnetic field, V is the
cavity volume, C is the mode dependent form factor, and
Qc is the loaded quality factor of the cavity.

The Dicke radiometer equation states that the signal-
to-noise ratio (SNR) of a device is given by SNR =
Psignal

kBT

p
⌧
�⌫ , where kB is the Boltzmann’s constant, T

is the sum of the physical temperature plus the equiva-
lent noise temperature of the device, ⌧ is the integration
time, and �⌫ is the signal bandwidth [4]. For a certain
required SNR, we can solve for the integration time

⌧ = �⌫

 
(SNR)kBT

Psignal

!2

. (1)

The bandwidth changes for linear amplifiers and SPDs.
For linear amplifiers, it is the bandwidth of the axion de-
tection frequencies �⌫a ⇠ ⌫

Qa
where ⌫ is the frequency

and Qa is the quality factor of the axion field, while for
SPDs, it is the bandpass of the cavity �⌫c = ⌫

Qc
, where

Qc is the quality factor of the entire cavity. The ratio
Qa/Qc ⇠ 10 � 50 for good copper cavities. Using mod-
ern technology such as the deposition of type-II super-
conducting films on the axial surfaces of the microwave
cavity, we can achieve Qa/Qc ⇠ 3 [5, 6]. More readily
achieved values in lab are Qc ⇠ 2⇥105 and Qa ⇠ 2⇥106

giving us a ration Qa/Qc ⇠ 10. If we define ⌧l for the
integration time for linear amplifiers and ⌧sp for SPDs,

the ratio of the two is given by
⌧sp

⌧l
= �⌫c

�⌫a
= ⌫/Qc

⌫/Qa
= Qa

Qc
,

which is given as discussed previously.
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Linear amplifiers are subject to quantum fluctuations,
leading to a standard quantum limit (SQL) in its per-
formance. We know the commutator relation [p̂0, q̂0] =
i~/2. When the amplifier adds a gain to this, we get
[p̂f , q̂f ] = [Gp̂0, Gq̂0] + [p̂noise, q̂noise]. The last term
is added due to commutator relations of the creation
and annihilation operators of the output signal, and it
refers to the noise added by the amplifier [7]. Compar-
ing the input and output energies of the signal, we see
that the final state fluctuations are approximately twice
the zero point energy of the initial state, i.e. TSQL ⇡
2⇥(zero point fluctuations) for G � 1 [5, 8]. Single pho-
ton detectors, on the other hand, are not constrained by
SQL and can, in principle, be thermally noiseless. How-
ever, as we shall see in Section IV, SPDs are subject to
shot noise.

IV. DETAILED ANALYSIS

In a resonant cavity, the average photon occupation
number is given by

n ⇡ 1

eh⌫/kBTeq � 1
(2)

for photons of one polarization of frequency ⌫ at a ther-
mal equilibrium temperature of Teq and within one co-
herence volume [9].

The Dicke radiometer equation shows that the fluctu-
ations of average total noise power generated with the
linear amplifier is

�Pl = kBT

r
�⌫a

⌧l
. (3)

Here, T refers to the system noise temperature, which
is the sum of the physical temperature and the equiv-
alent noise temperature of the device. Thus, kBT =
kBTth + kBTdev, where kBTth = nh⌫ and kBTdev =
kBTSQL ⇡ 2 ⇥ h⌫

2 = h⌫, as shown Section III. Substi-
tuting back into T , we get T = n̄h⌫ + h⌫ = (n + 1)h⌫.
Thus, the radiometer equation with zero point fluctua-
tions considered is

�Pl = (n + 1)h⌫

r
�⌫a

⌧l
. (4)

Showing power as the time derivative of energy, Psp =
dEsp/dt = h⌫N/⌧sp, where N is number of photon
counts. Photon counts in the experiment comes from
three sources: thermal photons from blackbody radia-
tion, photons from axion coupling, and counts from dark
count rate.

Equation (42) of [8] says that the average rate of ther-
mal photon detection is

ṅth =

Z
d⌫⌘(⌫)n(⌫), (5)

n being as described by eq. (2) and ⌘ describing the quan-
tum e�ciency of the system (it is considered constant
across the frequency range for our purposes). The oc-
cupation number n can be interpreted as the number of
photons per second per Hertz of optical spectrum [10]
and can be assumed constant within the bandpass �⌫c

and zero outside. Evaluating the integral under these
considerations, eq. (5) becomes

ṅth = ⌘n�⌫c. (6)

Using Planck’s formula for energy E = h⌫N and the
fact that E = Psignal⌧ in this case, we find the average
rate of axion photon detection

ṅaxion =
Psignal

h⌫
. (7)

The dark count rate for the SPD is directly propor-
tional to the temperature in which the SPD is kept [11].
Under cryogenic conditions that the axion search is being
conducted, the dark count rate can be safely assumed to
be zero. Combining eqs. (6) and (7), we find that the
total photon count N is

N =

✓
⌘n�⌫c +

Psignal

h⌫

◆
⌧sp = �⌧sp, (8)

where � is the total detection rate and ⌧sp is the integra-
tion time.

Eq. (8) considers shot noise with the second term in
the rate expression. The stream of incoming photons can
also be subject to photon bunching. It is the phenomenon
where photons are correlated to each other, giving rise to
a not completely random photon stream, i.e. the photons
travel in clusters. However, at the frequency and operat-
ing temperature of the axion experiments, the e↵ects of
bunching are negligible. Assuming usual Poisson statis-
tics for the system, the statistical fluctuations in photon
count will be

p
N . Thus, the noise power of the SPD will

become

�Psp =
h⌫

p
N

⌧
= h⌫

r
�

⌧
. (9)

Evaluating the ratio of linear amplifier noise power to
SPD noise power, and substituting the expressions for
the bandwidths as discussed in Section III, we get

�Pl

�Psp
= (n + 1)

r
�⌫a

�

= (n + 1)

s
⌫

Qa

✓
⌘n⌫

Qc
+

Psignal

h⌫

◆�1

.

(10)
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We notice that the ratio is not dependent on the integra-
tion time of the experiment, showing that the noise power
is dependent on the devices directly. Consider the follow-
ing conditions: Teq = 100 mK, Psignal = 4.3 ⇥ 10�23 W,
Qa = 2 ⇥ 106, and ⌘ = 1. If we vary the value of the
ratio Qa/Qc within the range 1 to 50 with a fixed Qa, we
are essentially changing the values of Qc. We also vary
the frequency within the range 1 to 14 GHz. Plots of the
3-dimensional contour map of power ratio as a function
of frequency and quality factor ratio is shown in Fig. 1a.

(a)

(b)

(c)

FIG. 1: (a) Power ratio when plotted as a function of
Frequency and Quality Factor ratio operating at 100 mK. (b)

Viewing the curve to see power ratio as a function of
frequency. (c) Viewing the curve to see power ratio as a

function of quality factor ratio.

We notice that the power ratio is to the order of 101,
much lower than the values presented in [5]. It is reason-

able because signal shot noise was not considered previ-
ously. We also see in Fig. 1b that for lower frequencies,
linear amplifiers are better than SPDs and in Fig. 1c that
we need a very low quality factor ratio for SPDs to have
a significant advantage. This leads to the application of
the superconducting thin films in the cavity as mentioned
in Section III. The results seen are at a modest operating
temperature of 100 mK. If we set it to more achievable
temperatures of 50 mK and 10 mK, we see a rise in the
power ratio as seen in Figs. 2a and 2b respectively.

(a)

(b)

FIG. 2: Power ratio when plotted as a function of Frequency
and Quality Factor ratio operating at (a) 50 mK. (b) 10 mK.

The power ratio raises to a little less than twice the val-
ues seen in the 100 mK case. However, between the two
cases, there is no change in the range of the power ratio
but rather the surface plot reshapes a little. This sug-
gests that the power ratio is a↵ected significantly in the
50 � 100 mK range. The main advantage of the 10 mK
scenario is that we can scan at very low frequencies as
well while getting a reduced noise power. As long as we
can get the temperature to around and below 50 mK, we
should be able to achieve the new power ratios of 35 in
the best conditions.

A few assumptions were made in the analysis presented
in this section. We ignored dark count rate and we as-
sumed that the contribution of photon bunching is neg-
ligible. Additionally, the factor of noise that is added is
only the photon counts of the axion coupled photons. We
have not considered the shot noise calculations presented

S. Das, Analysis of Single Photon Detectors for Dark . . . 11
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in [10].

Since Poisson statistics were assumed in our calcula-
tions, we can get quantitative limits to the number of
photon counts in order to detect axion photons as well
as remove dark counts. The probability of k photons
being detected in a certain interval given the number of
counts that would occur in the interval to be � is

P = e���
k

k!
. (11)

Setting P = 0.95 for a 95% confidence level that we de-
tect at zero photon counts (k = 0), we see that � ⇡ 0.05.
This would ensure that no dark counts are registered by
the SPD in the integration time interval. Setting eq. (8)
equal to 0.05, frequency to 10 GHz, and assuming an
integration time of 500 seconds, we find the operating
temperature of the device should be

Teq =
h⌫

kB

2
4ln

(
⌘⌫

Qc

✓
�

⌧
� Psignal

h⌫

◆�1

+ 1

)3
5
�1

. (12)

Plugging in the above values, we see that Teq ⇡ 0. There-
fore, we can say that dark count would be a part of the
photon count from the detector at any of the temper-
atures 10, 50, or 100 mK. However, assuming that the
dark count rate is very low compared to the blackbody
radiation and the axion photon coupling, our calculations
should hold.

V. SUMMARY

Single Photon Detectors provide the means to reduce
the noise temperature in axion searches due to it operat-
ing without a standard quantum limit. So far it has been
implemented in axion searches in the CARRACK experi-
ment. With modern technological advancements, it truly
greatly improves the noise power compared to linear am-
plifiers. We have shown that SPDs become useful only in
certain conditions such as when the quality factor ratio is
small (⇡ 3) and the frequency is high enough in the mi-
crowave range (� 10 GHz). These conditions are readily
achievable and are being applied to modern axion search
experiments, thereby allowing single photon detectors to
be used.

Lorem ipsum dolor sit amet, consectetuer adipiscing
elit.
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Abstract:  

 Josephson parametric amplifiers (JPAs) are promising devices for amplifying the weak 

signal of the axion in haloscopes due to their low noise amplification and tunable resonant 

frequency. Determining the equivalent noise temperature of the JPA measurement chain with 

reasonable errors and speed is important for the use of the JPA in the axion experiment. Two 

methods were used to estimate the noise temperature of the measurement chain and calculate the 

standard deviation from the linear fit of these values. First, a modified Y-factor method was 

developed to calculate the noise temperature using only two noise source temperatures. Then, a 

method which used curve fitting to estimate the noise temperature was applied, utilizing all fifty-

three noise source temperature spectra, and the standard deviation was calculated. The Y-factor 

method produced a noise temperature range of approximately 0.36K to 0.50K depending on the 

frequency, with a standard deviation in the range of 20mK to 40mK when the temperature 

difference between the points is between 0.2K and 0.55K. The fitting method produced a noise 

temperature range of approximately 0.40K to 0.44K depending on the frequency, with a standard 

deviation of about 7mK. The fitting method provided much more accurate results, but the 

measurement time was significantly longer than what would be required for the Y-factor method.  

 

Introduction:  

 The axion was proposed by Peccei and Quinn as a solution to the strong CP problem and 

the properties of this proposed axion also make it a candidate in the dark matter search. Thus, 

detecting the axion is of great importance in physics. The Center for Axion and Precision Physics 

(CAPP) employs the haloscope technique in their attempt to detect the axion. Haloscopes operate 

based on the method described by Sikivie in 1983, which states that an axion will convert to a 

photon in the presence of a strong magnetic field [1]. The power of the resulting electromagnetic 
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signal from the photons is predicted to be weak, with most values being in the range of 10-21 W 

[2]. Detecting this small of a signal poses a significant challenge due to the overpowering nature 

of noise at that power level. Along with this difficulty, the experiment needs to scan a significant 

frequency range because the mass of the axion is unknown. In order to overcome these 

challenges, the signal to noise ratio needs to be increased so that the axion can be detected and 

the scan rate can be increased, thus allowing the frequency range to be covered effectively. By 

making improvements to the design of the experiment through the strength of the magnet, design 

of the RF cavity, ultra-low temperatures, and low noise amplification, the signal to noise ratio 

can be improved.  

Josephson Parametric Amplifiers are excellent amplifiers for the axion search because of 

their tunable resonant frequency and their low noise amplification.  In the JPA, the 

Superconducting Quantum Interference Device (SQUID) serves a crucial role in amplification by 

acting as an effective inductor with tunable inductance. The inductance of the flux driven dc-

SQUID can be altered by changing the magnetic flux, provided by a coil (Фdc), through the 

SQUID. Because the resonant frequency of the circuit is dependent on its inductance and 

capacitance, altering the flux provided by the coil will change the resonant frequency of the 

circuit [3]. The SQUID creates the parametric characteristic of the amplifier through the 

oscillation of the resonant frequency. The pump line varies the resonant frequency by providing 

an ac flux from the inductor of the pump line to the SQUID of the JPA [4]. Thus, the inductance 

of the SQUID modulated periodically with time, resulting in amplification of the incoming 

signal. Also, because of the JPA’s ability to reduce the added noise to close to the standard 

quantum limit in non-degenerate mode, the JPA is an ideal amplifier for the axion search [3]. 

Determining the noise temperature of the JPA measurement chain with reasonable error 

is important for the use of the JPA in the axion search experiment. Ideally, the noise temperature 

needs to be calibrated each time the JPA is tuned, and with the current JPA set-up, it would be 

tuned at least 5 times per tuning step of the cavity. Each tuning step only covers 100kHz of the 

100Mhz that the CAPP-PACE cavity can ideally examine. The time of this calibration is crucial 

to the speed of the search due to the number of tunings required. The number of measurements 

greatly impacts how fast this calibration can take, but it also impacts the errors of the noise 

temperature calculation. The goal of this study is to examine different methods of determining 
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the noise temperature of the JPA measurement chain with different amounts of measurements 

and different calculation techniques to see the effect on the error.  

 

Methods: 

 

Figure 1: Setup of the JPA measurement chain and noise source.  

The data used for this analysis was produced using the setup in figure 1. A passive noise 

source consisting of a 50 Ohm termination held at a temperature, which emits Planckian 

blackbody radiation plus quantum noise, is used to create the input noise power of the 

measurement chain. The physical temperatures of this noise source gives the temperature values 

to use in the noise temperature calculations. The noise signal is transferred to the JPA and 

measurement chain, which amplifies the noise power according to the gain and adds its own 

noise. The output noise power of the measurement chain is measured using a Keysight N9010A 

spectrum analyzer with 96.4 Hz noise bandwidth setting and 1000 averages along with 1 Hz 

video bandwidth. At each temperature of the noise source, the output power was recorded as a 

spectrum of measurements done in small frequency spans over the 2.307495Ghz to 2.307505Ghz 

range. The vector network analyzer measures the gain of the measurement chain. This gain is not 

directly used in the noise temperature calculations but is used as a diagnostic for problems in the 
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chain setup. For the 53 different noise source temperatures, the measurement took approximately 

6 hours.  

Several methods were employed to estimate the noise temperature of the JPA 

measurement chain using the data collected.  The equation for noise power of a source that emits 

Planckian blackbody radiation and the quantum of noise is given by:  

𝑃 = 𝑘𝑇𝐵
ℎ𝑓
𝑘𝑇

𝑒
)*
+, − 1

+
ℎ𝑓𝐵
2 																				(1) 

=
ℎ𝑓
2 coth

ℎ𝑓
2𝑘𝑇 																																															 

where k is Boltzmann constant, h is Planck’s constant, T is the temperature of the element, B is 

the bandwidth, and f is the center frequency of the bandwidth [5]. For microwave frequencies, 

the Rayleigh-Jeans approximation is often used to simplify this equation, based on the limit of hf 

<< kT. Replacing the exponential with the first two terms of the Taylor expansion at this limit 

gives: 

𝑃8 = 𝑘𝑇𝐵																				(2) 

This assumption is utilized in the classical Y- factor method for calculating the noise temperature 

of the system. The total noise power of an element of a circuit is determined by: 

𝑃8 = 𝐺(𝑃:8;<= + 𝑃>??@?)																				(3) 

where Pn is the total noise power at the output of the element, G is the gain of the element, Pinput 

is the noise power from the noise source and Padded is the noise power added by the measurement 

chain of the circuit. 
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Using the Rayleigh-Jeans approximation for both the initial and added noise powers, the Y-factor 

method can be utilized as such: 

𝑌 =
𝑃8C
𝑃8D

=
𝐺𝑘𝑇C𝐵 + 𝐺𝑘𝑇@𝐵
𝐺𝑘𝑇D𝐵 + 𝐺𝑘𝑇@𝐵

=
𝑇C + 𝑇@
𝑇D + 𝑇@

																					(4) 

𝑇@ =
𝑇C + 𝑌𝑇D
𝑌 − 1  

where T1 and T2 are the hot and cold temperatures, Pn1 and Pn2 are the noise powers of these two 

temperatures, respectfully, and Te is the equivalent noise temperature of the measurement chain 

[6]. However, in the case of the JPA, the Rayleigh-Jeans assumption is not valid because the 

physical temperature of the noise source is small, which causes the value of kT to be comparable 

to hf.   

Because of this flaw with the classical Y-factor method, a modified Y-factor method was 

designed to estimate the noise temperature. In equation 5, Pinital is modeled by equation 1 because 

the assumption cannot be applied. Padded is modeled by the Rayleigh-Jeans approximation as a 

matter of convention for noise temperature. This gives a noise power equation: 

𝑃8 = 𝐺𝐵
ℎ𝑓
2 coth

ℎ𝑓
2𝑘𝑇 + 𝑘𝑇@ 							(5) 

By applying the same Y-factor method, an equation for the equivalent noise temperature can be 

determined: 

𝑌 =
𝑁C
𝑁D

= 	
𝐺𝐵 ℎ𝑓

2 coth ℎ𝑓
2𝑘𝑇C

+ 𝑘𝑇@

𝐺𝐵 ℎ𝑓
2 coth ℎ𝑓

2𝑘𝑇D
+ 𝑘𝑇@

	 

𝑇@ =

ℎ𝑓
2 coth ℎ𝑓

2𝑘𝑇C
− 𝑌 ℎ𝑓

2 coth ℎ𝑓
2𝑘𝑇D

	

𝑘𝑌 − 𝑘 																							(6) 

 

where Y is the ratio of the noise powers. To perform the calculation, Python was utilized, with 

the Matplotlib.pyplot, NumPy, Pandas, OS, and sklearn.linear_model libraries. Pandas and OS 
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were utilized in reading the data, and NumPy was used in the calculations. The two sets of noise 

power spectra with the corresponding temperatures were used for this calculation. The frequency 

versus calculated noise temperature was plotted using matplotlib, and a linear fit was applied to 

this plot using LinearRegression from sklearn.linear_model. The standard deviation of the 

predicted values of noise temperature from this fit and the calculated noise temperatures for each 

frequency was determined. To examine the effect on the difference between the temperature 

values for the two spectra, the lowest temperature spectrum was compared to various increasing 

temperature spectra.  

A fitting method was also utilized for the determination of the noise temperature, which 

used the entire data set. Python was employed for this method, with the Matplotlib.pyplot, 

NumPy, Pandas, OS, SciPy and sklearn.linear_model libraries. Using optimize.curve_fit from 

the SciPy library, a fit was applied to the data to find the parameters of gain and noise 

temperature. Equation 5 was used as the model function. The frequency versus the noise 

temperature parameter was then plotted and the standard deviation of the noise temperature was 

done using the same linear fit technique as in the modified Y-factor method.  

 

  

A. Schroeder, Noise Temperature Measurements of Josephson . . . 18



Results 

The resulting frequency versus calculated noise temperature plot from two sample data 

points using the modified Y-factor method shows the range of calculated noise temperatures to 

approximately 0.36K and 0.50K depending on the frequency (Figure 2). The modified Y-factor 

method for determining the noise temperature produced standard deviations within the range of 

20mK to 40mK when the temperature difference between the two data spectra were between 

0.2K and 0.52K. When the temperature difference was less than 0.2K, the standard deviation of 

the noise temperature was significantly increased (Figure 3).  

	

	

Figure 2: Modified Y-Factor Method frequency versus calculated noise temperature (Te) at two 

values of temperature. The selected temperature values are displayed. All temperature values and 

the standard deviation are in Kelvin.   
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Figure 3: Dependence of standard deviation on difference between the two noise source 

temperatures in the modified Y-factor method.  

 

The fitting method, which used all 53 spectra, produced a range of noise temperature 

values approximately between 0.40K and 0.44K, with a standard deviation of 7mK (Figure 4).  

 

Figure 4: Frequency versus noise temperature from the fitting method is displayed. Standard 

deviation from the linear fit is in Kelvin.  
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Discussion: 

 These results show that, as expected, the fitting method, which used all 53 spectra, had a 

significantly better standard deviation from the linear fit (7mK) than the modified Y-factor 

method. The modified Y-factor method utilized only two of the available fifty-three spectra, 

resulting in the higher standard deviation from the linear fit, of approximately 30mK.  

To ensure that the standard deviation from the modified Y-factor method is within the 

range of 30mK, the noise source temperature difference should be above at least 0.2K. When the 

temperature difference is below this, the standard deviation is significantly higher, resulting in 

the loss of accuracy in calculating the noise temperature.  

 While the standard deviation of the fitting method is substantially better for estimating 

the noise temperature of the measurement chain, the time required for collecting this data is 

significantly longer than only changing the temperature of the noise source twice. It took 

approximately six hours to collect the entire fifty-three noise source temperature data set, but it 

should only take approximately seven minutes for changing the noise source temperature once. 

Once the JPA is implemented in the axion experiment, this time difference will be crucial to the 

rate the scan of the entire frequency range of the axion due to the necessary calibrations of the 

JPA each time the cavity is tuned. For an application like such as this, the trade-off of 

measurement accuracy to measurement time needs to be closely examined for the desired 

outcome.  
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This report provides an introduction to the Strong CP Problem and the Dark Matter Problem
and a potential solution: axions. It also outlines the goals and methods of the Axion Resonant
InterAction DetectioN Experiment (ARIADNE). Furthermore, it demonstrates the methods used
to simulate, analyze, and calculate, both analytically and numerically, the field and flux induced by
magnetized objects of various geometries and volumes and the results of these calculations for the
ARIADNE experiment.

I. INTRODUCTION

A. Strong CP Problem

One unanswered question in the field of high energy
physics is that of charge-parity (CP) symmetry violation.
According to quantum chromodynamics (QCD), strong
interactions should not preserve CP-symmetry. However,
this has never been observed experimentally. This prob-
lem is known as the ”Strong CP Problem.”[1]

B. Dark Matter Problem

Ordinary matter, matter which is understood by the
Standard Model, makes up only 5 percent of the matter-
energy in the universe. The rest consists of dark matter
and dark energy. The existence of some kind of invisible,
or dark, matter was first confirmed when galactic rota-
tion curves demonstrated that stellar velocities did not
decrease with distance from the center of a galaxy. In
other words, stars move at roughly the same speed, de-
spite being far away from the mass that is concentrated
at the center of the galaxy.[2] It has been postulated that
there is invisible matter that provides the needed mass
for the stellar velocities to remain roughly constant. This
mass came to be known as ”dark matter” and makes up
27 percent of the matter-energy in the universe.

C. Axions

The axion is a fundamental particle postulated by the
Peccei-Quinn (PQ) theory in order to solve the Strong
CP Problem.[3] The axion can also be a strong dark mat-
ter candidate, due to its very light mass and weak interac-
tion with Standard Model particles.[4] Furthermore, the
axion would also mediate a P- and T-violating monopole-
dipole interaction in the sub-millimeter range.[5]

II. UNDERSTANDING ARIADNE

ARIADNE (Axion Resonant InterAction DetectioN
Experiment) seeks to detect this interaction within a
range of 100 µm and 10 cm by rotating a tungsten source
mass near an NMR sample polarized in the z-direction.[5]
The source mass will rotate in resonance with the spin
precession frequency of the NMR sample. This will cause
the sample to gain magnetization in the transverse direc-
tion. The field generated by this transverse magnetiza-
tion will be measured by the SQUID.
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FIG. 1. ARIADNE Experimental Setup

The energy from the monopole-dipole interaction as a
function of distance is given by:[5]

Usp(r) =
~gsgp

8⇡mf
(

1

r�a
+

1

r2
)e�(r/�a)(�̂ · r̂), (1)

where mf is the fermion mass. This axion-generated
potential e↵ectively acts as a magnetic field; however, it
couples to spin and mass, not charge, current, or mag-
netic moment. This e↵ective magnetic field is given by:

Beff =
2rVa(r)

~�f
, (2)

where Va is the axion potential for monopole-dipole
interactions, and �f is the fermion gyromagnetic ratio.
This e↵ective field will cause the NMR sample to gain a
time-varying magnetization Mx:[5]

Mx(t) =
1

2
nsµn�nBeffT2(e

�t/T1 � e�t/T2)cos(!t) (3)

III. MAGNETIZATION SIMULATIONS

This magnetization produces a magnetic field that can
be detected using a SQUID pick-up loop, shown below.

FIG. 2. NMR Sample and Pick-up Loop

For a given magnetization m the magnetic field gener-
ated by a magnetized sphere is given by:[6]

Bm =
µ0

4⇡

3r̂0(r̂0 · m) � m

r03
(4)

FIG. 3. Sphere Diagram

By using COMSOL and Python to simulate and plot
the magnetic field produced by a magnetized sphere at
a distance r (z in the above figure), it is found that the
simulated solution confirms the analytical solution:

FIG. 4. Magnetic Field from Magnetized Sphere
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Furthermore, the simulation can be used to calculate
the flux through the 3 mm pickup loop at a distance r
for other magnetized shapes as well. First is a spheroid
shape with internal diameters 3 mm ⇥ 3 mm ⇥ 150 µm,
which more closely resembles the shape of the NMR cell
used in the ARIADNE experiment:[5]

FIG. 5. Spheroid Diagram

FIG. 6. Flux from Magnetized Spheroid

The next simulation shows the flux through the pick-
up loop from a magnetized cylinder of radius 6 cm and
height 5 cm at a distance r from the top of the cylinder:

FIG. 7. Cylinder Diagram

FIG. 8. Flux from Magnetized Cylinder

The final simulation shows the flux through the pick-
up loop from the same magnetized cylinder from the side
of the cylinder:

FIG. 9. Radial Cylinder Diagram

FIG. 10. Flux from Radial Cylinder

Where flux is given by:

�m =

Z
Bm · dA (5)
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IV. FLUX OPTIMIZATION

A. Analytical: Sphere

The flux through the pick-up loop from a magnetized
sphere is given by:[6]

�m =
µ0m(t)

2
(

1p
R2 + z2

� z2

p
(R2 + z2)3

), (6)

where R is the radius of the pick-up loop and z is the
distance from the the sphere, and

dm

dV
= M. (7)

A plot of this function is shown below:

FIG. 11. Flux from Sphere in Terms of Loop Radius and
Distance

In order to find the ideal pick-up loop radius and dis-
tance between the loop and the sphere for maximum �,
a value for z must be found such that r�m(R, z) = 0
where:

r�m =
µ0m(t)

2
[
3Rz2(R2 + z2)2

((R2 + z2)3)3/2
� R

(R2 + z2)3/2
,

�2zp
(R2 + z2)3

� z

(R2 + z2)3/2
+

3z2(R2 + z2)2

((R2 + z2)3)3/2
] (8)

When r�m(R, z) = 0:

Z�max
=

Rp
2

(9)

A plot of �max with respect to R with z given by the
above equation is shown below:

FIG. 12. Flux from Sphere with Constraint

Therefore, when calculated analytically, the optimal
pick-up loop radius for a magnetized sphere is approxi-
mately 3 mm. The optimal distance between the sphere
and the pick-up loop is approximately 2.1 mm, and the
maximum flux is approximately 1.29 ⇥ 10�11 Wb.

B. Numerical: Spheroid

�max for the rest of the shapes, however, cannot be
calculated analytically like the sphere. Instead, it must
be calculated numerically from the data. For each of
the shapes, the optimization was performed by nding the
maximum possible ux at each point away from the object,
then nding values for the distance and radius for each of
those maximum uxes. The greatest ux value was then
taken as the value for �max. This process is demonstrated
by the following formula:

R =

s
�m

Bm(z)⇡
(10)

where Bm(z) is the magnetic field as a function of dis-
tance from the magnetized geometry.

For a spheroid of semimajor axis a = 3 mm and semi-
major axis c = 150 µm, and a volume given by:

V =
4⇡

3
a2c, (11)

The plot of �max is shown below:
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FIG. 13. Maximum Flux from Spheroid

Calculated numerically, the function for the magnetic
field with respect to distance is approximated by:

Bm(z) ⇡ 5.567 ⇥ 10�16 T · m3

z3
� 1.414 ⇥ 10�10 T (12)

Therefore, when calculated numerically using the max-
imum flux at each point and its values for R and z, the
optimal distance between the spheroid and the pick-up
loop is approximately 3 mm for a given loop radius of 3
mm, and the maximum flux is approximately 5.79⇥10�13

Wb.

C. Numerical: Cylinder

For a cylinder of radius r = 50 mm and height 60 mm
and a volume given by:

V = ⇡r2h, (13)

The plot of �max is shown below:

FIG. 14. Maximum Flux from Cylinder

Calculated numerically, the function for the magnetic
field with respect to distance is approximated by:

Bm(z) ⇡ 1.693 ⇥ 10�10 T · m3

z3
� 4.541 ⇥ 10�8 T (14)

Therefore, when calculated numerically using the max-
imum flux at each point and its values for R and z, the
optimal pick-up loop radius for a magnetized cylinder is
approximately 49 mm. The optimal distance between the
cylinder and the pick-up loop is approximately 68 mm,
and the maximum flux is approximately 3.71⇥10�9 Wb.

D. Numerical: Cylinder (Radial)

For a cylinder of the same volume, but with the pick-
up loop placed on the side along the radius, the plot of
�max is shown below:

FIG. 15. Maximum Flux from Radial Cylinder

Calculated numerically, the function for the magnetic
field with respect to distance is approximated by:

Bm(z) ⇡ 6.182 ⇥ 10�11 T · m3

z3
� 6.805 ⇥ 10�9 T (15)

Therefore, when calculated numerically using the max-
imum flux at each point and its values for R and z, the
optimal pick-up loop radius for a magnetized cylinder is
approximately 49 mm. The optimal distance between
the side of the cylinder and the pick-up loop is approxi-
mately 52 mm, and the maximum flux is approximately
3.26 ⇥ 10�9 Wb.

V. CONCLUSION

In conclusion, the results of this study can be used
to optimize the 3He cell dimensions for the ARIADNE
Experiment, as well as other axion-like particle searches
that use NMR techniques and other NMR-based exper-
iments in general. It can also be used to optimize the
dimensions and placement of the SQUID magnetometer
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pick-up loop for objects of various geometries and
volumes for various NMR-based experiments. Once the
ARIADNE experiment is completed, it has the potential
for a large scale impact on the field of physics by
potentially resolving the Strong CP Problem, providing
an explanation for dark matter, and opening up a new
domain of study of submillimeter interactions.
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Abstract
The efficiency of a quantum heat engine for a two-level system is derived and a comparison of

this result to the classical Carnot engine is made. The extension from system-bath weak coupling

to strong coupling is made and coherences are incorporated as a result. New thermodynamic

quantities are formulated as a result of this new coupling Hamiltonian term and a correction to the

ideal Carnot cycle is found which results from a generalised Gibbs distribution. The efficiencies are

computed for this engine which gives rise to a specific ratio of magnetic fields which are required

for a maximum efficiency. These efficiencies are displayed in colour plots for high temperature and

low temperature limits.
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I. INTRODUCTION

The ability to manipulate and characterise quantum states is becoming increasingly im-

portant, particularly in fields such as quantum computing and quantum cryptography [1].

Such was the motivation for exploring the concept of a Carnot engine [2] with a two level spin

system. In 2000, Bender et al. proposed the first concept of a quantum mechanical Carnot

engine using a particle in a potential well [3]. More recent work [4–6] of Maxwell demons

and Carnot cycles operating at temperatures TC and TH exhibit a maximum efficiency less

than the ideal efficiency proposed by Carnot, 1 − TC/TH . However, by strongly coupling a

heat reservoir to the system, this will alter the system density matrix which will give rise to

coherences - a fundamentally quantum phenomenon. This report aims to explore the effects

of these coherences on the overall efficiency of a quantum Carnot engine. An analytic form

for the efficiency of the ideal two-level spin system case is initially derived, followed by the

incorporation of strong bath-system coupling and a derivation of resultant generalised Gibbs

distribution.

The main points of interest for this report are; what will happen to the definitions of

work and heat as a result of strong coupling, can an analytic expression for this new strongly

coupled be found under any approximation and how do the effects of coherence change as

the temperature of the system is varied.

II. THE CLASSICAL AND QUANTUM IDEAL CARNOT ENGINE

A. Classical Carnot Engine for Ideal Gas

First, we study the four processes that make up a Carnot cycle for an ideal gas so it can be

used as a comparison for the quantum equivalent. This Carnot cycle is displayed in Fig. 1.

Starting at point A, the first process is an isothermal expansion. The term "isothermal"

implies that the temperature of the system does not change. It is assumed in an ideal gas

that there are no interactions between particles and so the potential energy is negligible.

As the internal energy of the system is simply the sum of the kinetic energies and potential

energies of the particles within the system, this implies that there is no change in internal

energy. This is due to the equipartition theorem, that the kinetic energy is proportional to

the temperature. The isothermal expansion (process I) is at a high temperature, TH . Heat

2
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FIG. 1: Carnot cycle for an ideal gas and an ideal two-level system.

is applied to the system and the gas will expand and create work, W1. The heat will be

absorbed by the system in order to keep the temperature constant despite the increase in

volume. In the two-level case, the occupancy of higher energy level is permitted to decrease,

however the internal energy must remain constant.

The adiabatic expansion follows (process II) and is characterised by having no change in

heat, dQ = 0. For an ideal gas, the volume of the system will continue to increase due to

the relatively low pressure outside the system and will continue to expand until the pressure

difference is resolved. This expansion decreases the temperature of the system. In a two-level

system, the occupancy of the energy levels remains constant during adiabatic processes.

The isothermal compression (process III) occurs at a lower temperature, TC . The volume

of the system decreases and, as the temperature must remain constant, the gas will eject

heat. The occupancy of the higher state increases in a two-level system.

Finally, the system returns to its original volume at the end of the adiabatic compression

(process IV) despite no change in heat. This is caused by a relatively higher pressure outside

the system.

In order to derive the efficiency of the Carnot engine for an ideal gas, the 1st law of

thermodynamics is stated,

∆U = Q+W (1)

where positive work is defined as being work done by the environment on the system and
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positive heat is defined as the heat entering the system from the environment. The efficiency

of a Carnot engine is defined to be [7],

η =
net work done by the system
heat absorbed by the system

=
Wtot

QH

. (2)

where QH is defined is the heat transfer during the isothermal expansion. The formula for

an ideal gas is,

PV = nRT, (3)

R being the universal gas constant and so using the formula for change in work done for an

ideal gas,

dW = −pdV, (4)

a general expression for the work done from isothermal processes can be found simply,
∫ Vf

Vi

−pdV = −nRT
∫ Vf

Vi

1

V
dV, (5)

WISO = −nRT ln
Vf
Vi
. (6)

Using the relationship that for an adiabat,

pV γ = k, γ =
Cp
Cv
, (7)

where k is a constant, Cp is the specific heat capacity at constant pressure and Cv is the

specific heat capacity at constant volume, then

WADI =

∫ Vf

Vi

−kV −γdV, (8)

=
1

γ − 1
[pfVf − piVi], (9)

=
nR

γ − 1
(Tf − Ti). (10)

When calculating the total work done in the cycle, the work done for the two adiabatic

processes will cancel each other out which is expected as the cycle is reversible and quasi-

static. As ∆U = 0 in an isothermal process, dW = −dQ and so the efficiency is given

by,

η =
Wtot

QH

= 1− WIII

WI

= 1− TC
TH

, (11)

for an ideal gas.
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B. A Quantum Carnot Engine for a Two-Level System with a Generalised Hamil-

tonian

The same methodology can be applied to the two-level system. We will consider a spin-

1/2 system in a magnetic field as the working substance of our quantum Carnot engine. The

most general Hamiltonian of such a system is

HS(t) = B(t) · ~σ (12)

= B0I +Bxσx +Byσy +Bzσz, (13)

with B0 providing a constant shift in energy, Bx,By and Bz being the magnetic field along the

x, y and z directions, and σx,y,z being the standard Pauli matrices. Transforming the matrix

to its energy eigenbasis makes it diagonal with energies E0 = B0 − |B| and E1 = B0 + |B|
where we have assumed that ~ = kB = µB = 1.

The occupancy probability of these energy levels can be described as a Boltzmann dis-

tribution and so the occupancy of the higher state can be defined:

n1(t) =
N1

N0 +N1

(14)

with Nx = exp[−βEx] (x = 0, 1) and β = T−1. This relationship is displayed in Fig. 2, where

the green plot illustrates the occupancy of the higher state and the blue plot portrays the

occupancy of the lower state. This system can then be represented using a density matrix,

ρ(t) =
exp (−βHS(t))

Tr[exp (−βHS(t)]
=


 n1(t) 0

0 1− n1(t)


 . (15)

However, a new expression for the internal energy can be found with respect to the

Hamiltonian,

〈HS(t)〉 = U = Tr[HS(t)ρ(t)]. (16)

Taking the derivative of the internal energy with respect to time gives,

∆̇U = Tr[Ḣs(t)ρ(t)] + Tr[Hs(t)ρ̇(t)]. (17)

In an adiabatic process no heat is gained or lost as well as having no change in the occupancy

of the states. Therefore, the first term on the right hand side is the rate of change of the

work done as the states do not change and the second term is the rate of change in heat, as

the states change. This implies that dQ = 0 in an adiabatic process.

5
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Finally, the work done and heat can be expressed as,

W =

∫ tf

ti

Tr[ḢS(t)ρ(t)]dt, (18)

Q =

∫ tf

ti

Tr[HS(t)ρ̇(t)]dt. (19)

The Carnot cycle for this two level system is displayed above in Fig. 3. The adiabatic com-

pression and expansion corresponds to I and III respectively with II and IV representing the

isothermal expansion and compression. From B to C the system remains at a constant high

temperature whereas between D and A the system remains at a constant lower tempera-

ture. From the formula for work done in (7), a general expression for adiabatic processes

and isothermal processes can be obtained.

As ∆U = 0 for isothermal processes, the average energy for points in processes II and IV

can be equated which gives rise to the final expressions for the work done for each process,

WI = −WIII = (2PA − 1)(|B2| − |B1|), (20)

WII = −|B2|
|B1|

WIV = |B2|(2PA − 1) ln

( |B3|
|B2|

)
, (21)

where PA and PD are the occupancies of the upper state as shown in Fig. 3. WI = −WIII

which was expected as the process is reversible and therefore quasistatic. This leads to the

final result of the efficiency,

=
|B2|(2PA − 1) ln( |B3|

|B2|)− |B1|(2PA − 1) ln( |B3|
|B2|)

|B2|(2PA − 1) ln( |B3|
|B2|)

, (22)

η = 1− |B1|
|B2|

, (23)

which is simply a function of the ratio of two magnetic fields.

C. Discussion

The above process, although quantum, can be mimicked by a classical system and hence

there is no purely quantum physics involved. This can be shown by simply equating the

density matrix at point A and point B along the adiabatic path,

exp (−βC |B1|)
2 cosh(βC |B1|)

=
exp (−βH |B2|)
2 cosh(βH |B2|)

. (24)
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FIG. 2: A plot of the internal energy versus the magnetic field

A relationship can therefore be written between the two magnetic fields,

|B1| =
βH
βC
|B2|, (25)

and can be substituted back into (23) giving,

η = 1− βH
βC

= 1− TC
TH

, (26)

which is the exact result in the ideal gas case.

One such phenomenon that is purely quantum and that cannot be modelled by a clas-

sical system, is the coherences of the system. To incorporate these coherences, the system

discussed is strongly coupled to a heat bath.

One of the primary assumptions made when calculating the efficiency is that ∆U = 0

along the isothermal processes. However, Fig. 2 shows the internal energy plotted against

the magnetic field for different values of temperature, there are no regions where the internal

energy remains constant. An accurate numerical value for the efficiency can still be calcu-

lated. By re-writing the heat as Q = ∆U−W , the non-zero change in internal energy can be

accounted for in the heat calculation and therefore, the efficiency calculation is unhindered.

Nonetheless, in the ideal case, it is still assumed that ∆U = 0 because under this assumption

all of the heat applied to the system is converted into work, which is consistent with an ideal

heat engine.

7
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III. STRONG COUPLING CARNOT ENGINE

A. Distribution

Now the system is strongly coupled to a heat bath, the Hamiltonian is re-defined as,

Htot = HS +HB +HSB, (27)

where HB describes the thermal environment and HSB is the system-bath coupling Hamil-

tonian [8]. The bath Hamiltonian can be thought of as an infinite collection of harmonic

oscillators,

HB =
∞∑

n=1

(
p2n

2mn

+
mnω

2
n

2
x2n

)
, (28)

each with mass mn and frequency ωn. The system-bath Hamiltonian is expressed as,

HSB = S ⊗B,

= S ⊗
(
−
∞∑

n=1

cnxx

)
, (29)

where B is the collective bath operator, a measure of the interaction strength between each

oscillator and the system and S is a system operator, the spin flip σz Pauli spin matrix will

be used for the purpose of this report.

Canonical perturbation theory [9] can be used to find a reduced density matrix that is

valid up to second order in system-bath coupling strength [8]. Staring with the generalised

Gibbs distribution [10],

ρ =
TrB[exp(−βHtot)]

Tr[exp(−βHtot)]
, (30)

one can use the Kubo identity [11],

exp[β(Â+ B̂)] = exp[βÂ](I +

∫ β

0

dβ′ exp[−β′Â]B̂ exp[β′(Â+ B̂)], (31)

by expanding exp(−βHtot) and taking A = H0 = HS +HB and B = HSB,

exp(−βHtot) = exp(−β′HS) exp(−β′HB)[I⊗ I−
∫ β

0

dβ′[exp(β′HS) exp(β′HB)S ⊗B

exp(−β′HS) exp(−β′HB)] +

∫ β

0

dβ′
∫ β′

0

dβ′′[exp(β′HS) exp(β′HB)S ⊗B

exp(−β′HS) exp(−β′HB) exp(β′′HS) exp(β′′HB)S ⊗B exp(−β′′HS) exp(−β′′HB)]],

(32)

8
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with A(β′) = exp(β′HA)A exp(−β′HA) where A is an arbitrary operator. Then, when tracing

over the bath degrees of freedom, the result is,

TrB[exp(−βHtot)] = exp(−β′HS)ZB[I−
∫ β

0

dβ′S(β′)〈B(β′)〉

+

∫ β

0

dβ′
∫ β′

0

dβ′′S(β′)S(β′′)〈B(β′)B(β′′)〉], (33)

As the average x position of a single harmonic oscillator 〈B(β′)〉 = 0, assuming the oscillator

is initially at the origin, the system density matrix is simply,

ρS =
TrB[exp(−βHtot)]

Tr[exp(−βHtot)]
=

exp(−βHS)ZB[I +D′′]

ZSZB[1 + TrS [exp(−βHS)D′′]
Zs

]
, (34)

and keeping only terms that ∝ H2
SB, the density matrix for the system is finally,

ρS =
exp(−βHS)

ZS
+
D′′

ZS
− exp(−βHS)Tr[D′′ ]

Z2
S

(35)

wherein,

D′′ = exp(−βHS)

∫ β

0

dβ′
∫ β′

0

dβ′′S(β′)S(β′′)〈B(β′)B(β′′)〉. (36)

B. Engine

The 1st law of thermodynamics is again corrected to account for the additional impact

from strong-coupling with the bath and can be written [12],

U(t) = Tr[(HS(t) +HSB)ρtot(t)], (37)

which can be expressed as,

U(t) = Tr[HS(t)ρS(t)]−
∫ β

0

TrS[G(β′)]C(iβ′)dβ′ (38)

= (2ρS11(B, β)− 1)B + g(B, β), (39)

where C(iβ′) is a correlation function given by,

C(iβ′) =

∫ ωD

0

(
γωD
2π

ω

(
1− ω2

ω2
D

)1/2

(coth

(
βω

2

)
cosh (β′ω) + sinh (β′ω)

)
dω, (40)

and G(β′) is,

G(β′)nn =
∑

l

|Snl|2 exp(−βEn + β′(El − En)). (41)
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Along the adiabatic processes, the engine must satisfy the constraint that dQ = 0. Therefore,

by taking Q̇ = 0, an expression can be found that must be held constant on the adiabatic

paths,

Tr[(HS +HSB)ρ̇tot] = 0. (42)

By making the differential with respect to B,

Ḃ

(
2B

dρS11(B, β)

dB
+
dg(B, β)

dB

)
= 0, (43)

however, because the magnetic field will change along the adiabatic process, Ḃ 6= 0 and so

solving the differential equation gives,

X(B, β) = 2BρS11(B, β) + g(B, β) + h(B, β), (44)

where,

h(B, β) = −2

∫
ρS11(B, β)dB. (45)

Using the expression for work (18), the isothermal processes use the assumption that

the internal energy will remain constant and so by utilising (40) the work along isothermal

processes becomes,

WISO = U(Bi, βx)ln

(
Bf

Bi

)
−
∫ Bf

Bi

g(B, βx
B

dB, (46)

where βx indicates the fixed value of β that the process is occurring at. The same principle

is used to calculate the work across the adiabatic path, as dQ = 0, X(B, β) is held constant

giving rise to the expression,

WADI = Xx ln

(
Bf

Bi

)
− (Bf −Bi)−

∫ Bf

Bi

g(B, β)

B
dB −

∫ Bf

Bi

h(B, β)

B
dB. (47)

When equating internal energy at the two known points on the isotherm, two transcendental

equations are found which cannot be used to simplify the expression for efficiency further

and so no analytic solution could be found. The integrals in WADI also cannot be evaluated

as both B and β vary along the adiabatic path.

In order to simplify the problem, it was assumed that there was only strong coupling for

the isothermal processes - the bath was disconnected from the system at the adiabats. For

weak coupling, the work done along the adiabatic path,

WADI = (2ρS11(B, β)− 1)(Bf −Bi), (48)
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FIG. 3: A plot to show the approximation for values of B2 and B3

yet the overall efficiency still cannot be written simply. This leads to the second simplifica-

tion, that for low magnetic fields and high temperatures, a small angle approximation could

be applied to g(B, β) and so it can be written as,

g(B, β) =
8

3
B2y(β)− f(β), (49)

where y(β) and f(β) are both integrals that are only functions of β. f(β) cancels out

everywhere in the expression for efficiency but the B2 term remains and still no simple

analytic expression could be found. Consequently, the efficiencies for the strong coupling

where calculated numerically.

IV. NUMERICAL RESULTS AND DISCUSSION

By simply strongly coupling the system to the bath on the isothermal paths, coherences

will alter the efficiency of the engine. It can also be observed that both effects of coupling

and coherences are contained within the density matrix, which implies that the effects of

these properties cannot be separated.

It can be shown computationally that the work done as a result of the adiabatic processes

are not equal and opposite, which denotes that the entire cycle is irreversible when coherences

are present. This was previously shown to be true by Michal Horodecki and Jonathan

Oppenheim in 2013 [13].

In the ideal case, in order to find a relationship between the magnetic fields at each point

in the cycle, the density matrix at two points along the adiabatic path was simply equated,

giving (25). However, for strong coupling, when the density matrix is equated, no closed
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FIG. 4: Plots of the efficiency verses the magnetic fields for different temperatures.

form expression can be found between magnetic fields. Using the relationship from the ideal

case in this calculation gave a good approximate solution to this problem (' ±10−3). Fig. 3

shows the difference between the two density matrices set equal to zero for a change in the

magnetic field. What this figure illustrates is that this approximation is more valid in the

high temperature limit Fig. 3a than the low temperature limit Fig. 3c as the root of the

equation moves further from the origin as temperatures decrease.

The efficencies of the quantum Carnot engine as a function of B and β are displayed in

Fig. 4 with the top row being the efficiencies for weak coupling and the bottom row being

that of the strong coupling. These plots show firstly, that the magnitude of efficiency is

lower when coherences are added than when they are absent for any given temperature.

By comparing the top row and Fig. 4d however, it is observed that when the engine is

strongly coupled in the high temperature limit, efficiency behaves in a similar way which
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is expected. As you reach the low temperature limit, firstly, for both weak and strong

coupling the magnitude of the efficiency is greatly reduced. By referring to Fig. 2 it is clear

that for very low temperatures it is no longer valid to approximate ∆U = 0 and so there is

energy dissipation at low temperatures resulting in a smaller value for efficiency. The main

difference between the two efficiency plots for low temperature, is that for weak coupling

the efficiency is a monotonous function whereas for the strong coupling there is an ideal

value for magnetic field that corresponds to the maximum efficiency and this is the main

result. The white region in the plots for low temperature do have non-zero values but the

values were too small and so computationally, the numerical integrator could not solve for

the value as the function was not converging. In conclusion, for an ideal case with weak

coupling, the efficiency can be described analytically and it is only when the temperature is

decreased such that the ∆U = 0 approximation does not hold that values of the efficiency

deviate from this model. New expressions for thermodynamic quantities were derived for

the strong coupling case which meant that the effects of coherences came about simply by

strongly coupling the system to the bath. It was shown that there is no closed form of

the efficiency in the strong coupling case, despite having weak coupling on the adiabatic

paths and making a high temperature approximation to simplify the expression. Finally,

coherences do not affect the efficiency at high temperatures, giving a monotonous function

with respect B1 and B4 just as in the weak coupling case. However, in the low temperature

limit, it is shown that there is an ideal value of the magnetic fields in order to generate a

maximum efficiency.
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Abstract

For axion experiments, we must know the environment of the experiment systems. The
environment can be stated by noises, gains, etc. In this report, we discuss how to measure
noise temperatures and gains of amplifiers with the Y-factor method. Also, we use reflection
coe�cients uncertainty estimation.

We used a system that a noise source is connected to an amplifier which is connected
to a spectrum analyser at 290K. The amplifier and spectrum analyser(SA) which we used
are Room Temp(RT) amplifier, LNF-LNC4 8C(Low Noise Factory) amplifier and Rhode &
Schwarz FSV7 SA. We measured the frequency range in 2GHz to 7GHz.

We got noise temperatures and gains, and the uncertainties were evaluated. The di↵erence
between typical method and revised method is small, but it a↵ects to both main values and
uncertainties. In conclusion, reflection coe�cients should be used for accurate measurement.

1 Introduction

Measuring noise temperatures is important for axion experiments. The lower the noise temper-
ature is, the better the performance of a system is. To detect axions, furthermore, the noise
temperature of a system tells us how accurate the sensitivities are.

For measuring noise temperatures and gains, we used the Y-factor method. Also, we can
calculate uncertainties of the noise temperature and the gain. In addition, we added reflection
coe�cient terms to estimate the uncertainties on measurements. The reflection coe�cient is
caused by impedance mismatch of instruments. It causes power loss to a system. If we consider
reflection coe�cients, it will be more accurate than typical method.

Amplifiers and the spectrum analyser(SA) which we used are Room Temp(RT) amplifier,
LNF-LNC4 8C(Low Noise Factory) amplifier and Rhode & Schwarz FSV7 SA, the frequency
range is 2GHz to 7GHz. Figure 1 is our measurement system.

2 Y-factor method

The Y-factor method is the most common and the most precise method of measuring noise
factors. Y-factor can reduce unknown. First, we define an Excess Noise Ratio(ENR) as

ENR =
TON � TOFF

Tref
(1)

1
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Figure 1: Diagram of system. �s are reflection coe�cients. Assuming �AMP
21 = 0.

or in dB

ENRdB = 10 log10

✓
TON � TOFF

Tref

◆
. (2)

where TON/OFF is the e↵ective temperature when noise source is on/o↵ and Tref is the reference
temperature which is 290K. We assume TOFF is 297K and the uncertainty of TOFF and TON

are 0K. We can fine ENR values in the specification of the noise source.
Y-factor is a power ratio with noise source on and o↵:

Y =
PON

POFF
. (3)

From the Dicke radiometer equation, the noise power is given by

P = kBTB (4)

where kB is Boltzmann’s constant, T is the temperature and B is the bandwidth. Then Y-factor
is typically stated to the function of noise temperatures

Y2 =
TON + TN

2

TOFF + TN
2

(5)

where TN
2 is the noise temperature of the SA. In other words, TN

2 is

TN
2 =

TON + Y2T
OFF

Y2 � 1
. (6)

Similarly, the noise temperature of the complete system T12 is

TN
12 =

TON + Y12T
OFF

Y12 � 1
. (7)

To calculate exactly, we must consider loss by impedance mismatch which is appeared to
reflection coe�cients �. Reflection coe�cients a↵ect the power flow between systems. The power
of the SA P2 is

P
ON/OFF
2 =

1 �
���SA

11

��2
���1 � �

NS, ON/OFF
11 �SA

11

���
2

⇣
PON/OFF + PN

SA

⌘
(8)

where PN is the noise power of the instrument and PON/OFF is the power of the noise source
when noise source on/o↵. Note reflection coe�cients are complex. Also, the power of complete
system P12 is stated:

P
ON/OFF
12 =

1���1 � �
NS, ON/OFF
11 �AMP

11

���
2 G
⇣
PON/OFF + PN

AMP

⌘ 1 �
���SA

11

��2
��1 � �AMP

22 �SA
11

��2 + PN
SA. (9)
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where PN
SA is the noise power of the SA and G is the linearized gain of the amplifier. The gain

is typically defined as

G =
PON

12 � POFF
12

PON
2 � POFF

2

. (10)

Of course, the gain is also changed by reflection coe�cients.
Now, we can define new Y as

Y2 =
PON

2

POFF
2

=
PON + PN

SA

POFF + PN
SA

1

⇢SA
(11)

Y12 =
PON

12 � PN
SA

POFF
12 � PN

SA

=
PON + PN

AMP

POFF + PN
AMP

1

⇢AMP
(12)

where ⇢s are

⇢SA =

���1 � �NS, ON
11 �SA

11

���
2

���1 � �NS, OFF
11 �SA

11

���
2 (13)

⇢AMP =

���1 � �NS, ON
11 �AMP

11

���
2

���1 � �NS, OFF
11 �AMP

11

���
2 (14)

⇢0 =

��1 � �AMP
22 �SA

11

��2
���1 � �NS, ON

11 �AMP
11

���
2

���1 � �NS, ON
11 �SA

11

���
2 . (15)

Then we can arrange the formulas to PN
SA and PN

AMP

PN
SA =

PON � Y2⇢SAPOFF

Y2⇢SA � 1
(16)

PN
AMP =

PON � Y12⇢AMP POFF

Y12⇢AMP � 1
. (17)

3 Noise Temperature and Gain

There is an equation for relations of the noise temperature[2]

T1 = T12 �
T2

G
(18)

where T1 is noise temperature of the amplifier. Because of the equation (4), the equations (16)
and (17) become the function of noise temperature

TN
SA =

TON � Y2⇢SATOFF

Y2⇢SA � 1
(19)

TN
AMP =

TON � Y12⇢AMP TOFF

Y12⇢AMP � 1
. (20)
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(a) Typical calculation of RT amplifier (b) Exact calculation of RT amplifier

(c) Typical calculation of LNC4 8C amplifier (d) Exact calculation of LNC4 8C amplifier

Figure 2: The calculations of the noise temperature. Yellow lines are error bars.

The typical way to find the uncertainty of the noise temperature NT is given by

(�NT )2 =
�
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+
�

@NT
@T OFF �T

OFF
�2

+
⇣

@NT
@T ON

12
�TON

12

⌘2
+

⇣
@NT

@T OFF
12

�TOFF
12

⌘2
+
⇣

@NT
@T ON

2
�TON

2

⌘2
+
⇣

@NT
@T OFF

2
�TOFF

2

⌘2
.

Combining the equations (8), (9), (19) and (20), the gain G is redefined to exact form with
reflection coe�cients.

G =
PON

12 � POFF
12

PON
2 � POFF

2

⇢0
�
TON + TN

SA

�
�
�
TOFF + TN

SA

�
⇢SA�

TON + TN
AMP

�
�
�
TOFF + TN

AMP

�
⇢AMP

(21)

The gain G is linearized. The gain is usually used to dB scale. Finding the typical uncertainty
of the gain is the same method as the typical uncertainty of the noise temperature.

Finding uncertainties of exact method is the same as typical method. However, we simplify
the equation because it is too complicated to calculate

(�NT )2 =
�
�TON

�2
+ · · · +

�
��SA

11

�2
. (22)

Noise temperature is the function of reflection coe�cients.
In figure 2 and 3, the exact calculation reduces unnecessarily huge wiggles because they are

created by impedance mismatch. The exact calculation also creates small wiggles which means
the values are more accurate than typical values. Besides, it also reduces the size of the error
bars. The specific peak of the noise temperature of RT amplifier is caused by Wi-Fi whose range
is around 2.4GHz.
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(a) Typical calculation of RT amplifier (b) Exact calculation of RT amplifier

(c) Typical calculation of LNC4 8C amplifier (d) Exact calculation of LNC4 8C amplifier

Figure 3: The calculations of the gains of the amplifiers. Yellow lines are the error bars.

Figure 4 is uncertainties of the noise temperature and the gain which determines the size of
error bars in figure 2 and 3. You can see uncertainties of the exact method is slightly smaller
than typical method. The wiggles are smaller too.

4 Conclusion

We discussed the di↵erence between the typical method and the exact method in evaluating
the uncertainties. The point is that the exact method includes the reflection coe�cients terms.
To consider impedance mismatch, the reflection coe�cients are needed. They a↵ect both main
values and uncertainties of the noise temperature and the gain. If we calculate exact formula
not simplified one, uncertainties could be reduced. The simplified formula ignored coe�cients of
each uncertainty terms and coe�cients can be smaller than 1. It means these exact uncertainties
which we calculated could be overestimated.

The axion experiments need very accurate measurements. It means precise noise and gain
measurements are needed. Considering reflection coe�cients can help to measure precisely.
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(a) The typical uncertainty of RT amplifier (b) The exact uncertainty of RT amplifier

(c) The typical uncertainty of LNC4 8C amplifier (d) The exact uncertainty of LNC4 8C amplifier

(e) The typical uncertainty of RT amplifier (f) The exact uncertainty of RT amplifier

(g) The typical uncertainty of LNC4 8C amplifier (h) The exact uncertainty of LNC4 8C amplifier

Figure 4: The calculations of the uncertainties of the noise temperature and gain.
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Appendix

(a) The reflection coe�cients of RT amplifier (b) The uncertainties of the reflection coe�cients

(c) The reflection coe�cients of LNC4 8C amplifier (d) The uncertainties of the reflection coe�cients

Figure 5: The reflection coe�cients of the amplifiers. The discrete parts in (b) and (c) may be caused by the noise of the
network analyser.
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Abstract: 
 

We created an axion signal that follows the Energy model of an axion coming 
from the Galactic Halo. We imported the signal to an AWG. We got the FFT results 
from a Spectrum Analyzer and performed our own FFT by getting the data from a 
Digitizer. We then took data of the Digitizer’s noise and averaged it. Then repeated the 
process for a weaker version of the axion signal and averaged out the Johnson-Nyquist 
noise. 
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1. Introduction 
 
- What is the axion? 

The axion is a theoretical particle that is weakly interacting via the 
electromagnetic force and has a projected small mass (range » 10µeV – meV). If 
discovered, it would explain the Strong C-P Violation and potentially be a 
fundamental particle of dark matter. 

 
- Sikivie mechanism 

The detection mechanism was suggested by Pierre Sikivie, as seen in Fig1. [1] 
 

 

 
 
 

When an axion enters a magnetic field, it interacts with the virtual photons that 
are generated by the magnetic field and a photon is produced. 

 
- What is the axion Energy? 

Experimental limitations mean the frequency range we look at is not very wide. 
This is why we need to have a good estimation of the axion Energy before we try 
detecting it. 
 

We assume the axions we try to detect, come from the Galactic Halo, so we 
have to consider the motion of the earth in relation to the Galactic Halo. 
 

We also assume the axions follow the ideal gas kinetic theory thus their Kinetic 
Energies are described by the Maxwell-Boltzmann distribution, however because 
of the motion of the earth in relation to the Galactic Halo, we derive another 
distribution, the Boosted Maxwell-Boltzmann Distribution. [2] 
 
 

𝑓(𝑣) = 2ℎ(
𝛽
𝜋
+

1
𝑚.𝑢0

1 𝑒3456
73849:;< ⋅ sinhB2𝛽(

2ℎ𝑣
𝑚.

𝑢0C𝑑𝑣 

 
 Equation 1: Boosted Maxwell-Boltzmann Distribution 

γ* 

γα α 

Fig1: The Sikivie 
mechanism. 
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Fig2 is a distribution plot for the following parameters: 
Axion frequency: 𝑓. = 1𝐺𝐻𝑧, 𝛽 constant (𝛽 = 1.5𝑢J38): 𝑢J = 270𝑘𝑚/𝑠 (rms velocity of the 

Galactic Halo), Planck’s constant: ℎ = 6.626 ∗ 103RS𝑚8𝑘𝑔/𝑠, 𝑢0 = 230𝑘𝑚/𝑠 (Earth’s speed in 
the Galactic Halo). 

 

 
 

The total axion energy is equal to its Rest Energy plus its Kinetic Energy which 
is described by the distribution. 

 
- Digitizer’s importance 

The main purpose of this process was to produce results using a Digitizer. This 
is important because the Digitizer halves the data taking time compared to a 
Spectrum Analyzer. This can be derived from the Scan Rate. 

 
ScanRate ∝ 𝜂 

Where η is the efficiency of the data acquisition system. 
 

We estimate ηS.Α. @ 0.4 and ηDigitizer is at least 0.8 
ÞScanRateDigitizer ³ 2⋅ScanRateS.A. 

 
So, the Digitizer is about twice as efficient 
 

2. The Axion Signal 
 
- What does FFT do? 

To produce the axion signal we will input the Voltage as a function of time 
(time domain). When trying to detect the signal we take that data and perform a 
Fast Fourier Transform (FFT). 

When we perform the transformation, we get our results as a function of 
frequency (frequency domain). 

Fig 2: Boosted Maxwell-Boltzmann Distribution for 1GHz axion 

f(v
) 
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The FFT produces Discrete Fourier Transform (DFT) results. It has a major 
advantage in calculating efficiency compared to the classic Fourier Transform. 
 

 

 
- What is the Sampling Rate and RBW? 

The signals we generate and input in the equipment have some characteristics.  
 

The number of Samples taken in one second is called the Sampling Rate while 
the frequency distance between each sample is called Resolution Bandwidth. 

The Sampling Rate defines the data file size while the RBW defines the quality 
of the signal. It is important to note we need a Sampling Rate at least double that of 
the input frequency because of the Nyquist theorem[3], otherwise we will get an 
overlapped signal. 

 
- Our Axion signal 

We produced an axion signal that is the sum of 60 sine waves that fit the energy 
model we described in the previous chapter. We determined the axion signal to 
correspond to 1GHz axions however due to experimental limitations, that will be 
described in detail in the next chapter, it was downscaled to 10MHz while 
maintaining the original shape. 

 
 

Sampling Rate:25MS/s, RBW: 100Hz, N Points: 250000, frequency range: 6KHz 

Fig 3: Example of the FFT for a sine wave 0.5sin	(50(2𝜋𝑥)) 

Am
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itu
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(V
) 

Fig 4: 1GHz axion signal downscaled to 10MHz 
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3. Signal Detection 
 

- Experimental equipment description 
To produce the signal, we used an Arbitrary Waveform Generator (AWG). We 

imported data from the axion signal equal to the number of points of the signal with 
the respective Sampling Rate and Resolution Bandwidth (RBW). The axion signal 
amplitude changes in the AWG. 

 
 

Equipment Model 
A.W.G. Tektronix AWG5000 
Digitizer M4i 4480 x4 
Spectrum Analyzer Rohde Schwarz FSV4 

 
 
Then we want to detect the signal with either a Digitizer or a Spectrum 

Analyzer. The Spectrum Analyzer produces the FFT results directly, while the 
Digitizer gives data of the signal that have to be processed to derive the FFT results. 

 
One technical difficulty is that the AWG has a Sampling Rate limitation of 1.2 

GS/s while we need a Sampling Rate of at least 2 GS/s for our 1 GHz axion due to 
the Nyquist Theorem (In reality it should be 2.012 GS/s if we also consider the 
frequency range that is set to 6 KHz). This however can be overcome using a mixer, 
which multiplies two input signals and gives out the resulting signal. If we input 
our axion signal and a sine wave signal with a frequency of 990 MHz we can get 
the original 1 GHz axion signal which in reality is the 10 MHz signal upscaled.  

 
 

sin𝑎 ⋅ sin𝑏 =
1
2 sin

(𝑎 + 𝑏) −
1
2 sin

(𝑎 − 𝑏)) 
 
 
 
 
The Digitizer has a Sampling Rate of 400	MHz	or	MS/s	 < 2	GHz	so we retain 

the 10 MHz axion for the Digitizer data. 
 
First, we generate the signal data and import it in a USB. Then we connect the 

USB to the AWG and set the right Sampling Rate and RBW (25	MS/s, 100	Hz). 
We connect the AWG with the Spectrum Analyzer and Run the signal. We center 
the frequency range of the Spectrum Analyzer to 10 MHz and give it a span of 20 
KHz. 

Equation 2: Sine property 
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Afterwards we connect the AWG and another signal generator that produces a 

sine wave signal, with the mixer. We set the sine wave frequency to be 990 MHz. 
We connect the mixer’s output with the Spectrum Analyzer and center the 
frequency range to 1 GHz with a span of 20 KHz. 
 

 
 
 
 

Then we connect the AWG to the Digitizer and get the Digitizer data from a 
PC. We use code to do the FFT and produce the following results: 

 

Fig 6: 1 GHz axion signal, produced using the mixer, detection with the 
Spectrum Analyzer. 

 

Fig 5: 10 MHz axion signal detection with the Spectrum Analyzer 
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We center the signal at 10 MHz with a span of 20 KHz. 

 
 

4. Noise: 
 
- Noise type 

We take measurements of the Digitizer’s noise and average it’s FFT 1000 times. 

Fig 7: FFT results of the Digitizer data 

Fig 8: FFT results of the Digitizer data at 10 MHz with 20 KHz range 
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These results suggest that the majority of the noise is Thermal/Johnson-Nyquist 
noise. This type of noise is random thus it gets reduced when averaged as suggested 
by Radiometer Equation. [4] 

𝛿𝑃p = 	
𝑃p

√𝑅𝐵𝑊 ⋅ 𝜏
 

Where Pw is the average Noise Power,	𝛿𝑃p  is the standard deviation of the Noise Power and τ 
is the integration time (total length of time data). 

 
- Axion in noise 

We repeated the process for the downscaled axion signal 
 

 
 
 
 
 
 
 
 

The peaks we see in the averaged noise constitute part of it, however they are 
not of type Johnson-Nyquist. 

Fig 9: FFT results for a single noise measurement and an average of 1000 measurements 

 

Fig 10: FFT results for a single measurement and an average of 1000 measurements of a 
weak axion signal 
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Discussion: 
 

During this process we encountered two main issues that need further 
examination. 
 

First issue was the spikes seen when we average noise as in Fig9 and Fig10. A 
first look into them suggests they are of Lorentzian shape thus might be explained as 
sine wave signals whose source must be further examined. 

 
Secondly, we had a major decrease in quality for the FFT of the axion signal as 

we decreased the signal’s Amplitude. The signal used here was 50 times weaker than 
the original. This was tested for other magnitudes (10 and 100 times weaker signal) and 
the consensus was that the quality is proportional to the amplitude of the signal. The 
explanation may have to do with the AWG settings however this would require further 
inspection.  
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1. Abstract 
An effective RF scraping method was developed and discussed through analysis of the 
parameters of momentum, frequency, and amplitude of a muon beam stored in the muon g-2 
experiment at Fermilab. This study is a continuation of another study that discovered the 
inefficiency of the current electrostatic quadrupole scraping method, which hinders the desired 
high precision of the muon g-2 experiment. After analysis of amplitude and frequency as a 
function of field focusing index, as well as the analysis of the frequency of off-momentum 
particles at the edge of the beam in the danger zone, the RF scraping technique was perfected and 
tested in an RKPC Fortran-based simulation. The beam vertical amplitude decreased after 
applying RF scraping for 20 µs, reducing the number of muon losses. Muon losses are a 
fundamental problem of the muon g-2 experiment. 
 

2. Introduction 
The Standard Model of particle physics is the theory that describes all four known fundamental 
forces in the universe and categorizes all known elementary particles into three groups: quarks, 
leptons, and force carriers (with the Higgs field providing mass to the leptons). The muon is a 
second-generation lepton that acts as a magnet spinning on its axis. The muon g-2 experiment 
now conducted at Fermilab, Chicago, aims to precisely determine the muon’s anomalous 
magnetic dipole moment. This experiment has been conducted at a number of institutions: first at 
CERN, then BNL, and finally, at Fermilab. The experiment probes the Standard Model with high 
precision, up to the 1 TeV mass scale. It does this by storing muons in a highly uniform magnetic 
field. The muon is the ideal system to study the quantum vacuum with high precision, which due 
to the uncertainty principle, can never be empty. It aims to investigate the thick “soup” of virtual 
particles coming into and out of existence, influencing g-2 precession, i.e. the relative muon spin 
precession relative to the momentum vector.  
 
This beam scraping study is part of ongoing systematic error studies trying to minimize muon 
losses during storage. The first part of the study involved an analysis of the current scraping 
method implemented on the electrostatic quadrupoles of the ring, which scrape the muon beam 
to keep muons on the edge of the beam out of the aperture, where they can get lost. Muon loss is 
a fundamental error of the experiment that can affect the main 5-parameter function results of the 
experiment that rely on calculating total muon decay. Using a Fortran-based high precision beam 
dynamics simulation, this study discovered that the oscillation amplitude of the muons may be 
smaller or larger when crossing a resonance depending on the initial conditions of the particles as 
well as the timing of the transition from a low to a high field index. This effect was not observed 
when a resonance driver was not included in the simulation. These results lead to the second part 
of the study, developing an alternative scraping method of the muon beam to inhibit muon loss 
which uses radio frequency (RF). This study involved analyzing the frequency and amplitude of 
the beam based on changing field focusing index n, as well as learning about the frequency of 
muons off the magic momentum by up to 0.3%. These simulations allowed the study to 
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effectively formulate an RF scraping method that reduces muon loss by a larger factor than 
electrostatic quadrupole scraping. 
 

3. Understanding g-2 
The factor “g” refers to the gyromagnetic ratio gµ, which is expected to be 2 for a structureless, 
spin-1⁄2 lepton such as the muon [1]. This “g-factor” is defined by  

Where S is the internal spin vector, q is the particle charge, and m  is mass. Therefore, g-2 should 
equal 0 according to the relativistic Dirac equation. Due to radiative corrections, which couple 
muon spin to virtual fields, an anomaly aµ is given by 

The standard model value of aµ has been evaluated to a precision of approximately 0.6 ppm 
(parts per million) [1]. This parameter is being measured to a similar level of precision in the 
experiment, and the difference between the theoretical and experimental values of aµ tests the 
standard model [1]. The value obtained by the experiment run at BNL (1997-2001) was over 3 
standard deviations from the theoretical value [1]. The experiment running in Fermilab hopes to 
expound upon these findings by obtaining a higher degree of precision. This will test whether the 
discrepancy will remain, and if that discrepancy significantly deviates from the theoretical value 
of aµ. A significant difference between the value of aµ obtained experimentally and the 
theoretical value of aµ suggests that the Standard Model is incomplete.  

Table 1.  Evolution of the muon g-2 experiment over time in past studies: CERN (1961-1976) and BNL (1997-2001). Data 
acquisition for the Fermilab experiment started 2017 and is scheduled to end in 2023 [1]. 
 
Though the BNL experiment found a difference over 3 between the experimental andσ  
theoretical value of aµ, the experiment must uncover a difference of 5 in order to classify thisσ  
deviation as a discovery of the Standard Model as being incomplete [1]. 
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4. Experimental Methodology 

Figure 1 . The overall experimental technique of the muon g-2 ring is shown here. Highly polarized muons are injected into the 
storage ring, where they spin around a uniform magnetic field before decaying to electrons and neutrinos. The storage ring radius 
is 7.112 m and torus radius is 4.5 cm. 
 
The experimental methodology underlying the muon g-2 experiment involves using a proton 
beam that hits a target and produces pions. These pions decay in-flight to muons, where the 
forward and backward going muons are highly polarized [2]. The muons are injected into a 
magnetic storage ring with a highly uniform dipole magnetic field and torus geometry [2]. The 
muons decay into electrons and neutrinos with a dilated lifetime of 64µs. The highest energy 
electrons from muon decay carry information of the spin direction in the muon rest frame. 
Higher energy electrons in the lab frame will happen when spin and momentum vectors are 
aligned. 24 electron calorimeters detect the energy and arrival times of the decay electrons, 
allowing for the inference of muon spin direction relative to momentum as a function of time. 
The relative spin and momentum precession rate due to the electric field is cancelled due to a 
“magic” momentum of 3.1 GeV/c [1]. This allows for the measurement of the difference 
frequency between the spin and momentum precession rate without the complications of the 
electric field [2]. 

Figure 2. Distribution of electron counts vs. time for the 3.6 109 muon decays in the R01 data-taking period at BNL [1].×  
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Four electrostatic aluminum quadrupoles cover 43% of the ring’s circumference and focus the 
muon beam [2]. Initially, an asymmetric voltage is used on the quadrupole plates to scrape the 
muon beam using an electric field induced by a positive charge on the top and bottom plates, and 
a negative charge on the left and right quadrupole plates. The muon beam is focused vertically 
by the electric field while it is focused horizontally by the magnetic field [2]. This is done to 
eliminate muons in the danger zone, located near the aperture. The field focusing index n is 
calculated by 

      cn =  ∂R
∂E · β · B0

R0     
The scraping changes the field focusing index n from a low value to a high value. 
 

Figure 3.  A photograph taken of the electric quadrupoles on the storage ring, ring center is on the left. These quadrupoles are 
made of aluminum [2]. 
 
The electrostatic quadrupoles are made of aluminum and are shown in Figure 3. At equal 
potential, the quadrupoles are 10 cm apart [2]. 
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5. Systematic Error: Muon Losses 

Figure 4.  Vertical oscillation position [m] as a function of time [s]. On the n = 0.148 resonance, the particle’s vertical oscillation 
amplitude keeps growing until it hits an aperture and gets lost. 
 
One fundamental problem of the muon g-2 experiment is muon losses due to muons hitting the 
aperture when they are in storage. This fundamentally affects the desired level of precision 
required for this experiment. The muon beam size depends on the field focusing index n, which 
is a function of the strength of the ring quadrupoles. The first part of this muon loss scraping 
study was designed to test the effects of the field focusing index during storage from n = 0.135 to 
n = 0.160 on muon oscillation amplitude, in the presence of a resonance driver [4]. This range of 
field focusing indices covers the strong ring resonance at n = 0.148 which has been attributed to 
disrupting muon oscillation and leading to significant muon losses. 
 

6. Beam Dynamics Simulation 
In this study, I studied the effectiveness of the current scraping method. I assumed that there is a 
resonance driver on and that I could scan over it by changing the quadrupole voltage, or the field 
focusing index n. I also assumed that the quadrupoles are continuous in the ring. The study used 
the Fortran programming language employing Runge-Kutta/Predictor-Corrector (RKPC) 
integration to create a program designed as a high precision beam/spin dynamics simulation [3]. 
It visualized muon conditions in the ring during scraping through Gnuplot and I observed the 
final beam size as a function of various parameters. At the end of the scraping, the desired 
outcome is a more focused beam with smaller muon oscillation amplitude.  
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Figure 5.  Vertical oscillation position [m] as a function of time [s]. This figure shows the comparison between an 11 µs time 
constant for a run time of 10 µs with an initial oscillation phase positive (green) and negative (purple). 
 
The findings of this study suggest that the conventional scraping method is ineffective at 
prevention of muon loss near the aperture in the presence of a resonance driver [4]. As shown in 
Figure 4, in the non-linear condition with resonance driver on, half the muons with negative 
initial phase would have a very large oscillation amplitude when crossing the resonance field 
focusing index. This means that the equations designating the resonance driver and tuning of the 
quadrupoles are unable to predict the muon beam. This poses a problem in the precision of the 
muon g-2 experiment, as it shows that ineffective scraping leads to muon loss that may hinder 
the results of the ‘wiggle plot’ (Fig. 2).  
 

7. Understanding RF Scraping 
The stored muon needs to be scraped effectively in order to avoid muon losses during storage 
time. I have shown above the traditional method of scraping has inherent problems and may not 
work properly. We propose to inject the muon beam into the storage ring with a small angle 
vertically, so that there is a vertical coherent betatron oscillation (CBO). The muon particles with 
an amplitude more than 4.5 cm will be scraped against a circular aperture located at several 
positions around the ring.  After about 5 microseconds we can turn on the RF at the vertical CBO 
frequency.  The vertical CBO amplitude will be reduced by about 1 cm and this way the stored 
muons will never be near the aperture. Below, I describe how I found out what is the vertical 
CBO frequency for the magic momentum particles as well as the off-magic momentum particles. 
Then, I apply the RF for about 20 µs and observe the vertical CBO amplitude as a function of 
momentum. 
 
 

8. Analysis of Frequency and Amplitude Based on Field Focusing Index 
The next part of the study aimed to develop an alternative scraping method using RF scraping. 
Analysis of the amplitude and frequency of the beam based on field focusing index was 
necessary in order to optimize RF phase.  
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Figure 6. Vertical oscillation position [m] as a function of time [s]. Beam is shown in vertical oscillation amplitude (purple) and 
horizontal oscillation amplitude (green) at n = 0.2 with resonance driver off. 
 
The study discovered n = 0.2 as a place where the beam amplitude increases without the 
presence of an additional resonance driver. This resonance is due to the cylindrical nature of the 
quadrupoles. 

Figure 7.  Graph showing amplitude vs. field focusing index of vertical oscillation, which is regulated by the electric field, using 
RF scanning through n values. Values obtained through Fortran RKPC program follow the blue line, whereas values obtained by 
the equation are shown in red. 
 
I also studied the frequency and amplitude vs. field focusing index of the muon beam in 
preparation of developing the RF scraping method. This was done by scanning n values from 0.1 
to 0.99 and analyzing the frequency, period, and oscillation amplitude values of horizontal and 
vertical oscillation in Gnuplot and X11. The values obtained match the values predicted by the 
equations: 

v 
y = √n  

 ymax = √ vy

ε R0y  
The vertical tune vy is a function of n , the field focusing index, which refers to the voltage 
applied to the electrostatic quadrupoles. ymax refers to the maximum vertical amplitude of the 
beam. ε y is the vertical beam emittance and R0 refers to the radius of the storage ring (7.112 m). 
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Figure 8. The frequency (Hz) as a function of the field focusing index, in the vertical oscillations of the muon beam. The 
frequency of the oscillations increases as the field focusing index increases. 
 
The study also found that changing amplitude through a reduction of vertical angle β z did not 
lead to change in frequency.  
 

9. Analysis of Frequency as a Function of Momentum 
Some of the few muons at the edge of the beam may have a momentum that is off-magic. The 
magic momentum is 3.1 GeV/c, yet some muons may be “off-magic” by up to 0.3%. Therefore, 
the study aimed to analyze the frequency of these muons and analyze how to apply RF scraping 
to effectively minimize the muon oscillation amplitude in order to reduce muon loss. At a field 
focusing index n = 0.13, where the frequency at magic momentum was found to be 2415458.937 
Hz, the program tracked particles at different momentums off of the magic momentum. These 
particles represented particles at the edge of the beam in danger of hitting the aperture, i.e. the 
danger zone.  

Figure 9.  The frequency (Hz) as a function as the momentum offset (%) of the magic momentum. The frequency decreases with 
an increase in momentum offset. 
 
The frequency decreases over increasing percentage of magic momentum offset. This important 
difference in frequency based on offset from magic momentum manifests itself in the latter 
stages of the beam, such as at 30 µs. 
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Figure 10.  Vertical oscillation amplitude of the muon beam at 30 µs run time of magic momentum and momentum offsets left to 
right: -0.15% (orange), -0.10% (light blue), -0.05% (green), magic momentum (purple), +0.05% (yellow), +0.10% (dark blue), 
and +0.15% (red).  
 
The frequency difference at the beginning of the beam injection displays a phase difference in 
those particles off magic momentum at 30 µs of run time. The amplitude at n = 0.130 of 0.057 
meters is unaffected by the change in momentum. Even particles up to 0.15% off magic 
momentum display a phase difference, although particles may be off magic momentum up to 
0.25% in the experiment. This is important to note when analyzing and applying an RF electric 
field to the quadrupoles in the simulation. 
 

10. Applying RF Scraping Method 
The RF scraping method application involved turning on an electric field of 1 kV/m for 20 µs 
and observing the muon beam amplitude. 

Figure 11.  Vertical muon beam amplitude [m] vs. time [s]. The muon beam at magic momentum 3.1 GeV/c with no RF scraping 
applied. The beam has an amplitude of 0.057 meters. 
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The muon beam has an amplitude of 0.057 meters at magic momentum 3.1 GeV/c. This 
amplitude can be reduced to prevent muon loss through the use of RF scraping, even for particles 
off the magic momentum by up to 0.2%.  

Figure 12.  The vertical muon beam amplitude [m] vs. time [s] of beam at magic momentum. The RF scraping is applied for 20 
µs. The muon beam amplitude decreased from 0.057 meters to 0.039 meters. 
 
The muon beam at magic momentum exhibited a decrease in vertical muon oscillation amplitude 
from 0.057 meters to 0.039 meters when RF scraping was applied, effectively reducing muon 
loss and enhancing the precision of the muon g-2 experiment. The beam scraping ends at 20 µs, 
with an observable drop-off in amplitude reduction at 20 µs, which is how much time the RF 
scraping was run for. This decrease in amplitude effect was still seen in off-magic muons. 

Figure 13.  Vertical position [m] vs. time [s] of beam at -0.20% magic momentum offset. RF scraping applied for 20 µs with 
amplitude reduction from 0.057 meters to 0.045 meters.  
 
 
 
 
 
 
 

10 

A. Mangla, RF-Scraping Method Development in the Presence . . . 69



 

Figure 14. Vertical position [m] vs. time [s] of beam at +0.20% magic momentum offset. RF scraping applied for 20 µs with 
amplitude reduction from 0.057 meters to 0.041 meters. 
 
The muon beam of the offset momentum particles still exhibited a decrease of amplitude, 
inhibiting muon loss, in applied RF scraping for 20 µs. An interesting feature to note is that the 
muon beam amplitude stops decreasing earlier than 20 µs, which is when the RF scraping is 
turned off, due to the change in phase of magic momentum offset particles (Fig. 10).  
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Abstract 

In this study, the ideal five-parameter function for g-2 experiment simulation is 
surveyed with error analysis, and the modified five-parameter function is designed and 
tested for E-field and pitch effects from muon beam’s radial distribution. The simulation 
results agree well with analytical estimations from existing literatures, and it is shown 
that the anomalous precession frequency 𝜔𝑎 can be estimated with a better precision, in-
tegrating the result from analytical survey into the modified five-parameter function. 
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Muon g-2 Concept and Experiment 

Muon g-2 (g minus two) experiment, also 
known as Muon anomalous moment experiment, is 
one of the most important experiments in contempo-
rary physics in terms of its exceptional disagreement 
with theory and potential implication of new physics. 
In this section, general review on muon g-2 concept 
and the experiment for measuring g-2 is surveyed. 

Muon g-2 Concepts 

The g-factor, 𝑔, of a particle is a dimension-
less constant that relates the magnetic moment, 𝝁, 
and the spin, 𝑺, of the particle. For a charged spin-
1/2 Dirac particle, such as an electron or a muon, the 
relation of the magnetic moment and the spin is given 
as follows: 

𝝁 = 𝑔
𝑒

2𝑚
𝑺. 

From the Dirac equation and its solution, the 
value of g is expected to be 2. The exact value, how-
ever, deviates from 2 and the value of this deviation 
is what is referred to as g-2. The anomalous magnetic 
moment, 𝛼, is defined to be one half of the difference 
as follows: 

𝛼 ≔
𝑔 − 2

2
. 

This deviation has three theoretical sources in 
the standard model. Most of the standard model cor-
rection (𝛼SM) comes from quantum electrodynamic 
(noted as 𝛼QED ) correction, which deals with lep-
tonic loop calculation. Electroweak (𝛼EW) and had-
ronic corrections (𝛼Had) have small contributions as 
well. 

𝛼SM = 𝛼QED + 𝛼EW + 𝛼Had 

                                                 
3 This figure is taken from the chapter 57 of Tanabashi M. et 
al., 2018. 
4 Aoyama Τ. et al, 2012.  
5 Hanneke D. at al, 2011. 

 
Figure 1 Lowest order Feynman diagrams for each 
SM correction. From left to right: first order QED, 
lowest order weak (involving Z and W, respectively), 
and lowest order hadronic interaction diagrams.3 

Table 1 The theoretical and experimental values of 
electron anomalous magnetic moment. 

 Value (error) 

𝛼𝑒 
(theory) 4      0.001 159 652 181 78 (77) 

𝛼𝑒 
(experi-
ment) 5 

     0.001 159 652 180 73 (28) 

Table 2 The theoretical and experimental values of 
muon anomalous magnetic moment. 

For the case of electron, the value of the 
anomalous magnetic moment is calculated and meas-
ured with an exceptional degree of preciseness, and 
the results agrees well within the error range as Table 
1 shows. 
 For the case of muon, however, the values do 
not agree well and deviates a few times of the stand-
ard deviation (𝜎) from each other. The values from 
literatures are shown in Table 2. 

Currently Fermi National Laboratory (Fer-
milab) is working on measuring the anomalous 

6 Melnikov K., 2015. 
7 G. W. Bennett et al., 2006. 
 

 Value (error) 

𝛼𝜇 
(theory) 6      0.001 165 918 30 (50) 

𝛼𝜇 
(experi-
ment) 7 

     0.001 165 920 80 (54) (33) 
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magnetic moment with improved precision, continu-
ing the g-2 experiment taken over from Brookhaven 
National Laboratory (BNL). The experimental result 
would function as the arbiter for particle theories and 
possibly lead to “new physics”, or “beyond-the-
standard-model”. 

Muon g-2 Experiment 

Measuring the anomalous magnetic moment 
of muon would have many difficulties, but here two 
of them are addressed explicitly to justify the exper-
imental setup to readers. First, their lifetime is very 
short, which is only about 2.2 microseconds, so that 
static or single-muon measurement is very challeng-
ing compared to the case of the electron. Second, to 
measure 𝛼𝜇 with an extreme precision, direct meas-
urement of 𝑔𝜇 and then subtracting 2 from it might 
not be an effective strategy. It is because 𝛼𝜇  is so 
small compared to 𝑔𝜇 that the minute effect from 𝛼𝜇 
can be blurred by the greater uncertainty from 𝑔𝜇. 

The basic experimental strategy which have 
been conducted by CERN, BNL, and Fermilab is to 
use a storage ring and electromagnetic field to keep 
and focus muons in their orbit with extended time 
from relativistic effect and measure the precession 
rate of muons by counting their decay products, elec-
trons. To make muons and inject them into the stor-
age ring, pion production target is hit by protons from 
accelerator, resulting in pions decaying into muons 
and muon neutrinos. 

Assuming electric field, which is used for 
vertical focusing of the beam, and magnetic field per-
pendicular to the ideal muon orbit, which is used for 
storing muons and making muons precess, the anom-
alous precession frequency  �⃗⃗� 𝑎 at which the spin pre-
cesses with respect to its momentum is given as fol-
lows8: 

�⃗⃗� 𝑎 = −
𝑞
𝑚

[𝑎𝜇�⃗� − (𝑎𝜇 −
1

𝛾2 − 1)𝛽 × �⃗� 

− 𝑎𝜇 (
𝛾

𝛾 + 1
) (𝛽 ⋅ �⃗� )𝛽 ] 

                                                 
8 Miller J. P. et al., 2007. 
 

where 𝛽 ≡ 𝑣 /𝑐 and 𝛾 ≡ 1/√1 − 𝛽2. The third term 
is a correction for muons moving non-perpendicu-
larly to the magnetic field. In this quite complicated 
equation, if muons have so-called “magic momen-
tum” 𝑝0 = 3.094 GeV/c  (equivalently magic 
gamma 𝛾0 = 29.3), the second term vanishes. As-
suming muons with perpendicular motion, we get: 

�⃗⃗� 𝑎 ≈ −
𝑞
𝑚

𝑎𝜇�⃗� . 

Because we get the value for �⃗⃗� 𝑎 from the ex-
periment, determining 𝑎𝜇 from it is straightforward. 
In real experiments and analysis, however, the value 
should be corrected with respect to various condi-
tions, including muons with different momenta re-
sulting in electric field’s contribution. 

In the ideal case, experimental result can be 
simulated with five-parameter function as follows: 

𝑦(𝑡) = 𝑁0 𝑒−𝑡/𝛾𝜏 [1 + 𝐴 cos(𝜔𝑎𝑡 + 𝜙)] 
where 𝑁0 accounts for the initial data count, the ex-
ponential term for the delayed (relativistic) decay of 
muon, and the term in the bracket for precession ef-
fect. 𝐴 is called the asymmetry, which is set to be 
0.35 in our simulation, and 𝜙 is the phase of the si-
nusoidal function, which is set to be 𝜋 in our simula-
tion. 

 
Figure 2 The g-2 wiggle plot, simulated with the five-
parameter function. Each data point contains gauss-
ian random error of which standard deviation is the 
square root of the ideal curve. 
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 To get the most precise 𝜔𝑎 and other param-
eter values out of the data, it is required to fit the 
model function to the real data. Statistical analysis 
from the theory is also required to cross-check the 
fidelity of fitting results. A more detailed infor-
mation on error analysis is provided in the next sec-
tion. 

E-field and Pitch Correction 

 As previously mentioned, because there is a 
momentum distribution of muons, they deviate from 
the ideal orbit and as a result get influenced by elec-
tric field. The radial distribution of muon beams in 
the BNL storage ring has been reported in the litera-
ture as Figure 3 shows. 

 
Figure 3 The radial distribution of muon within the 
storage ring around the magic radius, 7112 mm.9 

 From the radial distribution of muons, we can 
reduce the momentum distribution because they have 
the following relationship: 

𝑝 − 𝑝0

𝑝0
= (1 − 𝑛) (

𝑅 − 𝑅0

𝑅0
) 

where 𝑝0 is the magic momentum, 3.094 GeV/c, 𝑅0 
is the magic radius, 7112 mm, and 𝑛 is the field in-
dex, of which definition is 𝜅𝑅0/𝛽𝐵0, 0.121011, where 
𝜅 is the electric quadrupole gradient. 

Because the momentum differs from magic 
momentum, the values of 𝛾 varies with respect to the 
momentum. Their relationship is given as follows: 

                                                 
9 This figure is taken from Bennett G. W. et al., 2006. 
10 Miller J. P. et al., 2007. 

𝛿𝑝
𝑝

=
𝛿𝛾
𝛾𝛽2  → 𝛾 =

𝑝 − 𝑝0

𝑝0
𝛾0𝛽2 + 𝛾0 

where 𝑝0  and 𝛾0  denote magic momentum and 
magic gamma, respectively.  
 Finally, by differentiating �⃗⃗� 𝑎 where electric 
field is not ignored, we also get the following equa-
tion: 

〈
𝛿𝜔𝑎

𝜔𝑎
〉 = −2𝛽2 𝑛(1 − 𝑛) 〈(

𝑥𝑒

𝑅0
)〉 

where 𝑥𝑒 is the equilibrium radius, or the deviation 
from the magic radius: 𝑥𝑒 ≡ 𝑅 − 𝑅0. Consequently, 
𝜔𝑎 is expected to be changed about 
−2 𝜔𝑎 𝛽2 𝑛(1 − 𝑛) 𝑥𝑒/𝑅0 for each radius. For this 
reason, if the fitting function is adjusted according 
to the expected deviation, it is possible to extract the 
value of 𝜔𝑎 with a better precision and accuracy. In 
this paper, it is aimed to validate this theoretical es-
timation with computer simulation. Because no raw 
data from either BNL or Fermilab has been released 
to the public yet, computer simulation is used for 
both generating data and fitting curves to them. 

 

Computational Model and Error Anal-
ysis 

Five-Parameter Model 

To simulate experimental data, the ideal five 
parameter function is generated, and to make a sim-
ulation data having standard deviation as square root 
of itself, random Gaussian error is added.  

𝑦ideal(𝑡) = 𝑁0 𝑒−𝑡/𝛾0𝜏 [1 + 𝐴 cos(𝜔𝑎𝑡 + 𝜙)] 

𝑦simul(𝑡) = 𝑦ideal(𝑡) + 𝐺 (0,√𝑦ideal(𝑡))

= 𝐺 (𝑦ideal(𝑡), √𝑦ideal(𝑡)) 

where 𝐺(𝜇, 𝜎) refers to the random Gaussian func-
tion having 𝜇 as its mean value and 𝜎 as its standard 
deviation value. 

11 Combley, F. and Picasso, E., 1974. 
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 For the sake of conciseness, the five parame-
ters can be defined as one variable array 𝒙 and the 
five-parameter function as 𝐹(𝒙, 𝑡) , where 𝒙 ≔
[𝑁0, 𝜏, 𝜙, 𝜔𝑎, 𝐴] , so that 𝑦ideal(𝑡) = 𝐹(𝒙, 𝑡)  and 
𝑦simul(𝑡) = 𝐺 (𝐹(𝒙, 𝑡), √𝐹(𝒙, 𝑡)). 

 To generate the five-parameter guess, which 
means to-be-fitted, function, all five parameters were 
10% randomized from the real values12. The guess 
data is generated using the five-parameter model 
with the randomized value as follows: 

𝑦guess(𝑡) = 𝐹(𝒙′, 𝑡) 
where 𝒙′(𝑘) = 𝒙(𝑘) × 𝐺(1, 0.1)  for every compo-
nent (𝑘 runs from 1 to 5). 
 After generating the simulated data and the 
guess data, 𝜒2 minimization process was conducted. 
For the statistical error (𝜎) for each datapoint, we 
used 𝜎2 = 𝑦guess = 𝐹(𝒙′, 𝑡) following the conven-
tion of a literature as follows 13: 

𝜒2(𝒙′) ≡ ∑
(𝑦𝑔𝑢𝑒𝑠𝑠 − 𝑦simul)2

𝜎2
𝑡

= ∑
(𝑦guess − 𝑦simul)2

𝑦guess
𝑡

= ∑
(𝐹(𝒙′, 𝑡) − 𝐹(𝒙, 𝑡))2

𝐹(𝒙′, 𝑡)
𝑡

 

If the minimization process does not end 
within a preset iteration number limit the minimiza-
tion process started over with a newly randomized 
five-parameter array 𝒙′. Additionally, if the final 𝜒2 
value after fitting is off by more than five standard 
deviations from the expectation value of 𝜒2 —of 
which the fit result is wrong in any sense but happens 
from eccentric initial parameter values, the five-pa-
rameter array is randomized and the minimization 
was started over. This exception handling steps are 
to prevent the program from both spending too much 
time in wrong region and finding a local, not the 
global, 𝜒2 minimum. 

                                                 
12 It can be better to estimate initial parameter values without 
referring to the real values for both credibility and the accu-
racy of guess parameters. 

 
Figure 4 Flow chart of the data generation and mini-
mization process in five-parameter model. The 
shaded part is repeated multiple times to estimate the 
distribution and error of fitted parameter values. 

Error Analysis of the Five-Parameter Model 

After fitting five parameter curves multiple 
times, the distribution of fitted parameters are com-
pared to the statistically estimated error values from 
the literature. The statistically estimated values are 
shown in the Table 3. 

 After 1,000 repetitive fittings with five pa-
rameter function, we have gotten the result as Table 
4-5 and Figure 6-9 (Appendix) shows. The values 
correspond well with theoretical results.  

Table 3 Statistically estimated error values from the 
literature14. 𝑛data denotes the number of observed 
datapoints, which is time duration of measurement 
divided by time step. 𝑛param denotes the number of 
parameters, which is five. 𝑁tot is the total number 
of decayed muons during observation, ∑ 𝑦simul(𝑡)t . 

Quantity Expected Value 

〈𝜒2〉 𝑛data − 𝑛param 

13 Bennett, G. W. et al., 2007. 
14 Bennett, G. W. at al., 2007. 

S. Oh, Fitting E-field and pitch related effects due to finite- . . . 75



𝜎𝜒2 √2𝑛data − 2𝑛param 

𝜎𝑁0 
𝑁0

√𝑁tot
√2 

𝜎𝜏 𝜏/√𝑁tot 

𝜎𝜔 
√2

𝜏𝐴√𝑁tot
 

𝜎𝜙 
2

𝐴√𝑁tot
 

Table 4 Comparison between statistically estimated 
values and fitted results from 1,000 fittings with five-
parameter model where 𝑛data = 5,000, 𝑛param = 5. 
Values of input parameters are written in bold. 

Quantity Expected / 
 Input Value 

Values from 1,000 
Fittings 

〈𝜒2〉 4,995 4993.8 

𝜎𝜒2 99.95 100.98 

𝑁0 𝟏𝟎𝟎, 𝟎𝟎𝟎, 𝟎𝟎𝟎 99,999,994 

𝜏 𝟐. 𝟏𝟗𝟕 × 𝟏𝟎−𝟔 2.197001 × 10−6 

𝜔𝑎 𝝅 ⋅ 𝟒𝟔𝟎𝟎𝟎𝟎 𝜋 ⋅ 460000.00 

𝜙 𝝅 𝜋 ⋅ 1.000000084 

A 0.35 0.3499997 

𝜎𝑁0 682.4 683.1 

𝜎𝜏 1.06 × 10−11 1.03 × 10−11 

𝜎𝜔𝑎 0.302 0.301 

𝜎𝜙 2.757 × 10−5 2.697 × 10−5 

𝜎𝐴 6.825 × 10−6 6.199 × 10−6 

Table 5 Relative error values in ppm for parameters 
from 1,000 fitting with 𝑛data = 5,000, 𝑛param = 5. 

Quantity Mean Value 
(ppm) 

Standard 
Deviation 

(ppm) 

𝛿𝑁0/𝑁0 −6.459 × 10−2 6.834 

𝛿𝜏/𝜏 0.3085 4.684 

𝛿𝜔𝑎/𝜔𝑎 −2.843 × 10−3 0.2083 

𝛿𝐴/𝐴 −0.7054 17.71 

Modified Five-Parameter Model 
for E-field Correction 

When a realistic muon beam is considered 
with a radial distribution around its ideal orbit, E-
field, which is used for vertical focusing of the beam, 
influences the momentum of the particles and result-
antly makes anomalous magnetic moment ostensibly 
deviate from its value. The correction considering 
this effect is called the E-field and pitch correction. 

For E-field and pitch correction, one five-pa-
rameter function cannot simulate the whole situation 
well. Rather, if several five-parameter functions with 
different radius are superposed, they can work as a 
good model. For the modified five-parameter func-
tion, there should be a weight function 𝑊(𝑅) to de-
termine how many particles are in every radius and 
correction terms on momentum 𝑝(𝑛, 𝑅), gamma fac-
tor 𝛾(𝑝), and the anomalous precession frequency 
𝜔𝑎(𝑛, 𝑅), as the radius changes. The weight function 
𝑊(𝑅) is given from the measurement at BNL. The 
value of 𝑛 we are using is 0.12. The modification for 
each variable is shown in Table 6. 

S. Oh, Fitting E-field and pitch related effects due to finite- . . . 76



Table 6 The modification in variables when consid-
ering Muon radial distribution and E-field correc-
tion. 𝜔𝑎,0 denotes the original 𝜔𝑎 value. 

Variable Modification Function 

𝑊(𝑅) Use measurement profile from BNL 
(Refer to Figure 3). 

𝑝(𝑛, 𝑅) 𝑝 = 𝑝0 [1 + (1 − 𝑛) (
𝑅 − 𝑅0

𝑅0
)] 

𝛾(𝑝) 𝛾 = 𝛾0 [1 + 𝛽2 (
𝑝 − 𝑝0

𝑝0
)] 

𝜔𝑎(𝑛, 𝑅) 
𝜔𝑎 = 𝜔𝑎,0 [−2𝛽2 𝑛(1

− 𝑛) (
𝑅 − 𝑅0

𝑅 )] 

 Note that we should consider different radii 
when building modified model of g-2 experiment 
considering E-field correction. The number of fitting 
variables, however, does not need to be more than 
five! It is because the five parameters are free param-
eters and all the other variables can be analytically 
computed from those as far as the weight profile and 
field index is given. 

The first step of this simulation is choosing 
the range and sampling density of the radius for both 
simulation data 𝑦simul and fitting curve 𝑦guess. It is 
better to have greater range and sampling density for 
making more realistic simulation data. For the case 
of fitting curve, however, having greater range and 
sampling density would result in increased fitting 
time, which is a disadvantage. Choosing different ra-
dial values for evaluating 𝑦simul  and 𝑦guess  would 
be an interesting approach, but in this research both 
of them are set to be five equally spaced values, from 
𝑅0 − 20 mm to 𝑅0 + 20 mm. 

To generate the simulated data, the ideal one 
is generated and a proper noise is added, which is the 
same as the original five-parameter model. The main 
framework itself is not that much different, but the 
parameter array should be generated multiple times 

correspondingly with each radius. The value of 𝛾 and 
ωa should also be changed in accordance with the ra-
dius. 

𝜒2  minimization and its starting-over deci-
sion making process were set as the same as the pre-
vious five-parameter model. If the minimization pro-
cess does not end within the preset iteration limit, or 
the resultant 𝜒2 deviates too far from the what is ex-
pected, five-parameter array 𝒙𝒊

′ is reset and the mini-
mization is started over. 

 
Figure 5 Flow chart of the data generation and mini-
mization process in modified five-parameter model 
for E-field correction. Steps marked with red color 
and dashed lines are additional parts in modified 
five-parameter function. 

Error Analysis of the 
Modified Five-Parameter Model 

After fitting five parameter curves multiple 
times, the distribution of fitted parameters are com-
pared to the statistically estimated error values from 
the literature. The comparison is shown in the Table 
7-8 and Figure 10-13 (Appendix). The values gener-
ally agree well with analytical estimation. To con-
duct more realistic simulation, increasing the range 
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and the number of radial values for 𝑦simul and 𝑦guess 
estimation would be beneficial.  
Table 7 Comparison between statistically estimated 
values and fitted results from 1,000 fittings with 
modified five-parameter model where 𝑛data =
5,000, 𝑛param = 5. Values of input parameters are 
written in bold. 

Quan-
tity 

Expected / 
 Input Value 

Values from 
1,000 Fittings 

〈𝜒2〉 4,995 4,999.2 

𝜎𝜒2 99.95 99.87 

𝑁0 𝟏𝟎, 𝟎𝟎𝟎, 𝟎𝟎𝟎, 𝟎𝟎𝟎 10, 000, 000, 849 

𝜏 𝟐. 𝟏𝟗𝟕 × 𝟏𝟎−𝟔 2.197000 × 10−6 

𝜔𝑎 𝝅 ⋅ 𝟒𝟔𝟎𝟎𝟎𝟎 𝜋 ⋅ 460000.0000 

𝜙 𝝅 𝜋 ⋅ 0.99999997 

A 𝟎. 𝟑𝟓 0.3500001 

𝜎𝑁0 6824 6754 

𝜎𝜏 1.060 × 10−12 1.044 × 10−12 

𝜎𝜔𝑎 0.0303 0.0322 

𝜎𝜙 2.757 × 10−6 2.684 × 10−6 

𝜎𝐴 6.824 × 10−7 6.632 × 10−7 

 

Table 8 Relative error values in ppm for parameters 
from 1,000 fitting with 𝑛data = 5,000, 𝑛param = 5. 

Quantity Mean Value 
(ppm) 

Standard 
Deviation 

(ppm) 

𝛿𝑁0/𝑁0 0.08499 0.7230 

𝛿𝜏/𝜏 0.02169 0.4639 

𝛿𝜔𝑎/𝜔𝑎 0.002470 0.02385 

𝛿𝐴/𝐴 0.1581 1.708 

 

Conclusion 

From this research, it is shown that the ana-
lytically estimated errors of g-2 five-parameter 
model from literatures are valid and verifiable 
through computer simulations. In addition, it is veri-
fied that the E-field and pitch-related effects can be 
simulated properly using modified five-parameter 
model and the value of anomalous precession fre-
quency 𝜔𝑎 can be estimated with a proper correction. 

For further studies, changing the range and 
the number of radial values in modified five-param-
eter model for both simulation and fitting and see 
how the error changes would be valuable to future 
use in real g-2 experiment data analysis. Additionally, 
improving the speed and effectiveness of curve fit-
ting would also be a useful research afterward. 
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Appendix 

Five-Parameter Model 
Error Distribution 

 
Figure 6 The histogram of 𝑁0’s relative deviation dif-
ference in ppm unit after 1,000 five-parameter fitting. 

 

 
Figure 7 The histogram of 𝜏’s relative deviation dif-
ference in ppm unit after 1,000 five-parameter fitting. 

 

 
Figure 8 The histogram of 𝜔𝑎’s relative deviation dif-
ference in ppm unit after 1,000 five-parameter fitting. 

 

 
Figure 9 The histogram of 𝐴’s relative deviation dif-
ference in ppm unit after 1,000 five-parameter fitting. 
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Modified Five-Parameter Model 
Error Distribution 

 
Figure 10 The histogram of 𝐴’s relative deviation dif-
ference in ppm unit after 1,000 modified five-parame-
ter fitting. 

 

 
Figure 11 The histogram of 𝑁0’s relative deviation 
difference in ppm unit after 1,000 modified five-pa-
rameter fitting. 

 

 
Figure 12 The histogram of 𝜏’s relative deviation dif-
ference in ppm unit after 1,000 modified five-param-
eter fitting. 

 

 
Figure 13 The histogram of 𝜔𝑎’s relative deviation 
difference in ppm unit after 1,000 modified five-pa-
rameter fitting.  
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Abstract 
 
 CAPP’s axion detection experiment follows the P. Sikivie’s haloscope model to create a microwave 
photon radiation out of axion field by locking a strong magnetic field through the cavity. And by coupling 
with the cavity using electrical antenna, the axion conversion signal is transmitted to the analyzer. 
 
 Important factors in this process are increasing the power of the detected signal itself and increasing 
the scanning rate of the Haloscope detector inside the estimated axion frequency range. Considering the 
diverse parameters that affect signal power and scan rate, comparing and contrasting the effect that each 
parameter gives to signal power and scan rate simplifies the process of running an efficient Haloscope 
detection. 
 
 By using graph drawing tools, designing an interactive graph that allows users to view the 
constituents of the function and to control certain parameters will provide convenience and efficiency to 
researchers who plans on analyzing the target sensitivity equations furthermore. Also, researchers who 
simply plan on running the axion Haloscope detection could make adjustments on parameters in their actual 
experiment based on the interactive graph.  
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Abstract 

 Cryogenics and superconductivity education is an essential part of a typical undergraduate 

physics curriculum. However, the implementation of the required temperature measurement 

system has been too costly and burdensome in instructional laboratory. Our low-cost temperature 

measurement system, created from Arduino UNO and a common silicon diode, can replace highly-

developed commercially available solutions. Experimental results show that the proposed system 

measures cryogenic temperature within the error range of ±	2 K.  
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I. INTRODUCTION 

     Cryogenics and superconductivity education is an essential part of a typical undergraduate 

physics curriculum.1 Nevertheless, the implementation of the required temperature measurement 

system in an instructional laboratory is typically an expensive procedure. A typical commercial 

temperature monitor (for example, Lake Shore Cryotronics Model 224) precisely measures 

temperature down to 300mK and is ideal for multi-sensor lab uses.2 However, the cost for such a 

unit could be $3000 or more, and such precise measurement is unnecessary for educational 

purposes. Furthermore, complex operating procedures and bulky hardware make repair and 

maintenance expensive. The objective of this work is to develop a simple, low-cost cryogenic 

temperature measurement system to replace highly-developed commercial solutions and aid in 

undergraduate-level teaching.  

     This project is possible due to the Arduino microcontroller.3 The 20 USD to 30 USD open-

source Arduino hardware is a versatile yet easy-to-learn microcontroller that can run scientific 

instruments.4 The Arduino microcontroller has proved ideal for educational demonstrations in 

previous literature by assisting in the creation of mirror mount system for optics setups,5 gamma 

ray spectroscopy,6 and galvanometer system.7 In this paper, the Arduino microcontroller was used 

to supply voltage into constant current source circuit and to register voltage across attached silicon 

diode. Due to straightforward operation and low cost, our cryogenic temperature measurement 

system can be used in setups where its implementation has been too costly and burdensome. 

     Along with Arduino microcontroller, a common silicon diode was used as the temperature 

sensor due to the strong temperature dependence of its forward bias voltage drop.8 The earliest use 

of silicon diodes as temperature sensors was reported in 1960s.9-10 Silicon diodes have low cost11 
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and simple voltage temperature relationship over a wide range (4.2 to 880K),12 making them ideal 

for educational demonstrations. Additionally, silicon diodes can be easily integrated on chip 

electronics like Mr. SQUID,13 a popular superconducting quantum interference device designed 

for undergraduate physics lab courses. 

     This paper is organized as follows. In Sec. II, the basic principles of the Arduino cryogenic 

temperature measurement system are discussed. The electronics and software setup of the system 

are described in Sec. III.  

 

II. BASIC PRINCIPLES 

 

FIG. 1. Schematic Diagram. (1) The inner circuit provides constant current (~10	µA) into the silicon diode. 

(2) The outer circuit registers voltage across the diode. 
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     Silicon diodes are used for temperature measurement in two different modes: (a) constant current 

mode and (b) constant voltage mode.8 Our cryogenic temperature measurement setup uses constant 

current mode due to its simplicity in implementation. When the diode is operated at a constant 

forward current, the voltage across the diode varies approximately linearly with temperature.  

     Voltage 𝑉 across the silicon diode can be expressed as 

 𝑉 = 𝑉( −
𝑘+𝑇
𝑞 [ln 𝛼 + 𝛽𝑙𝑛 𝑇 − ln 𝐼 ] (1) 

where 𝑉( is the extrapolated energy gap at 0 K, 𝑘+is the Boltzmann’s constant, 𝑇 is the absolute 

temperature, 𝑞 is the charge of an electron, 𝐼 is the current across the diode, 𝛼 and 𝛽 are constants 

independent of temperature. Detailed mathematical description is given in a previous literature.15 

     Eq. (1) shows that the silicon diode will display voltage approximately linear with temperature. 

It is important to note that at temperatures below 30 K, the diode behavior drastically changes.8 

However, most undergraduate-level laboratory demonstrations on cryogenics and 

superconductivity are done at the liquid nitrogen temperature, which is about 77 K. Thus, Eq. (1) 

can be expressed as 

 𝑇 = 𝐴𝑉 + 𝐵 (2) 

     where constants 𝐴 and 𝐵 are experimentally determined. When two calibration points are made, 

Eq. (2) can be rewritten as 

 𝑇 =
𝑇: − 𝑇;
𝑉: − 𝑉;

𝑉 + 𝑇: −
𝑇: − 𝑇;
𝑉: − 𝑉;

𝑉: (3) 

     Eq. (3) is the basis of our temperature measurement system. As a constant current is supplied 

into the silicon diode, we initially take two calibration points at known temperatures. The Arduino 
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microcontroller records the voltage across the silicon diode at each temperature. After the 

microcontroller determines the constants 𝐴 and 𝐵 to complete Eq. (2), the system is used to make 

other temperature measurements according to the calculated equation of line. 

 

III. SETUP 

     In this section, we describe the setup of the electronics and the software. Even though we 

present the details of our components, any variation that follows our working principles is possible. 

A. Electronics 

 

FIG. 2. The completed electronics setup. 
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     Figure 2 shows the completed electronics setup of our temperature measurement system. The 

Arduino UNO microcontroller’s 5V pin sends input signal to the constant current source circuit on 

the solderless breadboard. LM317 adjustable voltage regulator from Texas Instruments16 and 

common resistors are connected to provide a constant 10	µA current to the silicon diode. LM317, 

priced at about 2 USD, is marked with a black arrow in fig. 2. The resistors are configured as 

shown in fig. 1 except the two 80 kΩ resistors replaced with four 40 kΩ resistors. The constant 

current circuit and A1 analog pin of Arduino UNO, which registers voltage, are connected to the 

silicon diode through four stripped jumper cables soldered to two coaxial cables. DT-670 silicon 

diode from Lake Shore Cryotronics17 is used as the temperature sensor but any glass encapsulated 

silicon diode works as well. 1N914 diode from ON Semiconductor,18 priced under 1 USD, is a 

good substitute. In fig. 2, DT-670 is mounted on a 60 cm plastic rod for convenient temperature 

measurement.  

B. Software 

The Arduino microcontroller runs a program available in fig. 3. The program can be 

uploaded to the microcontroller using Arduino Integrated Development Environment (IDE).3 Our 

program requires the values from two calibrations points (T1,V1) and (T2,V2) manually entered 

to be saved to the corresponding variable. When the temperature measurement is made after the 

initial calibration, the program follows Eq. (3) to compute temperature. The results are shown in 

the serial monitor available in Arduino IDE (refer to fig. 4). 
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FIG. 3. Temperature measurement program after compilation of the IDE. The sketch is 3428 bytes long and 

uses only 10 % of the total memory. 

FIG. 4. Serial monitor available in the Arduino IDE. It the voltage across the diode and the calculated 

temperature of the diode. 
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Constructing A Permanent Di↵usion Cloud
Chamber

Ellena Reid

July 31, 2019

1 Introduction

CUP search for rare events such as neutrinoless double beta decay and
dark matter at the YangYang underground lab, using ultra-low background
crystals[1]. The aim of this project is to design and build our own cosmic
ray detector in the form of a cloud chamber, to go on display at the Science
cultural centre. The principle is similar to a traditional cloud chamber [2],
however the chamber must be permanent, so an alcohol re-hydration and
drainage system must be designed.

2 History of the Cloud Chamber

The Cloud Chamber was initially invented by C. Wilson in 1895 who filled a
vessel with saturated air then caused a sudden expansion of the volume of the
vessel, making the air supersaturated. In the 1930s the Cloud Chamber was
used by C. Anderson to discover the positron and muon[2]. He also used it to
notice that ionization in the atmosphere increased with altitude, contrary to
expectation, concluding that there must be radiation entering our atmosphere
from space. This is what we now know as cosmic rays. The chamber has
been adapted since, through the invention of the di↵usion and the bubble
chamber which was invented in 1952 by D.Glaser and is normally made by
filling a large cylinder with a liquid heated to just below its boiling point.
As particles enter the chamber, a piston suddenly decreases its pressure, and
the liquid enters into a super-heated state.
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3 Theory

Our Cloud Chamber uses a temperature gradient to create a supersaturated
layer of alcohol. Supersaturation occurs when the air contains a higher than
equilibrium alcohol content. This can be expressed mathematically as

S =
P

Ps

, (1)

where S is saturation and P and Ps are the vapor pressure and the saturation
vapor pressure respectively. Supersaturation occurs when S > 1. When the
temperature is increased the saturation vapour pressure increases as

P = 10A� B
C+T , (2)

where P is the vapor pressure, T the temperature and A, B and C constants,
thus the higher the temperature the more alcohol vapor it can contain. The
top of our chamber is at room temperature while the bottom is at -30 degrees.
As the alcohol at the top of the chamber evaporates it falls into the cooler
region with lower saturation vapour pressure. To reach equilibrium it wants
to condense but cannot do this easily in ion free, clean air. When an ionizing
particle like a cosmic ray passes through the air it ionised the molecules,
allowing nucleation of the alcohol vapor onto the ions. The trail observed is
a trail of nucleation sites.[3]

Di↵erent types of particle show di↵erent tracks, depending on their size,
charge and energy. Table 1 shows some of the di↵erent tracks observed and
their physical origins.
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Track Particle Properties Origin

Muon

• High Energy

• Very ionising

• Thick track

Secondary
Cosmic
Rays

Electron

• Quite ionizing

• Thin track

• Scattered o↵
other electrons

Beta
Decay

Alpha

• Very Ionizing

• Heavy

• Short track

Radon Gas

Table 1: Table to show the type and origin of di↵erent particle tracks ob-
served

4 Preliminary Design

4.1 Height of the Chamber

The higher the tube the more visible the tracks appeared to be. The following
figures show the experimental setup and results demonstrating the relation-
ship between the height of the tube and the tracks counted per second. A
possible scientific explanation for this is that the higher the tube the larger
the temperature gradient, therefore the thicker the supersaturated layer and
the more counts seen. [5] In the final design the height of the chamber is
400mm.
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Figure 1: Experimental setup to test the relationship between height and
track visibility

Figure 2: Graph to show the relationship between the height of the chamber
and the tracks counted per second

4
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4.2 Alcohol supply and cooling

The initial design used a glass chamber with felt lining at the top to provide
the IPA. To make the chamber permanent in the final design a rehydration
system has been designed. Possible suggestions for the supply of alcohol
were the use of a candle wick [5] to slowly absorb the alcohol from a flask,[4]
using a heating mechanism to evaporate the alcohol up a tube and into the
container or having a reservoir on top that slowly drained into the tube.
After numerous preliminary tests we decided the use of an Arduino and
an electrical pump would be most e↵ective at supplying the alcohol at the
required rate. Felt covered plastic tubing with holes supplies the alcohol.

A traditional cloud chamber uses dry ice, however this melted over time
during preliminary tests. The permanent chamber will use a refrigerator
to generate the low temperature required at the bottom. Preliminary tests
showed that the -30 degree temperature achieved by the refrigerator was
su�cient.

4.3 Visibility and Lighting

Lighting of the chamber was one of the most significant aspects that a↵ects
the visibility of the tracks. After experimenting with torches and overhead
lights, LED strips were decided on as they create a bright, spread out light
around the bottom supersaturated layer of the chamber. To reduce reflection
from the top of the freezer, we decided to cover the stainless-steel plate with
a black plastic film, as paint cracked at low temperatures and metal plates
provided too much insulation.

Condensation and frost formed on the outside of the chamber reducing
visibility. To overcome this, a hydrophobic coating was considered to repel
the water, but this would have been expensive. Using insulation was also
considered, but this did not prevent condensation and reduced visibility itself.
In the final design we will place a larger glass chamber outside the inner
chamber, with a vacuum between the two. This has the added benefit that
it prevents viewers touching the chamber itself.

4.4 Sealing

As IPA is hydrophilic, when the alcohol is exposed to air it forms hydrogen
bonds with the moisture in the air. This makes it harder to evaporate, so the
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density of the alcohol mist decreases, making the tracks less visible. A high
concentration alcohol will be used and exposure to air will be minimised.
Preliminary tests also showed that *ml of alcohol are required per hour to
create a su�cient supersaturated layer.

Supersaturation is a non-equilibrium state so an uneven surface or expo-
sure to air causes a flow of the vapor mist, disrupting the layer. To prevent
this the refrigerator is sealed at the top and bottom using glue. Alcohol
also reacts with most glues so to attach the piping and seal the container an
epoxy gorilla glue was used.

The preliminary tests performed resulted in the following final design.

Figure 3: Final design of the chamber

5 Results

When operating with su�cient alcohol, a large number of tracks are visible
per second. To accurately analyse the count rate and type of track a machine
learning program such as tensor flow would be required. The most interesting
track observed is shown below.
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Figure 4: Photograph of a track observed

Due to the small depth of our supersaturated layer only particles trav-
elling horizontally can be observed, however this particle track has the sig-
nature of a muon. A horizontally travelling muon would be unlikely as they
a results of secondary cosmic rays[6], so the question still remains open as
to what this particle is. To increase the number of tracks seen we used our
insertion pipe to pump in Radon 226 gas. The decay chain below shows that
it produces Alpha and Beta particles.
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Figure 5: Radon 226 Decay Chain [4]

6 Conclusion

A permanent di↵usion cloud chamber has been successfully constructed, and
solutions found to the challenges faced in making it permanent. Our under-
standing of cosmic ray particles, supersaturation and chemistry have been
tested and we have improved our technical skills in programming the Ar-
duino and practical skills in the construction of the chamber. To develop
this project further, it would be interesting to process some digital images
and identify the type of particles and their count rate. It was also be inter-
esting to calibrate the detector and compare it’s e�ciency to the e�ciency
of PMT’s used by CUP.
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1. Introduction to Axion search and Mr.SQUID

Axion is a dynamic solution to the strong CP
problem which makes it a well motivated dark
matter candidate. The main question is how do you
really ‘detect’ dark matter? Assuming that dark
matter is Axion, the detection process requires a
extremely strong magnetic field and a microwave
photon detector. As part of the CULTASK(CAPP's
Ultra Low Temperature Axion Search in Korea) the
usage of SQUID as quantum-limited-noise detector
is critical. In addition, reaching low temperature is
a semi-requirement. Strong magnets are usually
made out of superconductors, which operate at low
temperatures. Typically a few Kelvins ranging from
0K to 5K. The Brownian noise, another critical
factor of detecting Axion can be reduced with
lowering temperatures. In the case for SQUID, the
intrinsic noise of Mr.SQUID and helium SQUID
can be reduced more effectively.

Mr.SQUID is a DC Superconducting QUantum
Interference Device(SQUID) for educational
purposes. In other words it is a magnetometer,
which can detect small magnetic signals,
incorporating a high-temperature
superconductor(HTS) thin film SQUID chip. In
order to effectively utilize the device the
experimenter must supply liquid nitrogen(77K) and
an oscilloscope for display. The intent of SQUID
based experiments is to demonstrate the operation
and applications of SQUIDs and superconductivity,
something beyond solid-state electronics. Using
Mr.SQUID in the appropriate way the experimenter

will be able to observe the voltage-current(V-I)
characteristics of SQUID. The characteristic is
mainly decided by the property of two Josephson
junctions connected electrically parallel. When
applying an external magnetic field on DC SQUID
the oscilloscope will display a voltage signal across
the SQUID changing periodically as the field is
oscillates.

2. Superconductivity and Supercurrent

Mr.SQUID chip contains a DC SQUID made from
a thin film of YBCO superconductor. The
superconductivity of Mr.SQUID presents special
characteristics.

● Zero resistance for DC electrical current
● Perfect diamagnetism(Meissner Effect)
● Quantum mechanical coherence effects

The sensitivity settings determine how much
voltage corresponds to a division on the
oscilloscope. The current output on the front panel
of the Mr.SQUID electronics box is the voltage
output of an operational amplifier inside the box.
Thus the current flowing through a 10 Ω resistor
ultimately flows through SQUID. According to the
Ohm’s Law(I=V/R)the operational amplifier is
configured with a gain of 1,000. So a voltage of 1V
at the current monitor output corresponds to a
current of (1/1,000)/10 = 1/10,000A or 10 μA. For
typical low voltage levels across SQUIDs require
amplification. Similar to the current monitor output
the actual voltage across the SQUID is the value on
the oscilloscope divided by 10,000. That is, 1V at
the voltage monitor output corresponds to 100μV
across the SQUID.

Figure 2-1 SQUID Parameter and Operation

Figure 2-2(Left) Typical V-I curve of Mr.SQUID

Figure 2-3(Right) Pinpointing "knee" of
Mr.SQUID. Where the supercurrent region ends

Figure 1-1 Mr.SQUID
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The perfectly horizontal region is where the current
is flowing without voltage, supercurrent. This is the
DC Josephson effect : zero-voltage current that
flows through a Josephson junction. Theoretically
perfect resistanceless current is impossible. The
maximum supercurrent that can flow through the
Josephson junction is Ic, critical current.

By measuring the voltage at the “knee” of the V-I
curve the experimenter can determine the Ic of the
Josephson junctions. The Ic measured corresponds
to double the Ic (assuming that the junctions are
identical), thus we must divide the Ic by 2. Accurate
measurement of the “knee” is difficult due to
rounding, thermal noise. Increasing the vertical and
horizontal sensitivities on the oscilloscope will
increase accurate estimation. The critical current of
Mr.SQUID typically is between 5 and 150 μA. The
IcRN product for these junctions and SQUIDs
typically is in the range of 100 to 200 μV at 77K.

The main operation of SQUID is to convert
magnetic flux, which is hard to measure, into
voltage, which is easy to measure. As constant I

B

flows through SQUID the current will split equally.
As long as the total current flowing through the
junction does not exceed Ic it is possible to measure
Ic of SQUID by slowly increasing the bias current
until zero until a voltage appears. When an external
field wants to change the superconducting wave
function of the SQUID the functions, trying to
maintain an integral number of flux quanta, induces
an opposing magnetic field through screening
current.

Due to superimposing of Is and I
B
one of the

junction becomes normal. The current will go
through the other, non-resistive, junction. Due to
the excessive current on both junctions, they will
both go normal. Both junctions completely normal
will register a voltage across the SQUID on the
voltmeter. The mechanism of screening current
gives DC SQUID a property of a periodic
relationship between the output voltage of the
SQUID and applied magnetic flux. This
relationship comes from the flux quantization
property of superconducting rings. Controlling the
voltage output from the generator allows us to see
the periodic relationship in the form of V-φ curve
characteristic on the oscilloscope screen.

3. SQUID Experimentation

There are two major parameters in Mr.SQUID. The
first is Stewart-McCumber parameter. The second
is Modulation parameter. Each parameter can be
expressed in equations as the following.

Stewart-McCumber : βc = 
2π
Φ0
I0R

2
C

Modulation : β
L
 = 2LI0

Φ0

In order to reach QCD axion sensitivity and reduce
search time, we are currently examining the
possibility of replacing HEMT(High Electron
Mobility Transistor) amplifier with SQUID
amplifier which could reduce the noise temperature
drastically. MSA(Microstrip SQUID Amplifier) is a
good option for achieving low noise level. SQUID
as an amplifier plays an essential role in detecting
Axion dark matter. Mr.SQUID an educational
version of SQUID in dark matter detection is a
good source of understanding superconductive
states, low noise temperatures, electromagnetism,
and circuits.

3.1. Resistor Noise Estimation
Figure 2-4 Superimposing of Bias current and
Screening current

Figure 2-4 Mr.SQUID V-I curve on oscilloscope

Figure 2-5 Current curve and V-φ curve
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Every resistor has an unique white noise.

Through the utilization of FFT Spectrum Analyzer
and Synthesized Function Generator it is possible
to measure the intrinsic low noise of resistor. Based
on the parameters the Johnson Noise equation can
be written as,

〈V〉 =  4 •kb•R •T (V/Hz)

where, kb is Boltzmann constant, R is the resistance
of resistor, and T is the resistor temperature in
Kelvin. The equation is a theoretical estimation of
the resistor noise. The unit for noise sensitivity is
V/Hz . The unit can be interpreted by the spectrum
analyzer. The spectrum analyzer has a y-axis of
voltage and x-axis of frequency. The graph will
look something like the following.

The figure shows is the power spectrum
density(PSD). Integrating a chosen frequency range
and dividing it by the range gives the noise
sensitivity of V/Hz . We can check our estimation
through experiments. Since the total noise of the
resistor is equivalent to,

Vtot=  (n1)
2
 - (n2)

2

where n1 is the external noise of generator, and n2
is the internal noise of the FFT Spectrum Analyzer.

The FFT Spectrum Analyzer’s intrinsic white noise
is relatively louder than the resistor’s white noise.
The low noise amplification through JESSY
controls the input amplitude of the resistor to a
certain ratio which is called gain(G).

G = Vout
Vin

Vin = 
Vout

G

Vout which can be measured through the FFT
Spectrum Analyzer is divided by gain. High
amplification returns a more precise intrinsic noise
value. From the resistor noise equation we
measured the resistor’s noise in two different
temperatures. Theoretically the ratio between the
two values would be,

Trial 1(T1) : R = 50 Ω     T = 300k Trial 2(T2) : R = 50 Ω     

T = 77k T1

T2
= 4 •kb •50 •300

4 •kb •50 •77
 (V/ Hz) (kb = 1.380 × 10

-23
 J •K

-1
)

Simplifying the equation gives the ratio between
trial 1 and trial 2 as,

 

300
77
 =1.9738 

. Comparing the theoretical yield with experimental
yield from both the noise of external generator and
intrinsic noise of FFT SpectrumAnalyzer gives,

〈V〉 =  4•kb•50•77

    = 0.4609 •10-9 Vs/ Hz   

 = 0.4609 nVs/ Hz

the net noise of the resistor. The theoretical data
which we estimate from 〈V〉 gives us,

 n1  = 0.55 nVs/ Hz     n2 = 0.37 nVs/ Hz

∴Vtot  =  (0.55)2-(0.37)2 nVs/ Hz   

=  0.407 nVs/ Hz

concluding that the theoretical and experimental
values correspond.

The corresponding noise sensitivities the difference
of noise sensitivity between each instrument is
clear. From the fixed values of intrinsic noise
sensitivity now comes the consideration of chaotic
correlation. The chaotic correlation of direct and
indirect(connected through JESSY) connection is
compared below.

Indirect : (0.9-0.4)nV/ Hz = 0.5nV/ Hz

Figure 3-2 Spectrum analyzer main screen

Figure 3-4 Mr.SQUID on oscilloscope

Figure 3-1 50Ω resistor for noise sensitivity
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Direct : (6-0.9)nV/ Hz = 5.1nV/ Hz

 n1 ≫ n2 n1 ≪ n2The difference is significant. Thus
the connection through JESSY minimizes the
chaotic correlation. Back from the Johnson Noise
equation, it is clear that if,

 n1 ≫ n2
n1 ≪ n2

then the 〈n〉will not take both measurement since
one is significantly larger than the other.

3.2. Graphing of V-φ  curve in consideration of
Helmholtz Coils

In general there are two types of wave
transformation functions. The first type is the V-I
curve and the second type is  V-φ curve. The V-I
curve is a built in mode for Mr.SQUID STAR
Cryoelectronics EB-03, initially made for
educational purposes. A typical set up of
Mr.SQUID in dewar filled with liquid nitrogen will
graph,

. The horizontal line on the x-axis where resistance
is approximated to be 0 for a certain range of
current input. The second type which is the V-φ
curve shows the relationship between Δφ and  ΔV .
The relationship can be hand drawn in such a way,

ultimately graphing the voltage function according
the limitation in amplitude. Due to the limitation of
the voltage, in most cases the transformation
between the magnetic flux change and voltage

change is not directly proportional. In order to
transform an exactly proportional function the
range of Δφ must be only on the linear portion of
V-φ curve. It will later be discussed section 5.

The pinpoint represents the range smaller than φ

10
flux quanta. The Helmholtz Coils which
concentrate the magnetic field at the center of the
coils have specific conditions to do so. The first
condition is that the radius of the coil must be
equivalent to the distance between coils. The
second condition is that the coil material should be
ferromagnetic so that the current creates a magnetic
flux. Cohering to the conditions of the Helmholtz
coils we can measure the noise sensitivity.

3.3. Understanding Mr.SQUID mechanism and
feedback current

The generator generates a known voltage through
the wire. The wire’s intrinsic is extremely small,
thus negligible. The the resistor of the wire can be
measure if there is a connection of a voltmeter
parallel with the resistor. As the voltage drop occurs
across the resistor the current will flow through the
Helmholtz coils. The current through the Helmholtz
coils creates a magnetic field concentrated at the
center of the coils where Mr.SQUID will be placed.
Mr.SQUID will interpret the magnetic field created
at the center of the coils as a magnetic flux and the
corresponding voltage difference. The voltage
difference will be amplified by JESSY. The
oscilloscope will capture the amplified signal and
draw the V-φ curve. As the signal is amplified the

Figure 3-3 V-I curve of helium SQUID

Figure 3-5 Relationship between I1 and I2 .
Deriving  V-φ Curve

Figure 3-6 Schematic of FFL Mr.SQUID with FFL(Flux
Feedback Loop)

Figure 3-4 V-φ curve of Mr.SQUID
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integrator will gather the voltages drawing a linear
graph. As we close the switch of the feedback
current the voltage equivalent to the one that passes
through the integrator will flow through the wire
and transform into a current value as it passes
through the resistor. The feedback current creates a
magnetic flux( φfeedback ) opposing the φ0 . The
voltage difference amplified by the amplifier will
gradually decrease also decreasing the rate of the
increasing voltage in the integrator.

3.4. Calibration Factor

A fundamental and simple term in physics but
frequently underestimated for its importance is the
calibration factor. There are two steps in calibrating
voltage to field and the way around. First step is to
find the ratio(sensitivity) of V : φ , and the second
step is to find the ratio of B : φ. I conclusion we get
the sensitivity in μT/V.

4. Measuring Gain of Amplifier(JESSY)

Typically every electronics or SQUID related
device comes with a manual. The manual explicitly
states the gain of the amplifier. However, in most
cases the gain is estimated by the maker. Thus it is
an essential step for the user to check the true gain
of the amplifier before using for calibration or other
experiments. Assuming that the experimenter does
not know the gain of the amplifier, the
experimenter can follow the schematic below to
calculate the gain.

5. Experiment problems and Introduction to
Helium Squid

Chip failures generally yield catastrophic
outcomes. In my case I could see such offsets on
the display.

The effort and experimental skill required to
perform these experiments goes beyond the level of
the basic operation of the system, but they are
within the scope of an advance undergraduate
laboratory course.

5.1. Helium SQUID Graphing of V-φ  curve

Mr.SQUID no longer functional, I decided to use
helium SQUID, actual Axion detection SQUID.
The 4K temperature and sensitivity of the helium
SQUID was a significant advancement of the
instrument compared to Mr.SQUID. The high
sensitivity of the helium SQUID was used to
conduct on experiment on graphing the V-φ .

Based on the same shematic as JESSY, I conducted
measurements depending on the different voltage
outputs of the generator.

X-YMODE

3 Flux 3 Flux Quanta

2 Flux 2 Flux Quanta

1 Flux Quanta

Figure 4-1 Schematic of V-φ curve oscilloscope set up

Figure 5-1(Left) Hysterisis of blown Mr.SQUID

Figure 5-2(Right) V-I curve to hysterisis

Figure 5-3 Linear relationship between voltage and flux
quantization

1 Flux

Y-T MODE
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The clear data gave supports the integral
relationship between voltage output and flux
quantization.

7.25 ~ 7.55 V 3φ
4.80 ~ 4.86 V 2φ
2.40 ~ 2.44 V 1φ

Vp-p φ

The linear relationship corresponds to the
characteristic of integral flux quanta and voltage
relationship.

5.2. Gain and Amplification of Helium SQUID

Through the use of HEMT(High Electron Mobility
Transistor) and 2-port network analyzer I was able
to record the gain of the SQUID. The network
analyzer displayed the amplification effectivity
depending on the range of frequency. Varying the
working point on the V-φ  curve gave such
outcomes of low noise amplification.

The unique high sensitivity property of helium
SQUID made it most effective in amplifying low
noise. The data shows that SQUID most effectively
amplified low frequency ranges. As the frequency
range increased the effectivity decreased. I suspect
this is due to various reasons such as the complex
nature of amplifying high frequency noise. By
manually adjusting the working point on the V-φ 
curve I recorded the expected amplifications of
noise.

Based on Figure 5-5 it is clear that the network
analyzer displayed expected results for each
corresponding working point. From working point
4 and the corresponding amplification we can
observe the high noise level. Through continous
mode and avergaging which was used for working
point 5 and amplification 5 I was able to reduce the
noise some kind of external frequency emitting

Figure 5-5 Adjustment in working point on V-φ  and
corresponding noise amplification for varying frequency
range

Figure 5-5 Derivation of effectiveness of noise
amplification for different working point

Chart 5-1 Linear relationship between Vp-p and φ

Figure 5-4 Schematic of noise amplification procoss
with HEMT

Working Point V-φ  Network Analyzer Gain(dB)

Working Point 1 Amplification 1

Amplification 2

Working Point 3 Amplification 3

Working Point 4 Amplification 4

Working Point 5 Amplification 5

Working Point 2
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device.

6. AC/DC Josephson Effect

The YBCO material will lose it's superconducting
property when  I

B
is greater than Ic . Following law

of integral flux quanta Josephson junction
dissipates the excessive voltage energy. Voltage
dissipates in the a period phase. The integral of
each voltage pulse is equal to 1 φ . After each
voltage dissipation the voltage level returns to
ground level. DC Josephson effect is a certain way
of reading AC Josephson effect. Applying the
frequency beat terminology to the mismatch in
impedance of the 44GHz microwave and voltage
pulse of Josephson junction the DC voltage
displayed on the voltmeter is made.

7. The AC Josephson Effect : Microwave-
Induced(Shapiro) Steps at 77K and Determining
e/h

Mr.SQUID and AC Josephson Effect is a method to
find e/h . Mr.SQUID has Josephson junction that
generates the AC Josephson effect and through that
process the V-I curve will display Shapiro steps.
The few parameters in regards to AC Josephson
effect is

● Josephson junction
● AC/DC voltage
● DC current
● Oscillating Electric Field
● Microwave and Impedance matching
● Frequency beats

. The fixed DC biased voltage on Josephson
junction affects the oscillating current through
Mr.SQUID while the 44GHz microwave generator
imposes AC voltage on Josephson junction.
According to the equation only V0 and t are
variables. From the function we know that 4eVt/h
is the frequency setter.

J(t)  = J0sin[δ(0)-(
4πVt
h )]

Based on frequency beats the overlapping
frequency of internal microwaves and external
microwaves are detected by the Josephson
junctions.

J(t) shows that the current density is affected by
the frequency, which depends on V0 . The current
density will thus oscillate due to frequency beating.
J(t) for time gives the following equation.

J(t) = J0sin[δ(0)- 0
t
(
4πeV(t′)t′

h )dt′]

V(t) = V0 + Vacos(ωat)

J(t) = J0sin[δ′(0)-(
4πeV0t

h )-(4πeVathωa
)sin(ωa)]

The Bessel function,

sin(X sin q) = ΣJn(X)sin(nq)

where Jn is the nth order of the first kind, the
current density becomes

J(t) = J0Σ(-1)
n
Jn(

4πeVa
hωa

)sin[δ′(0)+(nωa-(
4πeV0
h ))t]

From the final equation use

(nωa-(
4πeV0
h ))t

as the frequency setter to indicate

V0  = 
nhωa

4πe

ΔV0 = 
(n+1)hωa

4πe -nhωa

4πe  = 
hva
2e

                                           

Figure 7-1 Typical shape of shapiro steps

Figure 7-2 Shematic. SQUID can in take the signal as
either electric or magnetic depending on the path it uses.
From the inductor it takes it as a magnetic field and
from the electric field detector directly connected
through circuit the SQUID sends an oscillating electric
field.
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e
h = 

va
2V0

va fixed to a value of 44GHz by the microwave
generator and V0 cancelled out for n ∈ Z , only the
current density J(t) thus I will vary for
discontinuous but constant value of V. The Shapiro
steps are observable in only certain frequency
following the basic I

B
and Ic rules. Even though the

parameter of V0 is cancelled out due to the
superconducting phase and series of Bessel
function the current will increase for the certain
integral value of n . In order to determine e/h
measuring the voltage change per step thus V0/n
can be done with greater accuracy.

Knowing the “official value” of e/h = 2.417967 I
was able to do the reverse procedure of calculating
the most exact value of V0 . According to the
equation,

V0 = ch2 × 8 × 
Ln

40 × G × SSn

Where ch2 is the voltage of one division on the
oscilloscope, Ln is the number of lines that I used to
count, G is gain, and SSn is the number of shapiro
steps I derived the value of V0 = 90.985 μV . Since
I am using the human procedure of counting the
lines per division for the most precise measurement
if I get a line number of

Ln = 36.394  , ch2 = 500mV , SSn = 4

. The specific line number for the official value will
likely make my analysis biased.

10 1.00 1.00 153 143.79
9 500m 500m 91.25 241.09
8 1.00 500m 92.07 238.93
7 1.00 500m 90.75 242.42
6 1.00 1.00 93.95 234.16
5 1.00 1.00 95.0 231.57
4 1.00 1.00 92.22 238.48
3 1.00 1.00 93.3 235.79
2 1.00 1.00 92.5 237.87
1 1.00 1.00 90.5 243.09

Experiment
No.

ch1(V) ch2(V) μV e/h(TV)

Based on Figure 7-3 and Chart 7-1 the value for e/h
in each experiment is recorded. As expected from
trial 1 to 9 which was conducted with a regular
Mr.SQUID the AC Josephson Effect gave close e/h
values comparable with the "official value" of
2.417967. Due to human recording errors and
rounding the value has a trend of lower recording
than the "official value". Experiment No. 1,7, and 9
yielded the closest value. Experiment 10 was
conducted with the blown Mr.SQUID. I expected a
relatively close e/h value. However the non-
functioning chip yielded no reliable data.

Experiment 3

Experiment 1

Experiment 4

Experiment 2

Figure 7-3 Shapiro Step Experiment and Data Recordings

Chart 7-1 Shapiro Step Experiment and Data Recordings
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Based on the normal V-I curve in Figure 7-4 it is
clear that the supercurrent region has disappeared
and due to some reason Mr.SQUID has gone
resistive for all temperatures.

The National Institute of Standards(NIST) uses the
AC Josephson effect to set the standard for the
“official value” of the volt. Depending on the data
acquisition there is x% uncertainty in the
measurement. I can increase the accuracy of this
measurement by cooling the SQUID to reduce the
thermal rounding of the steps, stabilizing the
microwave source so that its frequency does not
fluctuate, and shielding the SQUID from RF
interferences.

As a property of Josephson junctions and wave
function the value of the wave function in one place
in a superconductor is related to the value at any
other place by a simple phase change. The case of a
superconducting ring places special restrictions on
the superconducting wave function.

According to electromagnetic theory, applying a
magnetic field to a superconductor induces a
change in the phase of the wave function. This is
deeply related to quantum mechanics, thus no
further discussion will be on this topic. However
based on common sense or the logical flow of
superconducting materials, since the phase change
going completely around the ring must be some

multiple of 2π in order to maintain the single
valuedness of the wave function, the amount of flux
contained within the ring can only assume certain
discrete valued. This quantum mechanical property
is the origin of flux quantization. Thus we see that
there is an intimate connection between flux
quantization and the zero resistance property of
superconductors. There is one more aspect of
superconductivity that we need know a bit about in
order to work with Mr.SQUID : the Josephson
Effect.

8. Discussion

Self-repairing of the SQUID after it was blown is
very interesting. From Figure 7-4 we see that the
SQUID was non-functional. However neglecting
that it did not show supercurrnet it was set back to
V-I curve, not hysterisis. There are numerous
possible reasons behind the non-functioning
SQUID. It is impossible to figure out the exact
cause of the chip damage.

JESSY and SQUID electronics provide a feedback
current. Instead of the built in FFL there might a
possibility of using diamagnetic material to create
opposite direction magnetic dipoles.
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Figure 7-4 The point marked by the black dot on the
ring in the figureFigure 5-1 must be the same wave
function obtained by traveling around the ring one
full circuit-it is the same spot

Figure 7-4 Shapiro Step Experiment and Data
Recordings
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The term frustrated magnets refers to a phenomenon, when in such magnets atoms tend to
stick to non-trivial positions i.e. where, on a regular crystal lattice they would conflict by inter-
atomic forces. As a consequence, they tend to have a plenitude of distinct ground states at
absolute zero temperature and normal thermal ordering might be suppressed and high enough
temperatures. So at low temperatures these structures are particularly susceptible to di↵erent
perturbations and dilutions are one of them. The project is dedicated to examine the e↵ects of
dilution on pyrochlore lattice model, but due to the lack of time was finished before the main
goal has been achieved.

Introduction

Frustrated magnets are materials in which spins have
competing exchange interactions that cannot be simultane-
ously satisfied, giving rise to an unusual groundstate with
interesting properties or a large groundstate degeneracy.

Figure 1. If spins want
to align in opposite direc-
tions pairwise, that is eas-
ily achieved on a plaquette
(left). However for a trian-
gle (right) such an arrange-
ment is impossible for any
combination of the spins
si = ±1: this situation is
known as frustration. On
the other hand, allowing
one pair of spins to interact
stronger in this case imme-
diately removes the frustra-
tion: a unique groundstate
becomes possible.

In the latter case, the com-
petition leads to the forma-
tion of fluid-like states of
matter called spin liquids, in
which the constituent spins
are highly correlated but still
fluctuate strongly even at the
lowest temperatures down to
an absolute zero. Spins can
be thought of as reorient-
ing randomly with time, cy-
cling through di↵erent mi-
crostates. Classical fluc-
tuations dominate for large
spins S , S ⌧ 1

2 . When
the thermal energy kBT be-
comes small, classical fluc-
tuations are suppressed and
spins either freeze or order
due to subleading perturba-
tions that lift the degeneracy.
For small spins, S ⇡ 1

2 the
quantum uncertainty princi-
ple produces strong zero-
point motion comparable to
the size of the spin itself,

that persists down to the temperature of absolute zero. The
fluctuations of spins in a spin liquid show remarkable col-

lective phenomena like emergent gauge fields and fractional
particle excitations.(Balents, 2010)

The underlying reason of this exotic collective behaviour
and the reason of the interest in such frustrated materials is
directly linked to high frustration and eventual groundstate
degeneracy in these materials: degeneracy is present due to
fine-tuned frustration and because of the fine-tuning the de-
generacy is very fragile and sensitive to even slightest pertur-
bations, so that adding even little "disorder" (or simply per-
turbation) forces the system to choose some specific ground-
state. This situation is to be compared to a simple ferromag-
net, where all the spins like to point in the same direction in
the groundstate. Diluting this system, i.e. removing a frac-
tion of the spins does not change the arrangement of the spins
in the groundstate. Di↵erently in frustrated systems di↵erent
ordered groundstates might be induced by adding di↵erent
perturbations (in our case dilution). One example of it can
be found in (Andreanov & McClarty, 2015), where random
dilution induces an ordered groundstate. Another example
is the emergence of new e↵ective degrees of freedom due
to dilution in perturbed classical spin liquid (Sen, Damle, &
Moessner, 2012).

Here for the dilution the structure of the material called
pyrochlore with general formula A2B2O7 (A and B are met-
als, generally rare-earth or transition ones) has been used.
Though, in some cases the tight binding model has been used
for comparison the results. The pyrochlore has a Face Cen-
tered Cubic structure, forming a network of corner-sharing
tetrahedra. However, there are substances that have the same
stoichiometry as the pyrochlore but do not actually form in
the cubic pyrochlore structure (Cleave, 2006). With geomet-
rical frustration at the A-site these systems are particularly
susceptible to novel magnetic e↵ects.
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Theoretical background

Considering classical length-1 spins with the nearest-
neighbour interaction on the 1-dimensional chain (all the
spins are simply arranged in a line) we write Hamiltonian
for the nearest neighbour exchange:

H({ #»S }) = �
X

hi ji

X

↵�

J↵�i j
#»
S ↵i ·

#»
S �j �

X

i

#»

h↵i ·
#»
S ↵i , (1)

where J↵�i j denotes to the exchange matrix on a link hi ji and

their vector components ↵ and �,
#»
S - the spin and

#»
h is the

uniform external magnetic field.
As a warm-up we start with Ji j = J > 0, a ferromagnetic

Heisenberg exchange interaction between the nearest couple
hi ji and unitary external magnetic field. Then we can rewrite
our Hamiltonian as:

H({ #»S }) = �J
X

i

#»
S i · #»

S i±1 � h
X

i

#»
S i (2)

The equilibrium behaviour of the system is given by the par-
tition function:

Z(�) =
Z

#»
S

exp
⇣
��H

⇣
{ #»S }
⌘⌘

(3)

However in most cases we cannot carry out the integration
exactly due to the fixed spin length constraint and compute
the partition function. Therefore we have to resort to approx-
imations.

E↵ective Gaussian approximation

Considering the pure case (for which we have no dilution)
with zero external field we may apply the self-consistent
Gaussian approximation. The idea of this approximation is
to relax the fixed spin length constraint and require the spins
to have their length fixed only on average. Therefore we sub-
stitute spins

#»
S i, whose lengths are each equal to 1, with the

the spins #»
�i, whose average length h�2

i i is fixed to 1 through
parameter ⇢. The parameter ⇢ is called a sti↵ness parameter.
Then the partition function Ze f f within this approximation is
given by (Sen et al., 2012):

Ze f f =

Z Y

i

d #»
�i·exp

0BBBBB@�
1
2
⇢
X

i

#»

�2
i + �J

X

i

#»
� i

⇣
#»
� i+1 +

#»
� i�1

⌘1CCCCCA
(4)

Even though �i is a three-component vector defined at each
site of our lattice this approximation is equivalent to the lead-
ing term in the expansion in the large number of components
of #»
� (large-N expansion). The leading term in the large-N

expansion is known to provide a very good approximation
to the physics of certain frustrated systems even when the
number of physical spin components is as small as 1 (Ising
spins) (Garanin & Canals, 1999).

However, the same method might be applied to approxi-
mate partition function for the pyrochlore lattice model:

Ze f f =

Z Y

i

d
#»
�↵i ·exp

0BBBBBB@�
1
2
⇢
X

i

#»
�↵i

#»
�
�
j + �

X

hi ji

X

↵�

J↵�i j
#»
�↵i

#»
�
�
j

1CCCCCCA
(5)

Connection between the sti↵ness parameter and the
system’s energy

The spin chain model

The relaxation of the spin constraint reduces the compu-
tation of the partition function to the computation of a Gaus-
sian integral (3), that can be easily performed (Isakov, Gre-
gor, Moessner, & Sondhi, 2004). The kernel of the Gaussian
integral, the matrix K, is given by:

Ki j = ⇢�i j � �J
⇣
�i j+1 + �i j�1

⌘
(6)

By definition of the Gaussian integral, the inverse of this ma-
trix corresponds to the spin-spin correlator , which immedi-
ately gives us the average fixed spin length constraint:

K�1
ii = h�i�ii = 1 (7)

We use the Newton’s method to solve equation (5) numeri-
cally and compute ⇢ as a function of temperature �J. Figure 1
shows the ⇢ for di↵erent system sizes N (the "length" of our
spin chain N, also size of the matrix K).

Figure 2. Dependence ⇢ on �J for n dimensions.

We see, that at least until �J  10, ⇢ depends on the system
size N very weakly. We also notice, that for low temperatures
�J ⌧ 1.0 ⇢ quickly becomes linearly dependent on �J.

Pyrochlore model with antiferromagnetic interaction

In pyrochlore model the interaction in general is not
isotropic, but in case with antiferromagnetic interaction we
may consider it one. By analogy to the spin chain, we can
define the kernel of the Gaussian integral as follows:

K↵�i j = ⇢�i j�↵� � �J↵�i j (8)
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Now we can flatten the matrices by grouping the indices and
rewriting the kernel as:

K(i↵)( j�) = ⇢�(i↵)( j�) � �J(i↵)( j�) (9)

Since the form matrix K has not changed, so the average
fixed spin length constraint has not changed either.

Proceeding similarly as for the spin chain we can com-
pute ⇢ as a function of temperature �J using the Newton’s
Method:

Figure 3. Dependence ⇢ on �J for antiferromagnetic py-
rochlore model with 432 spins.

From the Figure 3 we conclude that at least till the size of
432 spins the pyrochlore antiferromagnetic model’s sti↵ness
parameter depends on the temperature in the same way, as
for the spin chain, which also confirms the high accuracy of
the Newton’s Method for this case.

The behaviour of sti↵ness parameter in presence of the
unitary external magnetic field

Adding the external field to our Hamiltonian still allows
us to use the large-N approximation. For the case with spin
chain the partition function is given by:

Ze f f =

Z Y

i

d #»
�i·exp

0BBBBB@�
1
2
⇢
X

i

#»

�2
i + �J

X

i

#»
� i

#»
� i±1 + �h

X

i

#»
�i

1CCCCCA
(10)

Proceeding in the same way, we can compute the average
fixed spin length constraint as follows:

h�i�ii = K�1
ii + (�h)2K�2

ii = 1 (11)

Now that we have two parameters �J and �h, we can fix one
of the and plot the function ⇢ of the second one:

Figure 4. Dependence ⇢ on �J for 10 spins and di↵erent �h.

As one can easily notice, for the constant magnetic field
the function just like before quickly becomes linear and is
shifted in terms of ⇢, while the value of the shift is propor-
tional to �h.

Figure 5. Dependence ⇢ on �h for 10 spins and di↵erent �J.

As was expected, the increase of ⇢ relatively quickly be-
comes linear and similarly to the previous case, the function
is shifted in terms of ⇢with the value of this shift proportional
to �h.

Magnetization

By adding to our spin chain system external magnetic field
spins become naturally magnetized. By definition, the mag-
netization is the average spins’ value and is given by:

M = h�ii = �hK�1
ii (12)
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Now we can confirm the accuracy of the previous method
plotting the magnetization as a function of �h for di↵erent
�J:

Figure 6. Magnetization for 10 spins and di↵erent �J.

As was expected, the magnetization is linear for small fields
and for larger ones it starts to saturate.

Correlation function between the fields

Going back to (4) in case of spin chain we can compute
spin-spin correlators between the spins:

G(R) = K�1
i i+R = h�i�i+Ri (13)

An examples of such functions are given below:

Figure 7. Correlation function for 10 spins and di↵erent �J.

As we have expected for the simple ferromagnetic system,
the correlation functions decrease exponentially with dis-
tance between the spins and the rate of decrease is propor-
tional to �J / T�1.

The same plot can be drawn for the pyrochlore lattice.
For simplicity the antiferromagnetic pyrochlore lattice model
with 432 spins has been taken:

Figure 8. Correlation function for antiferromagnetic py-
rochlore model with 432 spins for di↵erent �J.

As it was expected, the correlation decreases in the way
closer to exponential the lower system’s temperature is. To
precisely examine the power law, according to which the cor-
relation function decreases plots in Log and Log-Log scale
were drawn:

Figure 9. Correlation function for antiferromagnetic py-
rochlore model in Log scale with 432 spins for di↵erent �J.
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Figure 10. Correlation function for antiferromagnetic py-
rochlore model in Log-Log scale with 432 spins for di↵erent
�J.

One can easily notice the strange "plateau" appearing for
big distances. The reason for it has not been found during
the project.

Local field method

To find the groundstates of the particular spin arrange-
ment the local fields method has been used. The idea of this
method is rewriting the Hamiltonian as:

H = �
X

i

⇣
#»
h + Yi

⌘
#»
S i, (14)

where Yi =
P

j
#»
Ji j · #»

S i is a local field and j - correspond to
the neighbours of i. The next step is splitting our J matrix
into the adjacency matrix Ai j, which for i’th raw contains the
neighbours of i and interaction matrix Ji j. So if we have N
spins, then our interaction matrix has N⇥N⇥m⇥m, where m
is a number of spin vector components. However, if we have
a short range interaction, the number of dimensions reduces
to N ⇥ N ⇥ z ⇥m, where z is a number of closest neighbours.
And now one would have to align all the spins to the field.
Using this method have been found specific groundstates for
the random spin configuration in pyrochlore lattice with 1024
for both pure case, and dilutions. For the dilution case orphan
spins have been used, since it’s the only configuration, for
which the dilution in pyrochlore model is possible. Remov-
ing any other number of spins but 5 will lead to the system

"heal" itself compensating the dilution.
After computing the ground states additionally the magneti-
zation was computed. As was expected, for single orphan,
the same as for two orphan spins, the magnetization was
close to zero. Natural outcome, since the only spins that cor-
respond to overall magnetization are the orphan ones.

Summary

During this project was confirmed the accuracy of the
Gaussian approximation and Newton’s Method for the spin
chain and pyrochlore lattice models. Also was confirmed the
fact, that system’s size doesn’t depend on the main features
at least till the 1024 spins. Another interesting result was the
behaviour of the correlation function for the antiferromag-
netic pyrochlore lattice.

Most of the time has been spent over numerical part of this
project, which was the main reason why the dilutions were
started just before the deadline for the report submission.
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Abstract

The storage ring proton Electric Dipole Moment (pEDM) experiment aims to use bent electrostatic

deflectors to store protons at their "magic momentum" (p0 = 0.7 GeV/c), so as to measure with unique

precision their Electric Dipole Moment. We use numerical finite-element simulations on OPERA 3-D and the

analytical expressions developed by Eric Metodiev et al. [1], and compare the results for various bending

radii. Finally, we fit our data in order to find the potential multipole coe�cients for the areas where the

fringe-fields are dominant, and compare the results for the two methods.

1 The Storage Ring pEDM experiment

The proposed experiment on which the deflector

studied is going to be implemented, aims to to mea-

sure the proton Electric Dipole Moment (pEDM)

with a sensitivity of 10≠29e · cm. If the EDM is

found to be non-zero, in this scale, as predicted by

most Beyond the Standard Model theories [2, 3], but

which we haven’t yet been able to probe, it would

violate the Time (T) and Parity (P) symmetries,

and through the combined universal conservation

of CPT symmetry, T-violation would imply CP-

violation, providing an important lead towards the

resolution of both the strong-CP problem, and the

baryon asymmetry problem of the universe. This

measurement is achieved thanks to the possibility

of keeping the protons circulating at their "magic"

momentum (p0 = 0.7 GeV/c), inside a storage ring

Figure 1: Storage ring for the pEDM experiment

consisting of 16 sections of concentric cylindrical

deflectors, of bending radius Rb = 40 m and radial

distance d = R2 ≠ R1 = 0.03 m. The spin of the

stored protons remains, throughout their circula-

tion in the ring, "frozen" along the direction of the

1
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"magic" momentum.

2 Deflector Simulations: Numerical Re-
sults

The first part of our project consisted of building sim-

ulation models in OPERA 3-D of both the straight

plate deflector and the bent deflector.

Figure 2: Straight plate deflector (simulation)

For the first one (depicted in Figure 2), we

built two plates of 1000 mm length in the X-axis

(X1 = ≠500 mm, X2 = 500 mm), 200 mm high in

the Z-axis (Z1 = ≠100 mm, Z2 = 100 mm), and

30 mm apart in the Y -axis (Y1 = ≠15 mm, Y2 =

+15 mm).

After constructing the plates, we went on to

engulf them in a pocket/box of "Air", which will sim-

ulate the vacuum, described by the coordinates of

its two opposite corners (X1b = ≠1000 mm, X2b =

+1000 mm, Y1b = ≠400 mm, Y2b =

400 mm, Z1b = ≠500 mm, Z2b = 500 mm).

We then went on to construct the mesh (mesh

size: 25 mm) and the simulation model, setting the

voltages of the plates to ±150 kV respectively, and

the voltage of the "Air" box to 0 kV. Finally, we

conducted an "Electrostatic (TOSCA)" analysis to

find the potential (numerically) due to the simulated

charge distribution. To extract meaningful data

Figure 3: Bent plate deflector (YX-plane)

from this analysis, we wrote code inside OPERA 3-D

(using the Comi Editor) which records the potential

in circles of diameters 20 mm and 25 mm, as a

function of the angle „ = 1 æ 360 Degrees on the

Y Z plane, while X moves from ≠900 mm to +900

mm, with a step of 100 mm, e�ectively tracking

the potential (and the contribution of the fringe

fields) in the direction of the proton beam. We

extracted a table of data, where the potential is

given as a function of X and „, for both the cases

of d1 = 20 mm and d2 = 25 mm. Following this,

we repeated the process for the bent plates, albeit

in a more sophisticated fashion, so as to account

for the curvature. We built two concentric tubes

of radii R1 = 39985 mm, R2 = 40015 mm, while

keeping the height in the Z-axis the same. We

then proceeded to cut the tubes using 2 identical

square boxes, in such a way, that the (bent) length

of the deflector remaining is 1000 mm; that is, the

azimuthal angle corresponding to the arcs remaining

is ◊ = 1/80 rad on each side of the Y-axis. The exact

geometry of the plates can be seen in Figures 3 and 4.

We then added another box of "Air" of identical size

to simulate our vacuum (the only di�erence being

in the Y coordinates: Y1b = 39600 mm, Y2b = 40400

mm). Finally, after constructing the model and

conducting the Electrostatic analysis, using a mesh

size of 25 mm, we wrote some more OPERA code to

2
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Figure 4: Bent plates (ZY-plane cross-section)

Figure 5: Potential sampling in the direction of the proton beam (OPERA-3D)

track the potential in the direction of the beam, this

time accounting for curvature, and having the center

of the circles follow an R = 40000 mm radius from

the origin of the axes, with a step of 0.1 Degrees,

while ◊ varies from ≠1.3 Degrees æ 1.3 Degrees

(approximately corresponding to X0 values of ≠900

mm æ +900 mm, which it record in the meanwhile).

The concentric circles on which we sampled the

potential along the direction of the beam can be

seen clearly in Figure 5. Thus, we extracted a

table of data, where the potential is given as a

function of ◊ or X0, and „, for both the cases of

d1 = 20 mm and d2 = 25 mm. An equipotential

graph we constructed in OPERA for the case of the

bent plates is also given in Figure 6.

3 The analytical expressions

So far, most simulations tracking the spin precession

of the proton have used the hard-edge approxima-

tion, ignoring the fringe fields [4, 5]. However, it is

3

A. Sgouras, Study of the fringe-field multipoles of cylindrical . . . 118



Figure 6: Equipotential lines at the end of the bent plates, as plotted in OPERA 3-D

imperative that the contributions of the fringe fields

are considered, so as to accurately and realistically

predict the behavior of the proton beam dynamics.

E.M. Metodiev et al., in the aforementioned paper

[1], developed analytical expressions for the fringe

fields of bent plate deflectors, using a similar analy-

sis conducted by Maxwell [6] for the straight plates.

Considering the plates infinite in the z-dimension,

they introduce a parametrization of x and y (for

the straight plates), and of fl and Â (for the bent

plates), in terms of the coordinates u and v, such

that V (x, y) = V0 v(x, y)/fi, where V0 refers to the

equal and opposite voltage that the two plates hold,

respectively. In order to invert the expressions, so

as to find the potentials and the fields as functions

of x, y and fl,Â respectively, they considered this

parametrization a conformal mapping of the com-

plex planes z = x + iy and z = Â + i ln[fl/
Ô
R1R2]

to the plane w = u+ iv, and then solving for w, and

ending up with expressions for u, v in terms of x, y

and fl,Â. The expression for v(x, y), for the straight

plates is as follows:

v = 2fi

d
y ≠ I

3
WŸ(z)

;
exp

5
≠1 + 2fi

d
(x + iy)

6<4
,

(1)

while for the bent ones:

v = I

I
≠1 + 2fiz

ln(R2
R1

)
≠ WŸ(z)

C
exp

A
≠1 + 2fiz

ln(R2
R1

)

BDJ
.

(2)

where WŸ(z) is Ÿ(z) ≠ th component of the Lambert

function, and Ÿ(z) = ÁI( 2fiz
d

)≠fi

2fi Ë. We used both of

these expressions, implementing them in Python,

using the math, numpy and scipy libraries, to con-

struct two tables of data equivalent to the ones

produced by the numerical method detailed above,

i.e. tracking the potential along the X-axis in circles

of diameters d1 = 20 mm and d2 = 25 mm. As is

the case for the previous method, these tables are

not presented here, as they amounted to a bulk of

raw data, which would not prove of much use to the

reader.

4
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4 Data analysis and study of the multi-
poles

Moving on, we developed an algorithm in Python to

sort and analyze the data, so as to produce meaning-

ful and ready-to-use results, and draw comparisons

between the two methods we used. It should be

noted, that the aforementioned tables of data are

equivalent in their structure and presentation of

data, in such a way that we could use the same

algorithm for all 4 tables in the first step of our

analysis.

The first algorithm we developed was used to

find the multipole coe�cients of the potential for

each of the points where we sampled our data. For

each circle tracked on the X-axis (or the direction

of the angle ◊), we fit the data to the following

expression for the potential:

V („) = b0 +
8ÿ

n=1
rn · [ansin(n„) + bncos(n„)] (3)

where the angle „ refers to the angle on which we

sampled the potential, in a circle of a given cen-

ter (which moves along the X-axis or the direction

of ◊). Using this fit, we were able to determine a

set of coe�cients b0, a1, b1, a2, b2..., up to the 8th

order, corresponding to each of the multipoles, and

their components (normal and skewed). To produce

meaningful results we then had to scale each coef-

ficient by r, r2, r3... respectively, corresponding to

their order, resulting in the real multipole poten-

tials, displayed directly in Volts. The results which

are shown in Table 1 depict the normal and skewed

components of the multipoles in the middle of the

straight plates, i.e. for X = 0, for the circle of

diameter r1 = d1/2 = 10mm, as derived with the

numerical method. As we can see, in this particular

point, the potential, and therefore, the field, consists

merely of a pure dipole of V1 = 100 kV . We decided,

therefore, to scale all of our future measurements

to 100000 (for d = d1), so that the reader can easily

see what percentage of the ideal dipole each mul-

tipole consists, and the corresponding results are

also diplayed in Table 1. We will only be using this

format from now on, as we go on to diplay our next

results. We would also like to point out that for

this particular instance (the middle of the straight

plates), we are not presenting a table with the ana-

lytical results, as they turned out to be completely

identical.

We also provide the tables of multipoles for

X = 500 mm, where the plates end, and X =

600 mm (10 cm after they end) (Tables 2 and 3),

displaying the results for both the numerical and

the analytical method. We omitted the table for

X = 400 mm, as we noticed that, again, the results

were identical to the ones we found in the middle

of the plates. We can clearly see that up until the

edges of the plates, there are no contributions from

the multipoles, only a strong dipole field, with the

expected potential of 100 kV. Going on to the end

of the plates, we can see that the dipole has slightly

diminished, while some negligible dipole coe�cients

have shown up. It is interesting to note that the

analytical expression seems to predict a sharper fall

of the dipole coe�cient, and no multipoles to be

found.

On Table 5, we can see that the potential has

dropped, in both cases, quite rapidly (just within 10

cm), with a weak dipole sustaining a small potential,

and no multipoles.

Following this, we present the tables of the mul-
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Scaled (Units of Voltage) Scaled (Percentage)
Order of Multipole Cosine (normal) (V) Sine (skewed) (V) Cosine (normal) (%) Sine (skewed) (%)

1 100000 -0.01 100 0
2 0.02 0 0 0
3 -0.01 0.01 0 0
4 0 -0.01 0 0
5 0 0 0 0
6 0 0 0 0
7 0 0 0 0
8 0 0 0 0

Table 1: Straight Plates: X0 = 0 mm (Real Voltage v. Scaled to 100 kV)

Numerical Analytical
Order of Multipole Cosine (normal) (%) Sine (skewed) (%) Cosine (normal) (%) Sine (skewed) (%)

1 97.71 -3.6 80.67 0
2 -0.42 -3.39 0 0
3 1.33 0.31 0.91 0
4 -0.4 0.67 0 0
5 -0.13 -0.21 0.06 0
6 0.23 -0.13 0 0
7 -0.03 0.04 0.01 0
8 0.04 -0.09 0 0

Table 2: Straight Plates: X0 = 500 mm (Numerical v. Analytical)

Numerical Analytical
Order of Multipole Cosine (normal) (%) Sine (skewed) (%) Cosine (normal) (%) Sine (skewed) (%)

1 2.94 -0.03 5.51 0
2 -0.04 -0.02 0 0
3 0 -0.03 -0.01 0
4 -0.01 -0.01 0 0
5 0 0.01 0 0
6 0 0 0 0
7 0.01 0 0 0
8 0 0 0 0

Table 3: Straight Plates: X0 = 600 mm (Numerical v. Analytical)

Numerical Analytical
Order of Multipole Cosine (normal) (%) Sine (skewed) (%) Cosine (normal) (%) Sine (skewed) (%)

1 100 0 100 0
2 -0.01 0 -0.01 0
3 0 0 0 0
4 0 0 0 0
5 0 0 0 0
6 0 0 0 0
7 0 0 0 0
8 0 0 0 0

Table 4: Bent Plates: ◊ = 0 Degrees, X0 = 0 mm (Numerical v. Analytical)
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Numerical Analytical
Order of Multipole Cosine (normal) (%) Sine (skewed) (%) Cosine (normal) (%) Sine (skewed) (%)

1 100 0 99.99 0
2 -0.01 0 -0.01 0
3 0 0 0 0
4 0 0 0 0
5 0 0 0 0
6 0 0 0 0
7 0 0 0 0
8 0 0 0 0

Table 5: Bent Plates: ◊ = 0.6 Degrees, X0 = 418 mm (Numerical v. Analytical)

tipoles for the bent plates, for ◊ = 0, 0.6, 0.7, 0.8

(in Degrees), which correspond to the values of

X0 = 0, 418, 488, 558 (in mm). We should here

make explicit that the area closest to the ends of

the plates is ◊ = 0.7 Degrees, X = 488 mm. We

notice that, as before, both the numerical and the

analytical methods show that in the middle of the

plates and up until they end, the potential, and

therefore the field, inside, is a pure dipole. As is ob-

vious in Table 6, once we reach the end (Angle=0.7

Degrees), the dipole coe�cient drops again slightly,

only for negligible multipole coe�cients to show up.

The analytical expression gives very similar results

here too, with the minor di�erence: the analytically

derived multipoles show more skewed components,

although they can still be considered negligible.

Finally, moving away from the edges of the

plates(◊ = 0.8 Degrees, X0 = 558 mm), in Table 8,

once more we find the dipole component diminishing

quickly, and no significant contributions of multi-

poles. It should be noted here, that the numerical

dipole is slightly larger than the analytical one, by

a small margin.

We chose the above points so as to give a clear

picture of the fluctuation of the potential multipoles,

and particularly around the fringe-fields, which is

the focus of our study.

It should be noted that the above results refer

to the expressions and simulations for d = d1 = 20

mm. We chose not to include the results for the

d = d2 = 25 mm, as we found no significantly

di�erent conclusions, and thus considered it of no

further interest. We should also stress here that,

comparing the straight with the bent plates, we find

that they di�er most significantly at the edge of the

plates. Therefore, if one is aiming for maximum

accuracy in that area, they should not rely upon the

straight plate approximation. However, it appears

that for all other places than the edge and a few

centimeters around that, the potentials are almost,

if not completely, identical. Therefore, the straight

plate approximation may be used for a simulation

of bent plates which does not concern itself with

the fringe-fields. Lastly, we have produced a graph

for the bent deflector, showing the potential V as a

function of the angle „, on the point where ◊ = 0.7

Degrees, which is approximately where the plates

end, and which noticeably shows the most prominent

multipoles. The three plots displayed here are i)

a plot of the fit equation (3) for all the multipole

coe�cients, ii) a plot of the fit equation (3) but

considering only the dipole coe�cients, and iii) a

plot of the fit equation (3) but considering all other

coe�cients except the dipole ones. We have used the
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Numerical Analytical
Order of Multipole Cosine (normal) (%) Sine (skewed) (%) Cosine (normal) (%) Sine (skewed) (%)

1 95.3 0 98.7 -0.81
2 0 0 -0.73 0.17
3 0.88 0 0.53 0.4
4 0 0 0.1 -0.07
5 0.01 0 -0.13 -0.18
6 0 0 -0.06 0.07
7 0 0 -0.01 0.01
8 0 0 0.01 -0.02

Table 6: Bent Plates: ◊ = 0.7 Degrees, X0 = 488 mm (Numerical v. Analytical)

Numerical Analytical
Order of Multipole Cosine (normal) (%) Sine (skewed) (%) Cosine (normal) (%) Sine (skewed) (%)

1 9.13 0 6.89 -0.1
2 0 -0.02 0.08 0.14
3 0 0 0.02 0.18
4 0 0 -0.03 -0.04
5 0 0 0.06 -0.01
6 0 0 -0.01 0
7 0 0 0.01 -0.01
8 0 0 0 0

Table 7: Bent Plates: ◊ = 0.8 Degrees,X0 = 558 mm (Numerical v. Analytical)

Figure 7: Potential multipole fits as functions of the angle on which the potential is sampled (R=40 m, ◊ = 0.7
Degrees)
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coe�cients as derived by the numerical method, and

we can see here even more clearly the dominance of

the dipole and the e�ects of the multipoles on the

area that is of most interest to us.

5 Conclusions

We conclude that for the most part, the potential,

and thus the electrostatic field, that emerges from

the deflectors studied, consists of a dipole. The

corrections on the hard-edge approximation should

focus more on the dipole field which rapidly, but not

immediately, drops at the edges, rather than with

the rest of the multipoles, as our analysis shows

that they are, after all, negligible. Furthermore,

the di�erence could also be attributed to the mesh

size that we used in the numerical simulation (a

shorter mesh could perhaps lead to more accurate

results). Lastly, the di�erence in the values found

using the analytical versus the numerical method

can be attributed to the fact that the Metodiev

expressions assume the Z-dimension of the plates to

be infinite, while the Z-dimension of the real plates

is comparable to its other dimensions, which might

possibly contribute to the fringe-fields on their own,

and therefore cannot be ruled out as the cause of

this dissonance. We recommend therefore, that the

numerical results be used for future reference, as

they take into account the actual size of the plates.
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1 Introduction

Discrete time quantum walk consists of two operations: quantum coin and a shift. Quan-
tum coin changes the values of the two-component vector and the shift permutates values
of these vectors of neighbouring particles [1]. We are considering one-dimensional case of
discrete space without disorders, thus operators are the same in every point in the space.
We were looking for Ratchet e↵ect that should appear in case of time-dependent quantum
walk, where di↵erent coin operators are used for time modulo3 0,1 and 2. Ratchet e↵ect is
the appearence of current in absence of gradient or net motions [2].

Firstly, in order to understand quantum walks I derived dispersion relation of quantum
wave in k-space independent of time, as it appears in [1]. Then I calculated it for two and
three steps period DTQW (by what we understand ascribing di↵erent parameters of coin
operator to respectively odd/even or mod3 1,2 or 3 time). Numerical model of probability
distribution was done in Python. Magnetisation was calculated for 1,2 and 3 period quantum
walk as an example of an observable in which there is a possibility of Ratchet current. Then
we’ve looked for symmetries that will change the sign of an observable while preserving
equations. In case of breaking those symmetries Ratchet current would appear, but one
symmetry held for period one, two and three and couldn’t be broken.

Coin operator in real space is given by matrix U [2]:

U = ei'


ei'1 cos ✓ ei'2 sin ✓

�e�i'2 sin ✓ e�i'1 cos ✓

�

For period 2 and 3 quantum walk values of ','1,'2, ✓ may vary in time. Then the shift
operator is applied. Both operators combined in k-space have this form:

U1,k = ei'


ei'1�ik cos ✓ ei'2�ik sin ✓

�e�i'2+ik sin ✓ e�i'1+ik cos ✓

�
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For period two coin:

U2,k = ei('1+'2)


u1,1 u1,2

u2,1 u2,2

�

where:

u1,1 = ei(�2k+'1,1+'1,2) cos ✓1 cos ✓2 � ei(�'2,1+'2,2) sin ✓1 sin ✓2

u1,2 = ei(�2k+'2,1+'1,2) sin ✓1 cos ✓2 + ei(�'1,1+'2,2) cos ✓1 sin ✓2

u2,1 = �ei(2k�'2,1�'1,2) sin ✓1 cos ✓2 � ei('1,1�'2,2) cos ✓1 sin ✓2

u2,2 = ei(2k�'1,1�'1,2) cos ✓1 cos ✓2 � ei('2,1�'2,2) sin ✓1 sin ✓2

The period 3 operator has the following form:

U3,k = ei('1+'2+'3)


w1,1 w1,2

w2,1 w2,2

�
where :

w1,1 = ei(�3k+'1,1+'1,2+'1,3) cos ✓1 cos ✓2 cos ✓3 � ei(�k+'2,1�'2,2+'1,3) sin ✓1 sin ✓2 cos ✓3 �
ei(k�'1,2+'2,1�'2,3) sin ✓1 cos ✓2 sin ✓3 � ei(�k+'1,1+'2,2�'2,3) cos ✓1 sin ✓2 sin ✓3

w1,2 = ei(�k+'1,1+'2,2�'1,3) cos ✓1 sin ✓2 cos ✓3 + ei(�3k+'1,1+'1,2+'2,3) cos ✓1 cos ✓2 sin ✓3 +

ei(k�'1,2+'2,1�'1,3) sin ✓1 cos ✓2 cos ✓3 � ei(�k+'2,1�'2,2+'2,3) sin ✓1 sin ✓2 sin ✓3

w2,1 = �ei(k�'1,1�'2,2+'1,3) cos ✓1 sin ✓2 cos ✓3 � ei(3k�'1,1�'1,2�'2,3) cos ✓1 cos ✓2 sin ✓3 �
ei(�k+'1,2�'2,1+'1,3) sin ✓1 cos ✓2 cos ✓3 + ei(k�'2,1+'2,2�'2,3) sin ✓1 sin ✓2 sin ✓3

w2,2 = �ei(k�'2,1+'2,2�'1,3) sin ✓1 sin ✓2 cos ✓3 � ei(�k+'1,2�'2,1+'2,3) sin ✓1 cos ✓2 sin ✓3 +

ei(3k�'1,1�'2,1�'3,1) cos ✓1 cos ✓2 cos ✓3 � ei(k�'1,1�'2,2+'2,3) cos ✓1 sin ✓2 sin ✓3

Figure 1: The dispersion versus k in one pe-
riod DTQW for ' = 0 and ✓ = ⇡

2
(flatband),

⇡
4

or 0(straight lines crossing in 0) - respec-
tively red, blue, green.

2 Dispersion relations

One step of QW can be written as:

 n(t + 1) = U n(t) = e�i! n(t)

where e�i! is the eigenvector of U operator.
After changing the base to k-space due to

Bloch theorem following relation can be obtained:

 n+1(k) = eik n(k) = eik(n+1) (k)

2
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2.1 Dispersion for period one

From formulas above the following dispersion relation can be derived for period one (time
independent) quantum walk:

cos(' + !) = cos ✓ cos(k � '1)

2.2 Dispersion for period 2

cos(2!) = cos(2k � '1,1 � '1,2) cos ✓1 cos ✓2 � sin ✓1 sin ✓2 cos('2,1 � '2,2)

'1,1and'1,2 are responsible for the dispersion plot shift along k axis. Change in '2,1and'2,2

causes plot shift along !(k) axis.

Figure 2: The dispersion versus k in period
two DTQW for ' = 0, ✓1 = ⇡ and ✓2 equal
respectively:0 (straight lines ! = ±k + a), ⇡

4

or ⇡
2

(flatband)

Figure 3: One branch of the dispersion ver-
sus k in period two DTQW for ' = 0 (second
is symmetrical). ✓1 is the first number on de-
scription of curve and ✓2 second . Values of
'1,1,'1,2,'2,1,'2,2:0.7, 2.1, 0.3, 0.9.

2.3 Dispersion for period 3

The dispersion relation for period 3:
cos(3!) = � cos ✓1 cos ✓2 cos ✓3 cos(3k�'1,1�'1,2�'1,3)+cos(k+'2,1�'2,2�'1,3) sin ✓1 sin ✓2 cos ✓3

+ cos(k � '2,1 � '1,2 + '2,3) sin ✓1 cos ✓2 sin ✓3 + cos(k � '1,1 + '2,2 � '2,3) cos ✓1 sin ✓2 sin ✓3

If 'i,1and'i,2 are taken into accounnt, their changes cause shift along k axis, as they are
all in cos(3k�'1,1�'2,1�'3,1) or cos(k± ...). Dispersion is not invariant under permutation
of coins. Let us denote the terms with the expression sin ✓i sin ✓j cos ✓l by the index l of ✓
under cosine. Term no.3. has plus sign before '2,1, term no.2. before '2,3 and term no.1.
before '2,2. The order is 1 ! 2 ! 3 ! 1.... Permutation of coin operations changes the '2,j

before which there is minus sign.
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With increasing period, the ranch of interactions also increases. It resultes in more
complicated dispersions.

The nontrivial common point for both branches appears when ✓i = ↵, ✓j = ⇡
3

and ✓k =
⇡�↵ (green curve on the left plot below). Permutation of indexes of ✓ (the order of operators)
doesn’t influence the dispersion when 'i,j = 0. However, when 'i,j are taken into account,
order of operators changes the dispersion as can be seen on the right plot. Di↵erent 'i,j

appear with minus sign in dispersion equation.

3 Magnetisation of Bloch vectors in k-space

Magnetisation M(k) is defined as follows:

M(k) = | +(k)|2 � | �(k)|2

Let as define a as:

a =
 +(k)

 �(k)

Magnetisation can be written as:

| +(k)|2 + | �(k)|2 = 1

| +(k)|2 =  +(k) +(k)⇤ =  �(k)
 +(k)

 �(k)
 ⇤

+(k)

✓
 +(k)

 �(k)

◆⇤
= | �(k)|2

����
 +(k)

 �(k)

����
2

1 = | �(k)|2(1 +

����
 +(k)

 �(k)

����
2

)

M(k) = | +(k)|2 � | �(k)|2 =

��� +(k)
 �(k)

���
2

� 1
��� +(k)
 �(k)

���
2

+ 1

3.1 Period one quantum walk

a = ei('2�'1) cos ✓ � ei(�!�'�k�'1)

sin ✓

|a|2 = 1 � cos2 ✓ cos(2k � 2'1) ± 2 cos ✓ sin(�k + '1)
p

1 � cos2 ✓ cos(2k � 2'1)
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Figure 4: The magnetisation of eigenvec-
tors versus k in period one DTQW for
✓ = 0.01 and '1 = ⇡

4

Figure 5: The magnetisation of eigenvec-
tors versus k in one period DTQW for
✓ = ⇡

4
and '1 = ⇡

4

'1 is responsible for the shift of the plot along k axis. ✓ regulates the steepnes and height
of the plot.

Figure 6: The magnetisation of eigenvectors
versus k in period two DTQW. Main curves
are for 'i,j=0. Lightened curves depict the
shift for nonzero 'i,j (same values as in dis-
persion plot:'1,1,'1,2,'2,1,'2,2,:0.7, 2.1, 0.3,
0.9.)

3.2 Two and three period quan-
tum walk

In period two quantum walk permutation of
✓1, ✓2 does not a↵ect magnetisation. However
in period three permutation of ✓1, ✓2, ✓3 vastly
changes magnetisation plot.

In both period 2 and period 3 the two
branches are shifted by 2⇡ (there exist shift
symmetry between them). For period 2 both
branches of magnetisation are equal with re-
spect to sign and sum of magnetisation over 2⇡
is 0. However, both this properties do not apply
to magnetisation for period 3.

4 Symmetries

4.1 Magnetisation symmetry

We are looking for the symmetry which will
preserve the transformation formulas, but will
change the value of magnetisation. First sym-
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Figure 7: The magnetisation of eigenvectors versus k in period three DTQW, values of ✓s
corresponding to the ones choosen for dispersion. 'i,j = 0

metry holds for period 1,2 and 3 quantum walk:


 +(k)
 �(k)

�
!

 �(k)⇤
� +(k)⇤

�

The e⌃'i is contibuting only as the scaling factor. It’s value is independent from space
and time, so it does not break this symmetry.

Because this symmetry is connected to the form of the operator, it can not be broken by
varying period.

4.2 Bipartite symmetry

This symmetry ensures existance of two eigenvalues, which di↵er only with sign. It exists for
period 1 and 3, where the two sublattices are odd and even positions and for period 2, where
the division to sublattices is done in the following way: the odd positions are numerated
separately from even. Then in the new numeration odd positions belong to one lattice and
even to the other.

For period two term (M�M 0
+ + M+M 0

�) n(t, k) needs to be taken to the left hand side.
Appearence of the same term that should be obtained would prevent existence of bipartite
symmetry. However, since the term depends only on the form of the operator, it can be
moved to the left hand side. Then on the right hand side only terms from the other lattice
appear.

The mapping equations for respectively period one, two and three QW:

 n(t + 1, k) = M+ n+1(t, k) + M� n�1(t, k)

 n(t + 2, k) = M+M 0
+ n+2(t, k) + M�M 0

� n�2 + (M�M 0
+ + M+M 0

�) n(t, k)

 n(t + 3, k) = M+M 0
+M 00

+ n+3(t, k) + (M+M 0
�M 00

+ + M�M 0
+M 00

+ + M+M 0
+M 00

�) n+1(t, k) +

+(M�M 0
�M 00

+ + M�M 0
+M 00

� + M+M 0
�M 00

�) n�1(t, k) + M�M 0
�M 00

� n�3(t, k)

6

P. Kaczynska, Take a Quantum Walk in Discrete Time: From Paul . . . 130



Due to the sublattice symmetry of the net, there exists such bipartite symmetry, which
conserves equations above:

! ! ! + ⇡
 n ! (�1)n n

5 Probablitity distribution and magnetisation in space

and time

5.1 Probability and magnetisation in space

Plots depict probability of locating the particle (upper plot) and magnetisation (lower) in
space after 300 time units for three period quantum walk. Initial conditions are choosen
in such a way to provide initial symmetric propagation in both directions. Second plot
illustrates the ballistic propagation and the third - flatband case.
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5.2 Magnetisation in time

For symmetric initial conditions sum of magnetisation in time is aproximately 0(with accu-
racy of numerical simulation).For initial conditions 0 and 1 plots can be sin on Fig8:

Figure 8: Sum of magnetisation in time for ✓1 = ⇧
3
,✓2 = ⇧

17
, ✓3 = 3. N=100,t=200

6 Discussion

Presence of magnetisation symmetry prevents the appearing of Ratchet current. It can not
be broken by any time dependece of quantum coin if the space remains uniform. However
other symmetries are broken in period 3, what results in far more complicated dispersion
and magnetisation comparing to period 1 and 2.
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Abstract

The future of axion haloscope systems may rely upon the utilization of
High Temperature Superconductors to maximize their detection ability.
High Temperature Superconductors, specifically YBCO, have character-
istics that could significantly improve the quality of microwave resonance
cavities as well as the e�ciency of systems overall. In order to take advan-
tage of the potential benefits of YBCO as a cavity material, new cavity
geometries must take into account material constraints. Simulations of
potential microwave resonance cavities with varied geometries have pro-
duced compelling results.

1 Introduction

Axions, a particle originally theorized by Peccei-Quinn to solve the strong-CP
problem is currently a strong candidate for dark matter within our Universe
[4-9]. The current search for axions in our universe relies heavily upon the
utilization of microwave resonant cavities within haloscope systems [10]. The
ability to detect axions with these systems are heavily constrained by the per-
formance of their internal cavities. Recent research has shown that the use of
High Temperature Superconductors, such as YBCO, within the inner lining of
these cavities has a substantial e↵ect on their quality factor and performance
[1]. Therefore, further studies of HTS cavities and the e↵ect of varying cavity
geometry should be performed.

1.1 Background

Haloscope axion detectors rely upon the Primako↵ conversion theory which
postulates that axions in the presence of a strong magnetic field scatter o↵
virtual photons and convert into real photons [Fig.1] that can be detected [2].
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Figure 1: The
Primako↵
E↵ect

Within the magnetic field, ambient axions inside the cavity
produce a current density that oscillate at f

" = h. " is the
total energy that is mostly made up of axion rest mess with
the addition of a small amount of kinetic energy.The current
source delivers power to the resonator when it is tuned to
match this frequency in the form of microwave photons. The
microwave photons can then be detected by a low-noise mi-
crowave receiver.

1.2 Microwave Resonance Cavity

Tuneable microwave resonant cavities are set to a matching frequency of the
resulting photon in order to amplify the signal and aide in detection. The
performance of the cavity within the haloscope is then critical towards successful
axion detection.

1.3 Maximizing Quality Factor, Form Factor, and Scan-
ning Rate

The quality factor of a system describes how underdamped a resonator is and
a higher Q indicates a lower rate of energy loss relative to stored energy.

Q(!) = ! ⇥ maximum energy stored

power loss

The form factor is a dimensionless quantity that parameterizes the overlap
between the cavity mode and the external magnetic field while independent of
the normalization of the eigenmodes and the cavity volume. We can define the
form factor

Cmnl =
Kmnl

2

V �mnl
=

(
R

d3xẑe⇤mnl(x))2

V
R

d3x"(x) | emnl |2

where V is the cavity volume and "(x) is the permittivity. The form factor will
disappear identically for any transverse electric and transverse electromagnetic
modes so attention is restricted to transverse magnetic (TM) modes. For an
empty cylindrical cavity, Cmnl 6= 0 only for TM0n0 modes, and the form factor
for these modes falls rapidly with increasing mode index n, which counts the
number of radial antinodes in the field profile.

The scan rate of a microwave resonance cavity is proportional to the mag-
netic field, volume, form factor, resonant frequency, and loaded quality factor
of a cavity :

SR =
df

dt
/ B4V 2C2QL

T 2
s

The scanning rate limits the amount of frequencies that can be tested over
time and significantly a↵ects the overall ability to scan the broad theoretical
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range of axions while maintaining the necessary amount of accuracy [10]. With-
out a high scanning rate, axion haloscopes are unable to detect the QCD axion
signal in an experimentally reasonable time [11-20].

2 Materials and Methods

2.1 Superconducting Materials

YBCO is a Type II High Temperature Superconductor with a very high upper
critical field and a vortex depinning frequency of more than 10GHz [1]. Mi-
crowave resonant cavities made using YBCO tape were found to maintain a
significantly higher quality factor than copper cavities when subject to mag-
netic fields from 0.23-8 Tesla and temperatures from 0-90 degrees Kelvin [Fig.2]
[1]. Many studies [21-23] show that surface resistance of YBCO is significantly
lower than the copper. Quality factor is inversely related to the surface resis-
tance of the cavity so this, in turn, should maximize the scanning rate as well.
Unfortunately, acquiring a three-dimensional cavity structure with YBCO or
with similar HTSC material is challenging because the superconductivity of the
YBCO is dependent on crystal direction [24].

Figure 2: Quality Factor of YBCO and Copper as a function of Magnetic Field
and Temperature [1]

The film architecture of the YBCO superconducting tape consists of several
parts. On the biaxially textured nickel-tungsten alloy tape, the 800nm thickness
YBCO film was deposited on top of bu↵er layers which consist of Y2O3, YSZ,
and CeO2, 75 nm thick each. The YBCO tape is laminated between two stainless
steel tapes by soldering to protect the tape from mechanical strain [1].

3
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2.2 Optimal Cavity Geometry

In order to reach the best scanning rate, the optimal geometry of the microwave
resonance cavity will maximize available volume and quality factor. The max-
imum volume is restricted by the area left inside the magnetic bore solenoid,
measured at a maximum height of 200mm and a maximum diameter of 110mm.
Beyond the volume constraints, YBCO tape poses a material constraint that
compromises quality factor on non-continuous surfaces [1]. With this in mind,
a cylindrical container with truncated cone endcaps may prove to be the most
e↵ective in maximizing volume while imposing minimal material strain on the
YBCO tape. As the thickness of increases, the opening will begin to form a
”chimney” shape that should further field containment and maximize quality
factor. For our purposes this shape may also be referred to as the ”spinning
top” model.

2.3 Simulation Parameters and Studies

Using a COMSOL simulation, a cylindrical container with truncated cone end-
caps is formed and assigned a copper impedance boundary along the edges and
a scattering field boundary on both endcap openings in order to contain the air
assigned to the inside of the virtual cavity [Fig.3].

Figure 3: Two-dimensional Cavity Model and Parameters

The two-dimensional model shows the included parameters that are adjusted
and used to compare the resulting quality factor, form factor, volume, and
scanning rate of each resulting shape. For this study, we focused on the e↵ect
of varied endcap opening radii and height, angle of endcap, and the thickness
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of the simulated cavity. The entire system is set to find eigenfrequencies in the
2GHz range for each of the cavity geometries formed and the TM010 is found
from these. Once the TM010 is derived, the volume, quality factor, form factor,
and scanning rate are calculated from the simulation results.

3 Results

3.1 Form Factor

Figure 4: Form Factor as a function of Height of Endcap and Opening Radius

Form factor, when shown as a function of the radius and height values, gener-
ally decreases as the height of the endcap and the opening radius increases[Fig.4].
One should also note that the di↵erence between the maximum and minimum
form factor values is about 0.15.

3.2 Quality Factor

The following figures display the calculated quality factor of the COMSOL sim-
ulation for varying endcap height, opening radius, and cavity thickness. Figure
5 shows the quality factor of cavities as a function of endcap height and opening
radii. Figure 6 demonstrates the quality factor of the simulated cavity as a
function of endcap angle(↵) for each opening radii value from 1mm to 30mm.
Figure 6 is a graph of the e↵ect of varying thickness on cavities with a constant
endcap height of 100mm on the quality factor.
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Figure 5: Quality Factor for varying Opening Radii and Height of Endcaps

Figure 6: Quality Factor for multiple Opening Radii as a function of Endcap
Angle
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Figure 7: Quality Factor as a function of Thickness of Cavity for multiple
Opening Radii

3.3 Scanning Rate

Figure 8: Scanning Rate for multiple Opening Radii as a function of Endcap
Angle

The scanning rate is calculated using the volume, form factor, and quality factor
of each simulated cavity geometry.
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4 Discussion

Based on values found for varying height and radii (Fig.5), the quality factor
of the simulated resonance cavity decreases as the size of the endcap opening
increases and the height of the endcap decreases. These values confirm theoret-
ical predictions; increasing the size of the endcap opening allows for more field
to escape the system and the increased height of the endcap shifts the angle
to one that allows for more containment. With this in mind, varied endcap
angle for multiple cavities has a remarkable impact on their measured quality
factor (Fig.6). The impact of endcap angle on the quality factor of the cavity
is most notable in the 5mm to 20mm range of opening radii and is not ap-
parent when the radius approaches small or large values. As the endcap angle
increases, the quality factor dramatically increases. The e↵ect of cavity material
thickness (Fig.7) has a similar impact on the quality factor of cavities as the
endcap angle (Fig.6). The increasing thickness extends a the endcap opening in
a ”chimney-like” fashion that allows for further field containment. The e↵ect
is less apparent when applied to cavities with much smaller or larger opening
radii, another similarity shared with the e↵ect of endcap angle. Figure 8 com-
piles the quality factor, form factor, and volume of each cavity geometry in order
to compare the proportional scan rate relationship for opening radii from 1mm
to 16mm with increasing endcap angle. According to the graph, the scan rate
dramatically increases as endcap angle increases irregardless of varying opening
radii.

5 Conclusion

The ability to detect axions within axion haloscope systems are heavily con-
strained by the performance of their internal cavities. High Temperature Su-
perconductors, specifically YBCO, have remarkably reduced surface resistance
compared to copper but have an inherent risk of mechanical stress and the need
to remain aligned correctly within the system in order to perform correctly. In
order to take advantage of the potential benefits of YBCO as a cavity material,
new cavity geometries must take into account the above requirements. Simula-
tions of microwave resonance cavities demonstrate the potential e↵ect of varying
cavity geometry on the function and e�cacy of axion haloscope systems. Con-
sidering the resulting values of the simulations, further research should look into
the e↵ect of endcap angle and opening radii on the quality factor and scanning
rate of tunable microwave resonance cavities.
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1. Introduction  
A. What is Axion 

In 1964, a violation of CP symmetry was discovered in the decays of neutral kaons by 

James Cronin and Val Finch, who suggested the Strong CP problem. [1] As a solution, Roberto 

Peccei and Helen Quinn postulated a new global symmetry called PQ symmetry, which presents 

CP-violation parameter as a functional component. [2] This PQ symmetry, however, spontaneously 

breaks down and creates a goldstone boson called axion, which delimitates the CP-violation 

parameter to zero. As a result, if the existence of this massless low interacting elementary particle 

called axion is proved, then the strong CP problem will be finally resolved. Additionally, as many 

scientists studied the properties of axion, they concluded that the axion might be a prominent 

candidate for the dark matter if it has a mass between 1 meV ~ 10 µeV. [3] So the Center for Axion 

and Precision Physics Research (CAPP) is trying to discover axion, mainly by using the Haloscope. 

 B. Understanding how the Haloscope works 

There are numerous methods that can theoretically detect an axion. Haloscope, however, 

is one of the few realistic methods that can reach the sensitivity level until DFSZ or even KSVZ 

line. Theoretically, an axion should be naturally observed because axion decays into two gamma 

rays. [4] However, this reaction takes an astronomical time, so scientists came up with a solution: to 

arbitrary take an inverse reaction of the axion decay into two gamma rays. [5] With the premise that 

axion exists everywhere, applying a magnetic field on a cavity will generate a virtual photon. Then, 

as this virtual photon reacts with an axion particle, measuring the properties of this produced real 

photon will prove the existence of an axion. 
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[Figure1]: The left photo depicts the normal 
axion decay to photons, axion photon coupling. 
The right photo depicts the axion to photon 
conversion in the presence of a magnetic field.  

  

However, this arbitrary reaction takes long as well because first, the possible axion-

existing frequency range is huge, and second, the time that it takes to scan one frequency range 

(about 10Hz) is also long since it required high sensitivity. Because axion-existing frequency range 

is a set value, the most prominent way to expedite the experiment is to increase the scanning rate, 

which is expressed in Equation 1.As a result, it is very important to increase a magnetic field, 

volume, form factor, and Q factor  of the cavity while decreasing the system temperature. This 

research, however, will mainly focus on increasing the Q factor of the cavity. 

Equation 1: This equation expresses the scan rate as a SNR and the signal power. This equation also shows 
the effect of each variable — B,V,C,Q, and T — on the scan rate. 

 C. How to increase the Q factor of the cavity  

 As it is expressed in equation 1, it is best to have a large volume and high magnetic field 

condition to expedite the scanning rate, but there are technical limitation in real world. CAPP-PACE 

team uses a cavity that can fit inside a 12cm bore magnet, which is 8 Tesla. Also, since it is proven 

that TM010 mode creates a highest form factor from previous researches, the only controllable 

variable is the Q factor of the cavity. 

 Q factor describes how small the energy loss occurred from the original stored energy. In 

case of a haloscope, the original energy stored is the real photon created by axion. Thus, a cavity 

that can preserve this real photon for long time, then that cavity will have a high Q factor. 

Intuitively speaking, a cavity with high Q factor should have an inner surface that is completely not 

H. Kim, Analyzing the Q-maximizing angle of the . . . 145



!3

interactive with this real photon. In another word, the inner surface of the cavity should have no 

resistivity. And this behavior of  having zero resistivity is observed in superconducting materials.  

 However, haloscope is experimented under high magnetic field, and most of the type-1 

superconducting material has a lower critical magnetic field than the magnetic field required for the  

haloscope experiment. As a solution to this problem, this research paper will calculate and evaluate 

the possibilities of using type-2 superconducting materials such as NbTi, and YBa2Cu3O7−x as a 

new material, and calculate the ideal ratio of the sputtering the type-2 superconductor on a cone-end 

cavity. 

2. Cone-End Cavity  

 To maximize the Q factor of the cavity, the implementation of the superconducting material 

is vital. However, when the superconductivity gets broken due to the strong magnetic field, it 

usually creates a greater surface resistance than the normal conductors such as copper. Due to this 

reason, applying superconducting material onto the cylindrical cavity has resulted disappointing Q 

factors— because the superconductivity breaks at the top and bottom side of the cavity. 

 As a solution, CAPP suggests the cone-end cavity where the top and bottom part of the 

cavity are slanted. By doing so, the magnetic field that the surface actually experiences will become 

smaller, thus minimizing the breakdown of its superconductivity. However, the question is to decide 

the ideal angle of the slated end caps; the steeper it gets, the less superconductivity will break, but at 

the same time, it should be slanted enough to trap the TM010 mode. By using COMSOL 

simulation, the ideal angle of the slated end caps that yields maximum Q factor were derived, and 

this cavity shape is used in the further part of this research. [6] 

 The maximum Q yielding structure, which has R=45mm, H=100mm, r_end=8mm, 

h_end=100mm, and t=5mm, was once again simulated through COMSOL, and it generated a Q 

factor around 34,000 at zero temperature, which is similar to the expected value of 32754. Also, 

TM010-like mode was observed near 2.66GHz, which is expressed in Figure 2. Since it has both 

TM010 mode and a higher Q factor than the previous attempts, it is possible to conclude that this 

structure has a great potential for the future research. 
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 To examine a further potential to this cone-end structure, the heat loss distribution on the 

surface of the cavity is calculated. As it is presented in Figure 2, the most of the surface loss occurs 

on the side wall if the cavity. In Figure 3, it is possible to observe that the wall creates 82.11% of 

the energy loss while the angled end caps only creates 17.89% and 2.5*10^-9% from the top and 

bottom holes. This behavior gives even more potential to this cone-end model since the 

implementation of the superconducting material on the side wall will drop the majority of the 

surface loss and drastically improve the Q factor— because the surface of the wall is parallel to the 

magnetic field, thus the surface will not experience the breakdown of the superconductivity. 

3. Analyzing the Change in the Q factor of a Copper Cavity in Respect to the ∆ T. 

  

 Because it is hard to implement the cone-end cavity on a given time, the only way to 

estimate the Q factor of a copper cone-end cavity is to find a ratio between ∆ T and ∆Q factor by 

testing previous copper cavities and use it to calculate. Out of many copper cavities in CAPP lab, 

vertically split, polygon-shaped copper cavity was selected to proceed the experiment since it has an 

angled top and bottom end, just like cone-end copper cavity. [7] 

[Figure 2] TM010 mode in the Cone-end cavity. The 
slice located in the center of the cavity represents the 
magnitude of the E-field. The graph on the side of the 
cavity tells the surface loss. And the arrows show the 
magnetic field. The dimension of this cone-end cavity 
is from Becker’s work.[6]

[Figure 3] This graph shows the ring surface loss 
created for each point on the Z axis. The dimension of 
this cone-end cavity is from Becker’s work.[6]

Z coordinate (in mm)Surface loss 
(W/m^2)

V/m W/m^2
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 However, the big difference between the cone-end copper cavity and polygon-shaped copper 

cavity is the fact that the polygon cavity has a small gap between each pieces due to the fabrication 

tolerance. So, before measuring the ratio between ∆ T and ∆Q factor of the polygon cavity, it was 

necessary to prove that the small gap between each pieces does not have a major effect on the Q 

factor of the cavity.  

  

 By using network analyzer, the Q factor of the copper polygon cavity was measured for 

three different stages: when it has 1mm gap, no gap, and screwed. Then, in order to account the 

effect of the coupling caused by RF antennae, I used S11 and S22 value to calculate the unloaded Q 

factor, which is the Q factor of the cavity itself. Because the antennaes are under coupled, Equation 

2 was used to calculate unloaded Q factor.  

 

  

 

 As a result, a copper polygon cavity that is not screwed, which has a reasonable gap size, 

generates a Q factor around 18,000, while the screwed copper polygon cavity generates a Q factor 

around 19,000. Overall, as it is presented in Figure 4, the gap, even a huge gap such as 1mm, did 

not cause a significant drop in the Q factor of the copper cavity. 

 For the experiment, the assembled copper cavity, which is depicted in Figure 5, was 

installed in a cryogenic system, which generates 8 T and 4K environment. Then, the Q-factor and 

resonant frequency were measured by using a network analyzer through transmission signal 

[Equation 2] This equation calculates the unloaded Q factor.
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between a pair of RF antennae, which are weakly coupled to the cavity. Also, the coupling strengths 

of the antennae were monitored and was used to determine the unloaded Q factor of the cavity. 

 

 

 

  

 In Figure 6, the result of the cryogenic experiment on the copper cavity is shown, and it 

shows the drop in temperature from 300K to 4 K has brought an unloaded Q factor of the copper 

cavity from around 18,000 to around 67,000. The ratio between these two stage (4K: 300K) is 

3.671:1. By using this value, it is possible to conclude that the Q factor of the 70˚ cone-end copper 

cavity will be multiplied by 3.671 times as it reaches 4K as well, which results about 125,000 

(34041*3.671). Having almost 125,000 as a Q factor of the cavity is an improvement, but it has to 

be higher for the reasonable haloscope experiment. Hence, on the last part of this research will start 

to implement a superconducting material instead of copper, which should enhance the Q factor 

drastically. 

[Figure 5] Picture of the 
polygon copper cavity 

[Figure 4] This graph compares the unloaded Q factor of each 
copper cavities
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4. Applying superconducting material on a cone-end cavity. 

 As previously mentioned, applying superconducting material to the cone-end cavity will 

enhance the Q factor even more. However, unlike copper, superconducting materials experience a 

breakdown of the superconductivity when strong magnetic field is applied, thus experience the 

increase in the surface resistance . The magnitude of the magnetic field that the surface experiences 

is proportional to the sin value; when magnetic field is parallel to the surface, the magnetic field is 

same as zero while as magnetic field is parallel to the surface, the magnetic field is at its maximum 

value. In another word, the change in the angle of the cone causes the change in surface resistance . 

 But before applying surface resistance as another variable, it is necessary to analyze the 

percent surface loss in the copper cone-end cavity. This is necessary because the substitution of the 

surface resistance for each angled surface can be proceeded only after knowing how much the 

energy was lost from each surface. First, Figure 7 and Table 1 show the change in percent loss 

generated from each middle wall, cone, and top and bottom holes; most of the loss is generated 

from the middle wall, regardless of the angle, and almost none of the energy is being lost from the 

top and bottom holes since TM mode is completely trapped inside the cavity. The Q factor is 

linearly proportional to the angle, thus the maximum Q factor is observed near 70 degrees. 

[Figure 6] This graph shows the change in Q factor of the copper polygon cavity in respect to 
temperature. The minimum Q factor was generated at 296K and the maximum Q factor was 
generated at 4K.
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 However, this behavior changes when superconducting material is applied. Because the 

surface resistance of a superconducting material that is parallel to the magnetic field is nearly zero, 

replacing the middle wall section of the cavity with superconducting material always generates 

higher Q factor than the copper cavity. But as the superconducting material is applied, it causes a 

[Figure 7] This graph shows the ring surface loss created for each point on the Z 
axis for different angle of the cone. The dimension of this cone-end cavity is from 
Becker’s work.[6]

[Table 1] This table shows the percent loss 
of all three sides of the cavity for each angle.
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sudden drop in the surface resistance of the wall (1/50 of the copper surface resistance) and 

increases the Q drastically. Because this sudden drop exerts a greater effect on Q factor than the 

angle, the maximum Q factor-determining factor is no longer the angle but the percentage loss of 

the middle wall. As a result, the Q-maximizing angle is located near the angle that the percentage 

loss of the middle wall is the greatest; the angle where the percentage loss of the middle wall is the 

greatest at 57.01 degrees and the angle where the Q factor is maximized is at 59.17degrees. The 

trend of Q-maximizing angle following the percentage loss of the middle wall is expressed in 

Figure 8, and the equation that is used to calculate the new Q factor is expressed in Equation 3. 

 

[Equation 3] This equation calculates the new Q factor of the cone-end cavity that has YBCO middle side 
and copper cone side. 

[Figure 8] This graph shows that the trend of the percent loss of the middle wall section is similar to the 
trend of the Q factor of the cone-end cavity that has YBCO middle side. 
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 However, when superconducting material is applied on the cone side as well, the 

maximum Q-determining factor changes again. The surface resistance of the YBCO is derived in 

Equation 4 and the surface resistance of the NbTi is proportional to Equation 5. For YBCO, its 

surface resistance for 4k 8T at both 0˚ and 90˚ is known, thus the derived coefficient is already used 

in the equation itself. [2, 8] However for NbTi, only the surface resistance under 4k 5T at 0˚ is 

known as a literature value. Thus, in this research, the calculation regarding NbTi cone-end cavity 

was done under the premise that the surface resistance of the NbTi at 4k 5T at 90˚ is 1.2 times the 

surface resistance of the copper. 

 

 

 Because cone of the cavity is covered with a superconducting material as well, both angle 

vs Q relationship and the angle vs surface resistance relationship should be considered when the 

shape of the maximum Q-generating cavity is being calculated. According to Figure 9, the surface 

resistance decreases as the angle of the cone increases and the Q factor of the copper cavity also 

improves as the angle increases. As a result, the steeper the cone gets, the higher the Q factor is 

generated from the cavity. Figure 10 expresses the change in Q factor of the full YBCO and NbTi 

cavity in respect to the angle, which both full YBCO and NbTi cone-end cavity generates greater Q 

factor as the angle increases. The left graph in Figure 11 compares the Q factor of the full NbTi 

cone-end cavity and middle NbTi cone-end cavity. The result suggests that it is better to not sputter 

the cone side unless the angle between the surface and the magnetic field reaches 41.38 degrees. 

This angle is when the surface resistance ratio between NbTi and copper gets smaller than 1. 

[Equation 4] This equation calculates the surface resistance ratio between YBCO and 
copper depending on the angle.

[Equation 5] This equation calculates the surface resistance ratio 
between NbTi and copper depending on the angle.
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[Figure 9] The graph on the left side shows the relationship between the angle of the cone and a Q factor 
of the copper cavity at both 4k and 300k. The graph on the right side shows the relationship between  the 
angle of the cone and a ratio between a surface resistance of YBCO and copper.

[Figure 11] The graph on the left side compares the Q factor of the fully NbTi-coated cavity and the cavity 
that only has NbTi-coated middle side in respect to the angle between the surface and the magnetic field. The 
graph on the right side shows the relationship between  the angle of the cone and a ratio between a surface 
resistance of YBCO and copper. 

[Figure 9] The graph on the left side shows the relationship between the angle of the cone and a Q factor 
of the YBCO cavity. The graph on the right side shows the relationship between  the angle of the cone 
and Q factor of the YBCO cavity.
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5. Conclusion 

 In conclusion, the middle wall side of the cavity should be replaced with a 

superconducting material in any cone-shaped cavity because the surface of the wall has a much 

lower surface resistance than the copper. In this case, since the effect of the sudden drop in the 

surface resistance in the middle wall part of the cavity is significant, the Q-maximizing trend 

follows the trend of a percentage loss of the middle wall. 

 When the superconducting material is applied for both cone side and wall side, increasing 

the angle between the surface of the cone and the direction of the magnetic field always increases 

the Q factor. In addition, applying superconducting material on the cone side increases the Q factor 

“only” when the angle between the surface of the cone and the direction of the magnetic field 

surpasses a certain angle. This angle is when the surface resistance ratio between the 

superconducting material and copper turns smaller than 1. 

 As a result, when future researchers try to test the cone-end cavity, it is necessary to 

calculate the angle when the surface resistance ratio between the superconducting material and 

copper turns larger than 1, then to compare it with the angle of the cone-end cavity that will be 

tested. 
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Abstract 

 

The Muon g-2 Experiment is an ongoing experiment at Fermi National Accelerator 
Laboratory, and has been conducted in the past at CERN and Brookhaven National Labs. This 
experiment is aimed at determining the anomalous magnetic dipole moment of the muon, and to 
see how well it corroborates with the predicted anomalous magnetic dipole moment from the 
Standard Model. 

One of the principal experimental procedures within the experiment involves the “magic 
momenta” of the muon. The vertical focusing of the muon beam involves electric field, and the 
magic momenta eliminates the additional terms associated with the field. However, due to the 
muon beam being multiple muons in radius, these muons have varying momenta. This results in 
a momenta distribution within the muon beam, inducing variances in lifetime and phase.  

Additionally, another issue arises when examining the Coherent Betatron Oscillations 
(CBOs) caused by the rotation of the muon beam. The general accepted equations used to 
calculate and correct for this deviation involves the usage of an exponential, however it is known 
to the scientific community that a sum of cosines represents the true nature of the changes 
reflected by the CBOs. 

In this paper I aim to show the effects of modeling the muon g-2 experiment with a 
varying momenta distribution, in addition to the immense deviations that come along with using 
a sum of cosines function as opposed to the generally accepted exponential functions for the 
CBOs. 
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I.  Introduction 

 
The muon-g2 experiment is an ongoing experiment that has been performed in the past at               

BNL and CERN, and is going to be once again performed at Fermi National Accelerator Labs.                
Scientists aim to measure the spin precession of the muon when subjected to a magnetic field,                
also known as the anomalous magnetic dipole moment of the muon. In previous experiments, a               
minimum deviation of 3.7 𝜎 has been found from the predicted value given by the Standard                
Model. The newest experiment at FNAL will be measuring the anomalous magnetic dipole             
moment of the muon down to .14ppm, in the hopes of targeting a much smaller range of values                  
with a mean of 7 𝜎. By reaching this target range, there will be an indication of new physics at                    
play and require a revision of the Standard model [1].  

My study will be focused on determining the effects of a momenta distribution within the               
muon beam, while also modeling the Coherent Betatron Oscillations using a sum of cosines              
function as opposed to the generally accepted exponential equations.  
 
II. Understanding the Experiment 

 
The muon g-2 experiment aims to measure the anomalous magnetic dipole moment of the              

muon. The muon magnetic moment, which is related to its intrinsic spin by the gyromagnetic               
ratio g 𝜇 is given by:  
 

(1) 

 
 
This ratio is equivalent to 2 for point-like spin ½ particles such as leptons [2]. However, with the                  
muon being a much larger particle and having a much heavier mass, results in radiative               
corrections, which introduce an anomalous magnetic moment defined by:  
 
 

(2) 

 
The Standard Model predicts a𝜇 with a precision of .6 ppm (parts per million) as shown                

below [3]:  
 

a𝜇SM = 116 591 823(1)(34)(26) × 10-11.  
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Experiments have been performed first at CERN and later at BNL in order to              
experimentally determine the anomalous magnetic moment, and it was averaged to be [3]:  
 

a𝜇exp  = 11 659 209.1(5.4)(3.3) × 10-10. 
 
The experimental value differs from the theoretical value by 3.7 𝜎 [2], an interesting but               
inconclusive difference. An upcoming experiment at Fermi National Labs will be performed and             
aims to increase the experimental precision to .14 ppm, in hopes of reaching a target area of 7 𝜎                   
[2] deviation in order to conclude new physics is interfering with the anomalous magnetic              
moment, and will also result in our standard model requiring an update on the quantum level.  
 

III. Understanding the Muon Decay 

 

                                             Figure 1 shows the highest energy decay of the muon 
 

The muon g-2 experiment revolves around measuring the energy of the positron that is              
emitted from the muon when it decays, as shown above in figure 1. The highest energy positron                 
is emitted when the momentum of the positron momentum is opposite to the electron neutrino               
and the anti muon neutrino, and this has the highest probability of occuring (⅔ chance of a                 
positron having the highest energy of around 52 MeV) [4]. Detectors have a threshold so that                
only these highest energy positrons are recorded, and we are able to extract the average spin                
direction via the energy of the positron as a function of time. These poistrons whose energies are                 
higher than the threshold energy as a function of time can be represented by the following                
equation [4] 
 
 

(3) 

 
 
where N 0 is the initial number of particles per bin width, 𝜏 is the dilated lifetime of the muons                   
(really 𝜏 x 𝛾), A is the asymmetry (.35), ⍵a is the g-2 frequency, and 𝛷 is the phase [2]. This                     
function is the default analyzer for the g-2 data, however there are multiple systematic errors that                
require slight modifications to this function.  
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IV. Magic Momenta of the Muons 
 

Since the muon g-2 focusing is electric, additional terms must be added to describe the g-2                
frequency as shown in the equation below. [4] 
 
 

(4) 

 
 
However, by setting the momenta (p) equal to , we can eliminate the entire second half of the        √a

mc           
equation, and result in [4] 
 
 

(5) 

 
Now the spin precession due to the E-field is 0 at the “magic momenta” of 3.1 GeV/c for muons.                   
This concept was used at CERN, BNL, and now at FNAL, . However, an issue arises within the                  
utilization of the “magic momenta”. The muon beam has multiple muons as a height, and only                
the muons in the center have the “magic momenta”. This results in many muons having varying                
momenta, and therefore requires the additional terms to be used. In addition to the momenta               
being changed, the lifetimes and the phases of the muons are also impacted. Muons that are                
“lower” in the beam have shorter lifespans as they are moving slower, and hence have a smaller                 
phase. The inverse is true for muons that are above the magic momenta center of the beam. After                  
fitting for this distribution of lifetimes and phases and running 100 trials, the average deviation               
can be seen in the chart below (Table 1): 
Table 1 (below) shows the Ideal vs Simulated average values of 100 runs in the simulation with varying phase and lifetime 

Parameter Ideal Simulated 

N 0 1e10 1e10 

𝛾 2.93e1 2.93000e1 

Asym 3.5 3.43734e-1 

⍵a  5 5.03639 

𝛷 3e-1 2.99998e-1 

S. Jain, Fitting Effects Due To Finite-Momentum . . . 160



 

It is evident that the Asymmetry and g-2 phase were heavily impacted by the changes in                
the lifetime and phase, and is a major systematic error. It is necessary to modify the original 5                  
parameter function to adapt to changes in the momenta distribution.  
 
V. Coherent Betatron Oscillations 

 

Coherent Betatron Oscillations (CBOs) arise from the radial motion of the beam, and             
induce a modulation of the average time delay between the emergence of the positron from the                
muon decay and its registration in the detector station. This modulation is equivalent to the               
replacement of time t in the five-parameter function by the CBO modulated time, which is t → t                  
- g(t) with CBO function g(t), and results in the equations shown below [5]:  

 

 

(6)  

 
 

(7) 

 

 

(8) 

 

 

(9) 

 

 

 

The modulated time requires multiple parameters to be introduced as shown in equation (6), and               
this modulation causes the asymmetry (A CBO), number of counts per bin width (N CBO), and phase               
(𝛷CBO) to all have an induced CBO and a respective modulation attached to it. The resulting                
values after adding the CBOs and fitting via the five parameter function is shown below (Table                
2). 
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Parameter Ideal Simulated 

N 0 1e10 9.99982e10 

𝛾 2.93e1 2.93002e1 

Asym 3.5 3.43374e-1 

⍵a  5 1.68236 

𝛷 3e-1 2.65812e-1 

Table 2 shows the average deviation of the simulated parameter against the ideal parameter after the addition of the CBOs to the 
simulation and fitting via the five parameter function 
 

It is evident that CBO changes heavily impact Asym, 𝛷, and especially ⍵ a. It was also evident 
that these CBOs oscillated as they had a phase, with the largest variations occurring at 
approximately π for the CBO on N 0, π for the CBO on Asymmetry, and π for the CBO on24

37
24
43  

the Phase.  
 
VI. Modeling the CBOs Using A Sum of Cosines 

 
Although the CBOs on Asym, N, and 𝛷 have been found and are used today, it is known 

to the scientific community that the exponential referenced in equations (7), (8), and (9) should 
be a sum of cosines instead [7]. We can model this by using multiple cosine functions in order to 
simulate a distribution due to varying momenta within the muon beam. The generally accepted 
CBO frequency of 466 kHz is then changed by a factor of ±.1%, ±.5%, and ±1%, and then 
modulated based on the momenta distribution within the muon beam. In the figures shown 
below, graphs for the CBO frequency is shown for ±.1%, ±.5%, and ±1% respectively, with the 
y-axis being the relative frequency percentage, and the x-axis being time (t).  

 
Figure 2 shows .1%  
frequency change 
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Figure 3 (above) shows .5% frequency change, and Figure 4 (below) 
shows 1% frequency change 

 
 
As indicated by the graphs, as the frequency variation is increased, the number of oscillations 
continuously increases within the time interval. However, since an immense number of 
oscillations results in unrealistic data, it is best to limit the distribution from ±.1% to ±1%. The 
tables below show the values of the parameters after fitting for the newfound CBO functions.  
 
 
 
 
 

 

S. Jain, Fitting Effects Due To Finite-Momentum . . . 163



 
Parameter Name (Ideal) Value 

N0 1.00000 e8 

Gamma 2.93000 e1 

Asym 3.50000 e-1 

Frequency 5.00000 e0 

Phase 0  
Table 3 (above) shows the ideal values for the parameters for the simulations run in the following tables 

 
Parameter Name  .1% change .5% change 1% change 

N0 9.88732 e7 9.53853 e7 9.18432 e7 

Gamma 2.93001 e1 2.93001 e1 2.92999 e1 

Asym 3.49234 e-1 3.48204 e-1 3.47243 e-1 

Frequency 4.36435 e0 4.29453 e0 4.14395 e0 

Phase 2.52394 e-3 2.19028 e-3 2.00124 e-3 
Table 4 (above) shows the values of the parameters when only the CBO on N is applied 

 
Parameter Name  .1% change .5% change 1% change 

N0 9.93643 e7 9.90144 e7 9.89954 e7 

Gamma 2.93003 e1 2.93002 e1 2.93003 e1 

Asym 3.06323 e-1 2.89543 e-1 2.64543 e-1 

Frequency 3.65434 e0 3.26543 e0 3.05432 e0 

Phase 1.54325 e-5 1.54654 e-5 1.54865 e-5 
Table 4 (above) shows the values of the parameters when only the CBO on Asymmetry is applied 

 
Parameter Name  .1% change .5% change 1% change 

N0 9.92566 e7 9.91654 e7 9.91154 e7 

Gamma 2.93001 e1 2.93000 e1 2.93000 e1 

Asym 3.48432 e-1 3.46093 e-1 3.44543 e-1 

Frequency 1.95432 e0 1.94543 e0 1.93454 e0 

Phase 7.34245 e-1 6.1234 e-1 5.95432 e-1 
Table 5 (above) shows the values of the parameters when only the CBO on Phase is applied 
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Parameter Name .1% change .5% change 1% change 

N0 9.8363 e7 9.48373 e7 9.12467 e7 

Gamma 2.93005 e1 2.93013 e1 2.93025 e1 

Asym 3.01569 e-1 2.88643 e-1 2.63643 e-1 

Frequency 1.29645 e0 1.03753 e0 8.43356 e-1 

Phase 2.32348 e-3 2.79632 e-3 3.48129 e-3 
Table 6 (above) shows the values of the parameters when all 3 CBOs are in effect 

 
From these tables it is evident that once again CBO modulation on the phase and asymmetry play 
the biggest role, although using the sum of cosines method does introduce more of a variance 
when applied to N as opposed to the exponential form. As the frequency increased, in almost all 
cases the parameters strictly increased their deviation from the expected values. When all three 
CBOs were combined, the g-2 frequency was worse than the CBOs that utilized the exponential, 
showing a drastic error in precision when ignoring the true nature of the CBOs on N, Asym, and 
Phase.  
 

VII. Conclusion 

 
The muon g-2 experiment utilizes the ideal condition of the muon momenta all being the 

“magic momenta” within the storage ring. However, there is a momenta distribution associated 
with the muon beam, which results in changes regarding the lifetime and phase of the muons. 
When simulating this distribution of momenta, it is evident that these changes play a role in the 
experimental values of the parameters within the idealistic 5 parameter function, especially in 
regards to the Asymmetry and g-2 frequency. This makes it necessary to determine a proper 
equation to account for these variances in order to determine a more realistic value for the 
Asymmetry and g-2 frequency of the muons.  

In regards to the Coherent Betatron Oscillations, when using equations that have been 
theorized to replace time (t) with the CBO modulated time g(t), we can see drastic impacts to all 
five parameters, especially in regards to the g-2 frequency which is off by approximately a factor 
of 5. This effect is amplified when taking into account the true nature of the CBOs, as they are 
indeed a sum of cosines rather then an exponential. When modulating the frequency of the CBO 
as a distribution within the muon beam, one can see that all parameters are impacted especially 
the g-2 frequency, asymmetry, and particles per bin. As the frequency modulation of the CBO is 
increased, the deviation of the parameters increases drastically, and corrections need to be 
implemented within the 5 parameter function in order to account for these deviations.  
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